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PREFACE 


To revise a text that has enjoyed a useful and active career 
of nearly twenty-five years is a delicate undertaking. In the 
present revision of the Advanced Algebra a careful attempt 
has been made to preserve the qualities that have contributed 
to the value of the original text, and at the same time to make 
such changes as new conditions demand. 

The general aim of the text has not been modified. The 
introduction presents an adequate review of the essentials of 
elementary algebra. New material has been added to the 
chapters on Determinants, Permutations and Combinations, 
and Fractions. The treatment of Complex Numbers and the 
use of the method of complete induction have been some- 
what curtailed. An entirely fresh set of exercises has been 
prepared, perhaps somewhat less forbidding than the old 
collection. The mathematical significance of the subjects 
considered has everywhere been kept in the foreground, and 
in a number of chapters new material has been added to 
round out the treatment of the topic. 

Following the recommendation of the College Entrance 
Examination Board, the chapter on Scales of Notation has 
been retained, and an adequate treatment of the various 
topics suggested by the Board has been provided. 

To acknowledge each of the suggestions received during the 
past twenty years which have contributed to the revision 
would be impossible. I cannot fail, however, to express in 
this place my appreciation to all who have aided in the prep- 
aration of the exercises and criticisms of the text. 


H. E. HAWKES 
COLUMBIA UNIVERSITY 
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ADVANCED ALGEBRA 


ALGEBRA TO QUADRATICS 


CHAPTER I 
FUNDAMENTAL OPERATIONS 


1. Integers. It is assumed that the elementary opera- 
tions and the meaning of the usual symbols of algebra are 
familiar and do not demand detailed treatment. 

Undoubtedly the first numbers with which mankind was 
familiar were those resulting from the process of counting. 
These are called the positive integers. The following para- 
graphs indicate how, starting with the positive integers, we 
are led to the other numbers commonly used in algebra, 
through the attempt to solve the simpler types of equations. 

In the brief exposition of the formal laws of algebra con- 
tained in this chapter most of the proofs are omitted. 

2. Addition. The process of adding two positive integers a 
and b consists in finding a number x such that 


at+b=vx. 
For any two given positive integers a single sum x exists 
which is itself a positive integer. 
Thus, to find the sum of 3 and 4, we seek x such that 3+4=42. 
3. Subtraction. The process of subtracting the positive 
number b from the positive number a consists in finding a 
number x such that pao: (1) 


1 
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This number z is called the difference between a and b and 

is denoted as follows: 
a—b=z7, 
a being called the minuend and 6 the subtrahend. 

To subtract 3 from 8, we seek x such that 3+2=8. Thus the dif- 
ference, x, = 8 — 3, or 5. 

If a is greater than } and both are positive integers, then 
a single positive integer x exists which satisfies the condi- 
tion expressed by equation (1). 

If a is less than b, then x is not a positive integer. 

For example, if a=6 and 6=9, then 9+2=6 does not lead to a 
value of x which is a positive integer. 

In order that the process of subtraction may be possible in 
this case also, we introduce negative numbers, which we sym- 
bolize by (— a), (— 8), etc., where a and 6b denote positive 
integers. When, in the difference a — b, a is less than b, we 
define a— b= (— (b—a)). The processes of addition and 
subtraction involving negative numbers are defined as follows: 


(— (—a)) =a.* 

(—2) + d)i— (— 2d). 
(—a)+b=(— (a—b)).» 
a+ (—b)=a-—b. 

(— 0) —"(—b) = (=a) 
(—a)\—b=(— @ + B)). 
a—(—b)=a+b. 


It is observed that the process of addition performed with 
positive integers always leads to positive integers. Hence, in 
order always to carry out this process, we do not need to en- 


* The symbol for a positive integer might be written thus: (+ a), (+), etc., 
consistently with the notation for negative numbers. Since, however, no ambi- 
guity results, we omit the + sign. Since the laws of combining the positive and 
negative numbers given in this and the following paragraphs remove the neces- 
sity for the parentheses in the notation for the negative number, we shall omit 
them where there is no likelihood of confusion. 
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large our system of numbers. But the process of subtraction 
performed on positive integers does not always lead to posi- 
tive integers; consequently, we are obliged to enlarge the set 
of numbers with which we are dealing, by the addition of 
what are called negative integers. Having postulated their 
existence in order that equation (1) might always have a 
solution, it was necessary in the foregoing definitions to show 
how these new numbers might be combined with positive 
integers and with each other without inconsistency. 


ORAL EXERCISES 


In the following oral exercises find, first the sum, and second the 
difference, of the two numbers, always taking the second number 
as the minuend: 


1. —1, 3. HE Bsa 9.6, 5. 

2. 2, — 4. 6. — 2, 3. 10: 10, — 15. 
spicke B (fhe © 115125253 
ALD, — is S. — 6, 7. 12 — Ai 2. 


4. Zero. If in equation (1), section 3, a=), there is no 
positive or negative number which satisfies the equation. 
In order that in this case also the equation may have a 
number satisfying it, we introduce the number zero, which 
is symbolized by 0 and defined by the equation 

a+0=a, 
or a—a=0. 

The processes of addition and subtraction for this new 
number zero are defined as follows, where k& stands for 
either a positive or a negative number: 

O+k=kK+0=k. 
O—k=—k. 
0+0=0. 
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5. Multiplication. The process of multiplying a by 6 con- 

sists in finding a number x which satisfies the equation 
Cel =x, 

Thus, to find the product of 6 and 3, we seek the number « such that 
(GoB s ay 

When a and 0 are positive integers, x is a positive integer 
which may be found by adding a to itself b times. When the 
numbers to be multiplied are negative, we make the following 


laws: (—a)-(—b) =a-. 
(—a)-b=a-(—b) =— (a:b). 
0-k=k-0=0, (1) 


where k is a positive or negative number or zero. 

These symbolic statements include the statement of the 
following 

Principle. A product of numbers is zero when and only when 
one or more of the factors are zero. 


This most important fact, which we shall use frequently, 
assures us that when we havea product of several numbers, as 
Cape € “06 
first, if e equals zero, it is certain that one or more of the num- 
bers a, 6, c, or d are zero; secondly, if one or more of the 

numbers a, b, c, or d are zero, then e is also zero. 

The operation of subtraction necessitated the introduction 
of the negative integers and of zero. The operation of mul- 
tiplication, however, carried out with the numbers already 
introduced, does not lead to anything new. 

6. Division. The process of dividing k by / consists in find- 
ing a number x which satisfies the equation 


oe beaks (1) 
where & and / are positive or negative integers or k is 0. 
The case where / = 0 is considered in section 7. 


Thus, to find the quotient of 21 and 7, we seek the number x such that 
Hf 2 GEO b, 
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When & occurs in the sequence of numbers 
-+-—381,-—21,-1,0,1,21,31,--., 
x is a definite integer or 0; that is, it is a number such as we 
have previously considered. The number k is then a mul- 
tiple of 7. If k is not found in this series but is between two 
numbers of the series, then, in order that in this case also the 
process may be possible, we introduce the fraction, which we 


symbolize by k +1 or : and which is defined by the equation 


a 
pak. 


The operations for addition, subtraction, multiplication, 
and division of fractions are defined as follows: 


ae} ln 
km _ km, (3) 
Ln ln 
km _ kn, (4) 
LS apoln 
Further properties of the fraction are the following 
eee 
Ie 4. 
t= a where m is any number. (5) 
Bl Me (6) 


l —l l 

The last two equations are expressed verbally as follows: 

Both numerator and denominator of a fraction may be mul- 
tiplied by any number without changing the value of the fraction. 

Changing the sign of either numerator or denominator of a 
fraction is equivalent to changing the sign of the fraction. 

The laws of signs in multiplication given in section 5 may 
now be assumed to hold when the letters represent fractions 
as well as integers. 
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Thus, for example, [= (5) ie (5) _ He 


The positive or negative number k may be written in the 
fractional form k 


ih 


ORAL EXERCISES 


In the following oral exercises find the quotient of the first 
number divided by the second number: 


1. 5, 20. 4.5, —4. iol} 3s 10. — 21; 6. 
2, — 3, 1d. 5. — 8, — 6. 8. — 4, — 9. Lists. 
Shea each Guan 9215 — 10: 12. — 12, 5. 


7. Division by zero. If in equation (1), section 6, /=0, 
there is no positive or negative integer or fraction x which 
satisfies the equation, since by (1), section 5, whatever value 
x might have, its product with zero would be zero. 

Thus division by zero is entirely excluded from algebraic 
processes. Before any division can safely be performed, one 
must be assured that the divisor cannot vanish. In the 
equation 4-0=2-0, 


if we should allow division of both sides of our equation by 
zero, we should be led to the absurd result 4 = 2. 

8. Fundamental operations. The operations of addition, 
subtraction, multiplication, and division we call the four 
fundamental operations. Any numbers that can be derived 
from the number 1 by means of the four fundamental opera- 
tions are called rational numbers. Such numbers comprise all 
positive and negative integers and such fractions as have 
integers for numerator and denominator or can be reduced 
to such numbers. Positive or negative integers are called 
integral numbers. 

9. Practical demand for negative and fractional numbers. In 
the preceding discussion negative numbers and fractions have 
been introduced on account of the mathematical necessity for 
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them. They were needed to make the four fundamental op- 
erations always possible. That this mathematical necessity 
corresponds to a practical necessity appears as soon as we 
attempt to apply our four operations to practical affairs. 
Thus if on a certain day the temperature is + 20° and the 
next day the mercury falls 25°, in order to express the 
second temperature we must subtract 25 from 20. If it is 
desired to express the result of dividing 7 apples into 3 equal 
parts, fractions are necessary. If we had not introduced 
negative and fractional numbers, these applications would 
be impossible and our mathematics would be inapplicable 
to these cases and also to countless other problems of every- 
day occurrence. 

The only other operations used in algebra are the extrac- 
tion of roots and the raising to powers. It will be found later 
that the extraction of roots requires the further enrichment 
of the number system in order that it may always lead to a 
number. The raising of a number to a power, however, does 
not call for anything new. 

10. Laws of operation. All the numbers which we use in 
algebra are subject to the following laws, which we assume 
without further discussion : 


I. Commutative law of addition. The value of the sum of two 
numbers does not depend on the order of swmmation. 


Symbolically expressed, 
a+b=b-+a, 


where a and 6} represent any numbers such as we have pre- 
sented or shall hereafter introduce. 


II. Associative law of addition. The sum of three numbers 
does not depend on the way in which the numbers are grouped 
in performing the operation of addition. 

Symbolically expressed, 


a+(b+c)=(a+b)+c=a+b+e. 
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III. Commutative law of multiplication. The value of the 
product of two numbers does not depend on the order of 
multiplication. 

Symbolically expressed, 

a-b=b-a. 

IV. Associative law of multiplication. The value of the product 
of three numbers does not depend on the way in which the num- 
bers are grouped in the operation of multiplication. 

Symbolically expressed, 

(G20) C= 0-0 0) — 0 beg. 

V. Distributive law. The product of a single number and the 
sum of two numbers ts identical with the sum of the products 
of the first number and the other two numbers taken singly. 

Symbolically expressed, 

a-(b+c)=a-b+a-¢. 

All the above laws are readily seen to hold when more than three num- 
bers are involved. 

11. Integral and rational expressions. A polynomial is inte- 
gral when it may be expressed by a succession of literal terms, 
no one of which contains any letter in the denominator. 


Thus 4 x — x3 — 2 ~? —3 4% +41 is integral. 
The quotient of two integral expressions is called rational. 


Thus —22+8 ig rational. 
x—T7 

12. Operations on polynomials. We assume that the same 
formal laws for the four fundamental operations enunciated 
in sections 2 to 6 and the laws given in section 10 hold 
whether the letters in the symbolic statements represent 
numbers or polynomials. 

In fact the literal expressions which we use are in essence 
nothing else than numeric expressions, since the letters are 
merely symbols for numbers. When the letters are replaced 
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by numbers, the literal expressions reduce to numeric ex- 
pressions, for which the previous laws have been explicitly 
given. 

13. Addition of polynomials. For performing this operation 
we have the following 


Rule. Write the terms with the same literal part in a column. if 
Find the algebraic sum of the terms in each column, and write 
the results in succession with their proper signs. 


When the polynomials reduce to monomials the same rule is to be 
observed. 


14. Subtraction of polynomials. For performing this opera- 
tion we have the following : 


Rule. Write the subtrahend under the minuend so that terms 
with the same literal part are in the same column, 

To each term of the minuend add the corresponding term af 
the subtrahend, the sign of the latter having been changed. 


It is generally preferable to imagine the signs of the subtrahend changed 
rather than actually to write it with the changed signs. 


EXERCISES 


1. Add: 2a7b?+a2b—15ab+356, a?b?+2ab?-—5b, 3b 
+10 a?b?+ 4 ab, and a2b—3ab?+ 405. 


Solution. 2a2b?+ a?b—15ab +30 
a?b2 +2 ab?—5b 

10 a?b? + 4ab +35 

+ «ab —38ab?+4b6 


13 a2b? + 2a2b—11lab— ab?+5b 
2. From 2 a2b3+3a2b+15ab—4a subtract a2b3 — 4 a2b 
+25ab—36+ 5a. 


Solution. 2 0a2b3 +3 0a2b+15ab—4a4 
a2b3? — 4 a2b + 25ab+5a—3b 
a2b3? + 7 a2b —10 ab -—9a4+3bD 


3. Add: 2273+3272y¥+15y3, 322y+4ry2?-8y8, 3y? 
— 14 x? — 10 x2y, and 25 xy? + 15 xy — 4 
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4, Add: m2+3mn+2n, 2n?+15mn—25 m?, 13 4n—2 m? 
+5 n?2, and 4 mn — 2 an+ 8 m?. 

5. From 27r+5s—15rs subtract 2rs—8r+3s. 

6. From 322+ 52y+2 y?—2122y subtract 22?+15y?—3 xy. 

7, Add: 3a3+5a2b+15ab2—1063, 2a2b—3 ab?+ 3 6b, 
19 ab2 + 3 a? — 2 Bb, and 3 ab + ab? — a. 

8. Subtract 3 72 +1524 2 y? from 21 y? + 15 y — 30 2?. - 

9. Add: 21a2+5a—86+21ab+2b2—3, a?—6b?+2—-—a7b 
+5ab,19a—ab+a?—5b?+3 a2b,a+b—a?+3b?, and2—10a? 
+ 15 a?b — 12 b?. 

10. From the sum of m2+ mn—3 ml, mn—15ml, 21 ml 
+2m?+ 8, and 2 ml—m?+15 subtract 25 m?—14 ml+ 21—5 man. 

11. From the sum of a? + 25 ab+ b? and 15 ab — a? subtract 
15 a2 + 10 6?+ 8 ab — 10. 

12. From 25 x? + 19 czy —9 y?+ 13 subtract the sum of 2 x? 
— 15 xy, 2 xy — y? —2 42+ 10, and x2? + y?4+ xy — 5. 

13. From a+b6+e subtract the sum of 2a+3c—100, 
5a—180+2c, 8a—c, and 2a—38c+25b. 

14. From the sum of 2r—5s+2q, 25s8s+15q—2r, 25s 
—15r+2q, and r+s+10q subtract 25q—5s+9r. 

15. Subtract the sum of 54+26-—-10c?+3, a+c?—15b, 
21c?+5ab—2ac, and 2ac+5c?—38ab+a—10 from 108 c? 
+15ab—2ac+18a+ 21 b — 36. 

16. From the sum of $a +56 +44! -e, 2a+te—5b, and 
#a—$b subtract 3a—26+8¢. 

17. From the sum of 14 27+ 2 a 21 and 
2 y? — 10 42 + 4 xy subtract 25 24 IR ay — Ih y?. 


15. Parentheses. When it is desirable to consider as a single 
symbol an expression involving several numbers or symbols 
for numbers, the expression is inclosed in a parenthesis. This 
parenthesis may then be used in operations as if it were a 
single number or symbol, as in fact it is, excepting that the 
operations inside the parenthesis may not yet have been per- 
formed and the result simplified. 
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Rule. When a single parenthesis is preceded by a + sign the 
parenthesis may be removed, the various terms retaining the 
same signs. 

When a single parenthesis is preceded by a — sign the paren- 
thesis may be removed, providing we change the signs of all the 
terms inside the parenthesis. 


When several parentheses occur in an expression we have 
the following 

Rule. Remove the innermost parenthesis, changing the signs 
of the terms inside vf the sign preceding it 1s minus. 

Simplify, if possible, the expression inside the new innermost 
parenthesis. 

Repeat the process until all the parentheses are removed. 


It is in general unwise to shorten the process by carrying out some of 
the steps in one’s head. The liability to error in such attempts more than 
offsets the gain in time. 


EXERCISES 


Remove parentheses from the following : 

lz—(2y+2)—-[Bx2+5y—(Ty+52z) —3 y). 

Solution. x—(2y+2)—-[8x2+5y—-—(Ty+52)-—3y] 
=x“x—2y—x-—[82+5y—-Ty—5x-3y] 
=—2y-—324-—5y+Ty+5xr+3y 
=3y+2 2. 

.a—{-b-[- (-a)]}. 

.—-2m+n—[n+5m4+ (2m4+38n)]. 

. 2? —Q2aeyt+[—5 y? +10 ry + (22? —3 cy +3 y?) — x7]. 

4-[f-4+4-Ghs-4-D] 

.5628y—22[5 ry +10xr—28 2+ y)]}} +10 2 

7, Find the value of a—10b+2a+[5a—3c(21b—2c) 
+ 10 a] when a = 2, b=3, andc=1. 


8. Find the value of m?+2 mn {3 n—7 m[4 m— 10 n(2m+n)]} 
when m=1 andn=5. 


Da on P | WD 
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9. Find the value of — p{r +5t—[2p+5t(21r—15t)+4 tt 
when p=4,r=2, andt= Z. 

10. Find the value of #2{- 5 m+ 2 x[5 x — 2(3 m+ b)]} when 
g =F, 1 = B) BNE!) = 1 


16. Multiplication. It is customary to write a-a=a’; 
a-a-a=a*®; a-a-:-a=a". We have then by the asso- 
ees 


ciative law of multiplication, section 10, 
a - a= (G-ay(G-a@°0)—a-4-a-4-a=0, 


or, in general, ava” = amtn, (1) 
where m and n are positive integers. 
Furthermore, 
(a) =q"’-qr-.--qr=a":™, (IT) 
m terms 
Finally, TAS pyc CRE) Loe (IIT) 


The distinction between (a”)” and a”” should be noted carefully. 
Thus (2°)? = 8? = 64, while 23 = 29 = 512. That is, in the expression 
a”” it is assumed that m is the exponent of n, not of a”. 

Equation (I) asserts that the exponent in the product of 
two powers of any expression is the sum of the exponents of 
the factors. Hence we may multiply monomials as follows: 


Rule. Write the product of the numeric coefficients, followed 
by all the letters that occur in the multiplier and multiplicand, 
each having as tts exponent the sum of the exponents of that 
letter in the multiplier and multiplicand. 


EXAMPLE 
— 3 mn7p2r3 - (2 mn™p4) = — 6 m'n'4p6r8, 
QuERY. Which of the laws in section 10 are used in the preceding 
example? 
For the multiplication of monomials by polynomials we 
have the following 


Rule. Multiply each term of the polynomial by the monomial 
and write the resulting terms in succession. 
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EXAMPLE 
Axy?+3272?+152y—10y?+3 
i PAE) 

8 x3y3 + 6 xty + 30 xy? — 20 xy? + 6a2y 

QuERY. Which of the laws in section 10 are used in the preceding 
example? 

17. Multiplication of polynomials. If in the expression for 
the distributive law, 

a(c +d) =ac+ ad, 
we replace a by x+ y, we have 
(x+y)(c+d) =2c+ yc+ ad + yd, 
which affords the 

Rule. Multiply the multiplicand by each term of the multi- 
plier in turn, and write the partial products in succession, each 
preceded by the proper sign. 

To test the accuracy of the result, assume some convenient 
numeric value for each letter, and find the corresponding 
numeric value of multiplier, multiplicand, and product. The 
latter should be the product of the two former. 


EXERCISES 


Multiply and check the following: 

1.3 2y+22y —2 xy?+ y? and x+y — xy. 

Check. Let + =y =1. 
Ae 
= jl. 


Solution. 
3x7y+2ry —2ay? +y? 
x + y — xy 
3 23y + 227%y —227y? + xy? 
+3 x2y? —2 xy? +2 xy? + y4 
ae ee SBE re 74 ant 
Za8yt+2e%y— 2y?-— sy +22y? + y4 — 3 wy? +2 2?y3 — ryt =4, 
2. 3 aby and 2 ab*y?. 5. — 8 a?b8e and — 7 abc, 
15 axz 3 
3. 7 x?y3z and — 5 x7yz5. 6. pg me and 20 a®az. 
245 
2 ve he 12a and — % a?rt3, 


4. — 3 m?np and 
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8.2 m2n + 3 mp? and 3 n?pm+*. 

9. ee — 4 a’bx* and 6 a?bc#x5. 
10. 4 x?yz3p5 — 3 xy3z? and — 2 x?yz*p?. 
11. 2 xb2> + 83 x2°b® and 4 xb. 
12. 3 a2b + 2 ab — 4 62 and 2 a2 — 562 +38 ab. 
13. 3 m?n2¥ — 2 m2” + 5 m? and 2 mY — 5 mn’. 
14,2 a"™-" + 8 a™b™t+2 — a2b2"-5 and 2 ab”™—-3 + 4 b™ 2, 


15. 8 p2—arotega _ 3 p2tepb—a + 3 ga tb—cpy2 ab and 3 rgzbe—a, 


Expand and simplify: 

16. (2a + b)3. 

17. (m+n—p)?+ (n+ p)(p—m)— (p+2n)(8 m+n) 
+2m(3p+2n). 


18. Types of multiplication. The following types of multi- 
plication should be so familiar as merely to require inspec- 
tion of the factors in order to write the product. 


Rule. The product of the sum and the difference of two terms 
as equal to the square of the terms with like signs minus the square 
of the terms which have unlike signs. 


EXAMPLES 


(a — b)(a+ b) = a? — B?. 
(38 m+ 2 n?)(8m — 2 n?) = 9 m2 — 4 nt. 


19. The square of a binomial. This process is performed 
according to the following 


Rule. The square of a binomial, or expression in two terms, 
as equal to the sum of the squares of the two terms plus twice 
their product. 

EXAMPLES 
(e+ y)? = a? + y? + 2 xy. 
(4a—2b)?=16 a2 + 4 b2 — 16 ab. 
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EXERCISES 


Perform the following operations by inspection: 


ik, (GS Seer 9. (m? + 2 mn + n?)?. 

2. (a? + 63)?. 10. (7? + 3 x — 4)?. 

3. (8 a’ + 1)?. 11. (v2? — 1)(v? ++ 5 x — 2). 

4. (8 m? — 4 b?)?. 12. (4 pr? — 5 p*r + 2 pr)?. 

5. (22 a1 — 1)?. 13. (2 27+ 3 y’)?. 

6. (8 + 2 mp?)?. 145m 2 — 3 ne) 4 

7. (2m?+4m-+1)?. 15. 2 ay") — ayn 2) 
8. 1 —3 xy?)?. 16. (3 x2y + 2 xy? + 3)2. 


17. (2 mn — 5 n?)(3 m2 + 2 mn). 
18. (— 8 xy + 5 wy — § y?)(2 ry —3 2). 


2a 2 
19. (+5) 


20. (2 +8)". 
y 
21. (2ay+38y—2y)(By—572?). 


20. Division. By the definition of division in section 6, we 
have 


a? a? a 
DISS TU ae a 
a a a 
é a” 
or, in general, qn" = =, (I) 
a 


where 7 and m are positive integers and n > m. 
If n =m, we preserve the same principle and write 


ee et 
a” 
The case where n < m will be considered in Chapter VII. 
For the division of monomials we have the following 


Rule. Divide the numeric coefficient of the dividend by that 
of the divisor for the numeric coefficient of the quotient, keeping 
in mind the rule of signs for division. 


16 ADVANCED ALGEBRA 


Write the literal part of the dividend over that of the divisor in 
the form of a fraction, and perform on each pair of letters oc- 
curring in both numerator and denominator the process of divi- 
ston as defined by equation (1) above. 


EXAMPLE 


Divide 12 a*b'c?d by — 6 a%be?d8. 
2102022620 ane Oe 


Solution. 6 a®berds =— Ee 


The division of a polynomial by a monomial is performed 
according to the following 


Rule. Divide each term of the polynomial by the monomial 
and write the partial quotients in succession. 


EXAMPLE 
Divide 8 ab — 12 a*b? by 2 a363. 
8a2b® 124%? _46° 6a? 


Solution. 2 a3b3 2. a3h3 a b 


For the division of a polynomial by a polynomial we have 
the following 


Rule. Arrange both dividend and divisor in descending 
powers of some common letter (called the letter of arrangement). 

Divide the first term of the dividend by the first term of the 
divisor for the first term of the quotient. 

Multiply the divisor by this first term of the quotient and 
subtract the product from the dividend. 

Divide the first term of this remainder by the first term of the 
divisor for the second term of the quotient, and proceed as 
before until the remainder vanishes or is of lower degree in the 
letter of arrangement than the divisor. 


When the last remainder is not zero we may express the result of divi- 


sion thus: ee : 
Dividend =: quotient ++ remainder | 


Divisor divisor 
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When the last remainder is zero the dividend is exactly divisible by the 
divisor. This fact may be expressed as follows: 


Dividend 


= = quotient. 
Divisor - 


The coefficients in the quotient will be rational numbers if those in both 
dividend and divisor are rational. 
EXERCISES 
Divide and check the following: 
1. 6 x* + 19 xy + 11 xy? — 12 zy? + 6 yt by 2x43 y. 


Solution. 
2x2+3y 6 x4 +19 x8y + 11 wy? — 12 cy? + 6 y§[3 23 +5 wy — 2 zy? —3 y? 
6Gat+ Oxy 
10 x8y + 11 xy? 
10 x3y + 15 xy? 
— 4x?y? —12 xy3 
= ie One 
— 62y? + 6 yt 
— 62y3— 9 yt 
+ 15.9* 
4 
Result. Bat +5 oy — 2-34? +5798. 


Check. Let a=b=1. Dividend=30, divisor=5, quotient =6; 
30 +5=6. 
.6a?—5ab+838 ab? by 8a. 
~12277-—5ary+2y? by ~2y. 
. — 125 a2b®c® by 18 ab2c4. 
Po e-9upOe® by — 6 17229. 
m—2mn+2by m—n. 
.38@07b4+2b6—5b? by —b4+2. 
.2 —y by «3 — 43, 
. 710 — yl0 hy xt — ¥4, 
. a* — bt by a2 — 2 ab+ B. 
. mn — 3(m? — 2)n? + 38 m — 2 by 2 m?. 
12.422+2 cy—4 zy? +243 by go x—fy. 


OONUNAD NX P wo w 


a 
Lee =) 
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13. 
14. 
15. 
16. 
NF fe 
sltefs 
19. 
20. 
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2 xy — 5 x" 3y™ + 3 y” by x7. 

8 m= — 15 mn*—1 + 3 n2*t3 by m*-2+1. 
a?#+5be+262?—-—8ac+2ab—cby8a—b+2e. 

ot ry? + 12 gat 2y3b-1 +3 2 — yst?s by A xy, 

x3 + (a+b+2c)x?2+ (ab+2bc+2ac)u+2abe by x+a. 
a® — att + 8 a3b?2 — 4 a2b? — 18 ab* +259 by a—20. 
+2 02y — 22+ ey? -—2aey—yty?—2byx+y-1. 
445-9 ety +2 oy? -18 y° + 2 xy*t— 5 xy? by x +10 y. 


CHAPTER II 


FACTORING 


21. Statement of the problem. The operation of division con- 
sists in finding the quotient when the dividend and divisor 
are given. The product of the quotient and the divisor is the 
dividend, and the quotient and the divisor are the factors of 
the dividend. Thus the process of division consists in find- 
ing a second factor of a given expression when one factor is 
given. 

The process of factoring consists in finding all the factors of 
an expression when no one of them is given. This operation 
is in essence the reverse of the operation of multiplication. 
We shall be concerned only with those factors that have 
rational coefficients. 

22. Prime factors. An integral expression is prime when 
it contains no integral factors except itself and 1. 

It must be remembered that to factor an integral expres- 
sion means to resolve it into its prime factors. 

The methods of this chapter enable one to factor certain 
algebraic expressions in one letter which are not prime, as 
well as some of the simpler expressions in two letters. 

No attempt is made even to define what is meant by prime 
factors of expressions which are not rational and integral. 

There is no simple operation the performance of which 
gives assurance that the prime factors of a given expression 
have been found. Only insight and experience enable one 
to find prime factors with certainty. 

A partial check that may be applied to all the exercises 


in factoring consists in actually multiplying together the 
it) 


20 


factors that have been found. If the result is the original 
expression, it is certain that factors have been found, al- 
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though they may not be prime factors. 


23. Monomial factors. By the distributive law, section 10, 


ab+ac=a(b+c). 


This affords immediately the type form 
ab +ac—ad=a(b+c-—d). 


This process is stated in the following 


Rule. Write the largest monomial factor occurring in every 
term outside a parenthesis which includes the algebraic sum of 


the remaining factors of the various terms. 


. ab — ac. 

. 3 Ly + 2 YZ. 

. 2 ab? + 6?. 
-5mn + 2 n?. 
.8 p2r — 83 pr?. 
. 2 ab? + 12 ab. 


-3m—5m?+2 mn. 
.247-—38 xy +4 xy”. 


Factor : 
1. 12 x?y — 15 xy + 21 xy?. 
Solution. 12 «?y —15 ay +21 2y2?=3ay(4x2—547y). 
2.3 xyz> + 21 wyte? — 13 x2y22. 
3. 3 a5b7cl3d4 — 12 atb5c2d8. 

4. 36 a? + 24 a2b — 12 atb?. 

5. 2 m?np? — 12 mn2p> + 21 m4n2p — 25 m2n. 
6. 25 a*xoy®z3 — 5 ata2yl22 + 10 a2x%y8zt, 


ORAL EXERCISES 


9. 
10. 
Ef: 
12. 
13. 
14. 
15. 
16. 


EXERCISES 


4gh+2h—3h?. 
2ab—4 ab. 

15 m+ 5 m?. 

2xcy + 5 y? — 10 y3. 
8 x224 + 4 xz. 

5 y? — 25 xy. 

21 x2yz23 — 15 x3 y2z, 
a*b + ab? + 63. 
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7. 18 a2b5 — 21 a5b? + 15 a!%4 — 8 a8, 
8. 21 m?n3q> + 63 montq? + 7 m2n2q2 + 14 méndg6, 
9. 2 a2be — 5 ab2c3 — 23 a2b4c® + 9 a5b2c. 

10. 18 x?y5z!9 + 36 xty826 — 72 12y528 + 9 a2y2z4, 


24. Factoring by grouping terms. If in the expression for the 
distributive law, ac + be = (a+ b)c, we replace c by x+y, 
we have 

a(x + y) + O(x + y) = ax + ay + bx + by. 
We may then factor the right-hand member as follows: 
ax + ay + be + by=a(e+y)+bat+y)=(G@t+b)(et+y). , 
This affords the 


Rule. Factor out any monomial expression that 1s common to 
each term of the polynomial. 

Arrange the terms of the polynomial to be factored in growps 
of two or more terms each, such that in each group a monomial 
factor may be taken outside a parenthesis which in each case 
contains the same expression. 

Write the algebraic sum of the monomial factors that occur out- 
side the various parentheses for one factor, and the expression 
inside the parentheses for the other factor. 


EXERCISES 
Factor : 
1.3 czy —3 x4?+ 6 ay — 6az. 
Solution. 3 zy —3 22+ 6 ay — 6 ax = 3(ay — x? + 2 ay — 2 az) 
= 3[z(y — x) +2a(y —2)] 
=3(1+2a)(y—2). 


2. 24 ax — ay(82a—18 2+ 24y). 

Solution. 24 a2x — ay(32 a —18 « + 24 y) 
= 24 a2x — 32 a®y + 18 ary — 24 ay? 
= 2 a(12 ax — 16 ay+9 xy — 12 y?) 
=2a[4a(i3x—4y)+3y82—-—4y)] 
=2a(4a+3y)(8x—4y). 


22 ADVANCED ALGEBRA 


38. cy t+t38yt+re4+3. 7.4a7+2ac+4ab+4+2 be. 
4.3am+3 bm—38an-—3 bn. 8. ax + ba + cx — ay — by —cy. 
5.2p2?+3pr+4p+6r. 9. ara? — b1y3 — dix? + ary?. 
6.8224+1202y—4x2-—6y. 10. 2 x(a — b) —6ax+6ab. 


11.2? +5x2x—S8axr—15a. 

12. 5 m2x + 10 abnxz + 3 m?a + 6 a?bn. 

18.523? + 20?+52+ 2. 

14. m7a+2m+6a+3 m?a?, 

15. 24 x7 + 12 xy? — 30 y® — 60 x?y?. 

16.—2m+10n—385nx+7 mz. 

17. 45 a3b2 + 50 bc? + 75 a2bc + 80 abte. 

18. 4 x?2y3z2 — 10 x8 y4z — 5 xty8z? + 2 x3 y7z3. 

19. 8 m2n5p* + 12 mn)9p* + 6 m2p> + 9 mnip>. 

20. 4 a3b + 6 ab? — 8 at — 15 b? — 38 B3 + 20 ad. 

21. 15 x8y + 21 x? — 6 xy — 10 xy? — 14 ry? + 4 3. 

22. 6 ax2y + 9 bry? + 9 cxy — 10 a2bx — 15 ab?2y — 15 abe. 

23. 2 ax’y + 6 ax? +4 ax2y+ 8 x2y3 + 9 xy? + 6 zy?. 

24. 4 x3y22? + 6 xty22 + 10 xty226 — 2 x? y324 — 3 x3 y323 — 5 x3 y328, 

25. 9 a®b2cxy? + 6 a®bce®xy? + 15 a*bcxy? + 6 abecy + 4 a2b2cdy 
+ 10 ab?cy. 

25. Factoring the difference of squares. In section 18 the 
expression (a — b)(a+ 6b) = a? — b? for the product of the 
sum and the difference of two terms gives the following 
type form: a? — b?, 
and suggests the following 

Rule. Extract the square root of each term. 

The sum of these square roots is one factor, and their difference 
as the other. 

EXAMPLE 

Factor 9 a?x%y4 — 16 b8c?, 


Solution. 9 a?x°yt — 16 b8c? = (3 ax3y? + 4 b4c)(3 ax3y2 —4 b4c). 
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Factor : 

a a76": 6. o7 — 25 10. a8 — b4. 

2. x? — 9 b?. 7.25 — 16. 11. 127 — yd, 
3.252*—16y?. 8.4 x?y4 — 9 22, 12. 4 a?” — b2m, 
4.36n®—81n*. 9.2*—16. 13. m2?" — 1. 

5. p? — 64 r?, HINT. Find three factors. 14. 4 x6 — y?, 


26. Trinomials which are perfect squares. The type form is 
a’+2ab+ bv’. 
Factoring, a?+2ab+ b?= (a+b)?. 


ORAL EXERCISES 


Separate into binomial factors: 


l.a?+2axr+4 x2. 9. 100 a? — 20 ab + b?. 

2. 22-2 xy + y?. 10. 2522-—1027+1. 

38.m?+2m+1. 11.4+4ab+ a*b?. 

4.47r?—4r+4+1. 12.1 — 2 xy? + xy. 

5.22? +42yt4y?%, 18. 12°42 aty? + y2?, 

6.a2?—4a+4. 14, 25 a2 + 10 a*bY + b24. 
7.927+62+4+1. 15. (a+ 6)? 4+ 2(a+ 6) +1. 
8.a2"+2a"+1. 16. (c+ y)?—2(a+y)(e— y) + (we — y)?. 


27. Reduction to the difference of squares. The method of 
section 26 may be used when the expression to be factored 
becomes a perfect square by the addition of the square of 
some expression. 


EXERCISES 


Factor the following by reduction to difference of squares: 
1.4 24+ y4. 
Solution. Agttyt=4044+4 xy? + yt —4 x74? 

= (2 x? + y*)? — (2 xy)? 

=[(2 x? + y?) — 2 ay] [2 2? + y?) +2 xy]. 
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2. at + a2b? + D4. 8.4 147 + y*, 

8.02 +4 2y+3 y?. 9.4m*+1. 

4.448 + y+. 10. <¢ +5274 9. 

5. ct — 18 x? + 36. 11. 25a*4+9-—19 a. 

6. a* +4. 12.4 m8+ 3 mint + 9 n8. 
7, m+ + 81+ 9 m?. 13.24 +4274 16. 


14. 64 vty? + y?. 


28. The quadratic trinomial. The type form is 
x? + bx+c. 
Since (a+h)(a+k)=22?+ (h+k)x+hk, 
it follows that x? + bz + ¢ can be factored into the binomial 


factors (x + h)(x-+k) if two numbers h and k can be found 
which have the sum b and the product c. 


ORAL EXERCISES 
Factor: 


1.27+38242. 


Solution. Since the numbers 1 and 2 have 2 for their product and 3 for 
their sum, the factors of x27 +382+2arex+1landz+2. 


2.%7+22+1. 8.7? +4—2. 
3.7? -— 52-6. 9.7? -—82+4 12. 
4.a2—a-—6. 10. m2? —3 m — 10. 
5.m?+2m— 8. 1l.2?+627+8. 
6.0274+22x2-3. 12. x2 — x — 30. 
7.72? —5r+6. 13. a7 +2a— 24, 


29. Factors of a quadratic trinomial. In this case we:cannot 
factor by grouping terms immediately, as that method is 
inapplicable to a polynomial of less than four terms. We 
observe, however, that in the product of two binomial 
expressions, 


(ma + 2) (px + q) = mpx? + (mg + np)x + nq, 
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the coefficient of x is the sum of two expressions mq and np, 
whose product is equal to the product of the coefficient of x2 
and the last term; that is, 


mq: np = mp + nq. 
Thus, to factor the right-hand member of this equation, 


we may remove the parenthesis from the term in x and use 
the principle of grouping terms. Thus 
mpx? + (mg + np)x + ng = mpx? + mgz + npx + ng 
= mx(px + q) + n(px + 9g) 
: _ = (mx+n)(px+q). 

This affords the following 

Rule. Write the trinomial in order of descending powers of 
x (or the letter in which the expression is quadratic). 

Multiply the coefficient of x? by the term not involving x, and 
find two factors of this product whose algebraic sum 1s the 
coefficient of x. 

Replace the coefficient of x by this sum and factor by grouping 
terms. 


Factoring a perfect square is evidently a special case under this method. 
Thus, factor 2+ 62+ 9. 
1-19 i— 98 3+3=6. 
y+(843)e4+9=07?4+38274+3274+9 
= x(x +3) + 3(@ 4+ 3) 
= (4+ 3)@+4+ 38) 
= (0-173) 25 
One will usually recognize when a trinomial is a perfect square, in which 
case the factors may be written down by inspection. 


EXERCISES 
Factor the following : 
1.2074+72+3. 
Solution. 2-3 =6. 6+1=7%. 
207 4+724+38=222+(64+1)r+3 
=22r7+6r+24+3 
=2a(4 +3) + (x +3) 
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2.10 22+ 14ar—-—12 a’. 
Solution. 10(— 12 a?) = — 120 a?. 20a-—6a=14a. 
10 #2 +14 az — 12 a2 = 10 2? + (20a—6a)x —12 0? 

= 10 7? + 20 ax — 6 ax — 12 a? 
=102(2+2a)—6a(x+2a) 
=2(5x2—3a)(4+2a). 

3. 8 r4a? — 2 abr2x — 21 a?b?. 

Solution. 874(—21.a2b?) =— 168 a?b?r4. 

— 14 abr? + 12 abr? = —2 abr?. 

8 rte? — 2 abr2a — 21 a2b2 = 8 r4x2 — (14 abr? — 12 abr?)x — 21 a?b? 
= 8 ria? — 14 abr2x + 12 abr2x — 21 a?b? 
= 2 r2x(4r2a4 — 7 ab) + 3 ab(4 r2a — 7 ab) 
= (2 r22 + 3 ab)(4 r2a — 7 ab). 


4.“2+24-—6. 17. 18 x? — 3 xy — 10 y?. 

5. «2+ 3 ax — 10 a?. 18. 14 a2 — 18 ab + 4 b?. 
6.6 a2 —17 ab+ 5 b?. 19. 50 x7 4+ 85 zy + 6 y?. 
7.6 2?+19 cy + 15 y?. 20. 24 m? — 34 mn — 65 n?. 
8.15a2+ 19 abe —5662x?. 21.14 244 33 x?2y + 18 y?. 
9.195 m2+17mp—154p?. 22.10 x* + bxr?y — 21 b2y?. 
10. 36 x? — 5 xy — 50 y?. 23. 24 at — 26 a2b — 15 b?. 
11. 8 ~? — 12 xy — 15 y?. 24. 8 12% + 22 aty + 15 y?. 
12. 42 x? + 25 xy — 28 y?. 25. 15 122 + 44 ary) — 8 y2°, 
13. 84 a? — 271 ab + 195 B?. 26. 12 a? + 25 ab + 12 b?. 
14, x? + xy — 12 y?. 27. 6 a®x* — 5 abx?y — 50 b2y2. 
15. 10 m? — 7 mn — 12 n?. 28. 50 x2” + 13 xy” — 6 2”, 
16. 3 72+ 2 wy — y?. , 29. 30 a? + 259 ab + 75 b2. 


30. 15 atb2c? + 23 a2bcde? — 90 d2e4. 
30. Factoring binomials of the form a”+ b”. By section 20 
we can show that 


a" — 6" = (a— b)(a"-! + a®™—-2b + a™—3h2 4+. ---4-5"-1), (1) 
a” + 6" = (a + b)(a*~1 — a® 2b + a®—3h2 —.-- 4+ 9"-1), (2) 
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The first form is valid for any integral values of », whether 
even or odd. Equation (2) is valid only for odd values of n. 
The binomial a” + 6” is prime when 7 is even. 

One can factor by inspection any binomial of the given 
form by reference to these equations. 


EXERCISES 
Factor the following: 
aoe — 3". 
Solution. 2119 — y!0 = (45 — y>) (x5 + y°) 
= (ry) (4 + wy + 2?y? +20y? + y*) (e+ y) (et — w3y + 22y? — xy? +4), 


2. x* — 16. 9. — x? + a4b8. 
3.2 -—1. 10. 25 m2 — 9 mé®. 
4.2°+1. 11. ay® — 125 a. 

5. 29 + y?. 12. 4 7 — 500 x?y3. 
6. al8 — 613, 13. 27 x®y9 + 64 93. 
viet icles at aa 14. 8 a2b® — 62, 

8. a2b? + a. 15. 64 x8y? — ab4. 


16. 1600 x?y* — 25 xty®, 


31. Highest common factor. If two polynomials have the 
same expression as a factor, this expression is said to be their 
common factor. 

The product of the common prime factors of two poly- 
nomials is called their highest common factor. 

The same common prime factor may occur more than once. Thus 
(w—1)?2(@+1) and (x—1)2(a — 2)? have (x — 1)? as their highest common 
factor. 


32. Highest common factor of two polynomials. The process 
of finding the highest common factor is performed according 
to the following 

Rule. Factor the polynomials. The product of the common 
prime factors 1s their highest common factor. 
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EXERCISES 


Find the highest common factor of the following: 
1. 4 ax — 2 a2bx — 2 ab@x and 2 a? + a?b — 2 ab? — 68. 


Solution. 4 a%x — 2 a®bx — 2 ab’x = 2 ax(2 a® — ab — b?) 


=2ax(a—b)(2a+b). 
2 a3 + a2b — 2 ab? — 6? = a2(2a+b) —b2(2a+ 5) 
=(a+b)(a—b)(2a+6). 


The highest common factor is, then, (a — 6)(2a+6). 


Oo Ost Do P 


.2 a3 — 2 ax? and 2a? + 4 a2x + 2 ax. 

827 +2 aey—y?2 and427+7a2y+ 8 y?. 

. 2 a2a? + 2 a2ay — xy — y? and «3 — ry? + xy — 93. 
.8 224+ 2 cy — 3 y? and 20 x? + 23 xy + 6 y?. 


8 a8 — 4 a?b — 4 ab? and 6 a? 4+ 11 ab + 4 b?. 


.2m3n+6mn+ 2 m2n?2+ 6 n?2 and6m3?+18m—3n—m?n. 
.6ab+8 ay+ «y+ 2 bx and 6a?+4+ 11 ar4+ 38 2?. 

. a2a3 + abe? + acx + ax? + ba+c and a2x4 + 2 acx? — bx? 4+ c?. 
10. 


16 ax? + 8 bx? — 12 axy — 6 bry — 10 ay? — 5 by? and 12 x? 


+8x—15ay—10y. 


Factor: 
1. 
2. 
3. 


8. 
9. 
10. 
11. 
12. 
13. 


EXERCISES 


2y2 + xy — x?. 

6 a2b2c + 15 ab3c — 80 ab2c? + 9 ab2c. 

156 x? + 118 xy — 119 y?. 

4.15 m? — 14 mn — 16 n?. 6.827+1027+3. 
5.10 72 +18 2-3. 7. et yf, 
2ax—br+cx+4 ay —2 by +2 cy — 2 az+ be — cz. 
12 a*b? — 87 a2bmn — 80 m2n?. 

3a?+ 7Tab—6 b?. 

6 x3 — 10 xy? — 15 y* +9 wy, 

9 a* + 8 ab? + 4 BA, 

30 a*b + 14 a2b? + 45 ab? + 21 ab3, 


14. 
15. 
16. 
be 
18. 
19. 
20. 
21. 
22. 
23. 
24, 
25. 
26. 
27. 20 ax? — 44 abx — 15 b?. 
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e+327+38xex4+1-8y3. 
m>? + 6 m?n+ 5 mn?. 
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6mx+10my+14 mce—3 ax— 5 ay—Tac— 24 xz—40 yz—56 cz. 


150 xty82z5 + 26 xy425 — 750 xtyS25 — 180 x3y225, 
8 x3yz3 — 10 x2y225 + 6 xtyzt + 10 x? yz3, 

10 e* — 5 x8 — 5 x?. 

50 x? — 27 xy — 153 y?. 

26 x? — 129 xy — 77 y?. 

227+ 52y+1072-—6x—15y— 302. 

30 x3ytz® — 225 axtyz® + 75 x2y326 — 45 x2y25, 

x + y3, 

26 a%b + 65 a2b — 130 a2b? + 65 at. 

x? — y? + rz yz. 


28.15a?+13a+2. 31. 216 m3? — n°. 
29.15 x? — 91 ry + 182 y?. S270"? — bi: 

33. 6 a3b3e + 10 a2b4c? — 6 a?b8c? + 2 a?b3c, 
84.2 a?+5ab+ 2 b?. 38. 25 74+ 2?+1. 
35. ao — 019, 39. 2 a2 — ab? — 3 D4. 
36. 8 a? + 27 D8. 4052 4--yh. 
87. 156 x? + 125 xy + 25 y?. 41; 7 + y*. 

42.75 a?+50a+4b+2c+3ac+6ab. 


43. 
44. 
45. 
46. 
47. 
48. 
49. 
50. 
51. 


6 a3b — 27 a?b? — 15 ab . 

25 at — 60 a?b + 36 B?. 

24 a3 + 66 a2b + 45 ab? — 75 b2 — 40 a? — 110 ab. 
18 x? + 450 xy — 5000 y?. 

4x4+16 7? +15. 

10 ab2xy? — 4 a®x3y + 3 a*bx7y?. 

8 a? + 22a+ 15. 

15 a?+ 35ab+1002?+2a+40b. 
2a?—3ab—5b?. 


30. 63 x? + 222 xy + 40 y?. 


30 ADVANCED ALGEBRA 


52. 24 +42? + 16. 54. 3 x? — xy — 10 y?. 
538. 8 a? — 11 ab — 20 b?. 55. 2° — y°. 

56.72 +2axr+a?—42?-—4 ar —a?. 
57. 25 x?y6 — 36 xty8. 59. a* — D4. 
§8.0?+52—14. 60. 227+ 62y+ 8 y?. 


61. 4 x2y + 10 xy? + 8 xy? + 6 zy. 
62. 222 -—8 xy — 5 y?. 
638.6227+15x2+20y+4+ 8 xy. 
64.623 +172727+122-—6x272y —17 xy—12y. 
65. xi4 — y}4. 68. 6 az* + 14 ax*®y — 12 ax?y?. 
66. 3 m? — mn — 2 n?. 69. 7 + 45. 
67. 315 «* —171 x2y—44y?%. 70.6274 3 zy — 30 y?. 
71. 6 ax? + 10 bx — 3 abxy — 5 by. 
72. 24 ax? + 134 axy — 100 ay?. 
73.45 23 + 75 w2y + 6 cy + 10 y?. 
74. 6 m3n3q + 9 mn?q? — 15 mn®q — 3 mn3q. 
75. 50 «3 + 35 ax? + 100 x2 + 6 a2a + 70 ax+ 12 a?. 
76. 16 abx? + 8 abx — 24 ab. 


Perform the indicated operations: 


77. 9b ~ 105; 
Solution. 95 = 100 — 5. 
105 = 100 + 5. 
95 x 105 = 10,000 — 25 
= Ets 
78. 32 - 28. 80. 87-39 + 52-74, 
79, 121-119. HINT. Divide by a monomial factor. 


81.12-3+72-4—21-6. 
82. 25-25+25-7—25-4. 


33. Least common multiple. The least common multiple of 
two or more polynomials is the polynomial of least degree 


FACTORING bl 


that contains them as factors. We may find the least com- 
mon multiple of several polynomials by the following 


Rule. Multiply together all the factors of the various poly- 
nomials, giving to each factor the greatest exponent with which 
at appears in any of the polynomials. 


EXERCISES 
Find in factored form the least common multiple of the 
following : 
1. (x? — ax — 2 a?), (x? — a”), and (x? + 2 ax + a’), 


Solution. a2 —ax—2a2=(x-2a)(x+a). 


xv? —a?=(e4—a)(x+a). 
v?+2ax+a?=(x+a)?. 


Therefore the least common multiple = (x + a)?(x4¥ —2 a)(w«— <a). 


2. 
>) ab, 15 67, and 3 az. 

. (x — a), (x? —2ax+a?), and (x? — a?). 

. (x3 — y?) and (a? — y?). 

. (22? — 2 y2 + 3 xy) and (x? 4+ 2 zy). 

. (9 x? + 30 xy + 25 y?) and (9 x? — 25 y?). 

. (227 +8 xy +2 y?), (x? + ay —2y?), and (x? + xz — xy — yz). 
. (x? +2 2-8), (x? 52+ 6), and (7?+2-— 12). 

10. 
iT: 


oomonrwt Do f &~ 


12 a2, 9 xy”, and 4 3. 


(x3 — 2 ax? — a*x + 2 a) and (a? + ax? — 4 a®x — 4 a). 
(222? —x—10), (2234+ 3 4? —12 4-18), and (677— 152 


—5y+2 cy). 


CHAPTER III 


FRACTIONS 


34. General principles. The symbolic statements of the 
rules for the addition, subtraction, multiplication, and divi- 
sion of algebraic fractions are the same as the statements 
of the corresponding operations on numeric fractions given 
in (2), (3), and (4), section 6. This is immediately evident 
if we keep in mind the fact that algebraic expressions are 
symbols for numbers and that if the letters are replaced by 
numbers, the algebraic fraction becomes a numeric fraction. 


35. Principle I. Both numerator and denominator of a frac- 
tion may be multiplied (or divided) by the same expression 
without changing the value of the fraction. 


This follows from (5), section 6. 


36. Principle II. If the signs of both numerator and denomi- 
nator of a fraction be changed, the sign of the fraction remains 
unchanged. ' 


This follows from Principle I, when we multiply both numerator and 
denominator by — 1. 


37. Principle III. If the sign’of either numerator or denomi- 
nator (but not both) be changed, the sign of the fraction is changed. 


This follows from (6), section 6. 


38. Reduction. A fraction is said to be reduced to its lowest 
terms when its numerator and denominator have no common 
factor. We effect this reduction by following the 


Rule. Divide both numerator and denominator by their highest 
common factor. 
32 
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EXERCISES 


Reduce the following fractions to their lowest terms: 
1. 48 ax? + 152 axy + 120 ay? 
‘ 8 ax? — 12 axy — 36 ay? 
Solution. 
48 ax? + 152 ary +120 ay?_ 8a8ar+5y)\(2x+3y)_ 2(3x2+5y) 


SS 
> — 


8 ax? — 12 axy — 36 ay? 4a(x—38y)(2%+8 y) («—3 y) 


9. ee al 5 2a2?4+ 5ay+6azr F 
2a+26 "2a2+8ay+6ar—5y?—6xy 
3. rs 6 On? = 1 ay = 20 92. 
5 "Ag? — 25 y2 
4. ea Se 2 Oa LO 
z?— 162+ 64 ~  2at+70?-—15 


6 a? — 4 ab? — 2 ab 
1 ae ea Ce ae 
et 6 
o— bh 4-¢7 4 2 ac 
wae ee, 13,2 t8e+3e+1) 
2—] w4+2xe+1 
Yee e 14 a?b + 10 ab? +443 


10. 


a 3 be? — 3 b?c — 3 abe ee 2 a? — 2 ab? 
12 co oy ey 15 LO? ae OO Ye 
“1522-17 zy — 18 y? "16 x2 — 26 ay +9 y? 


39. Equivalent fractions. Two fractions are equivalent when 
one can be obtained from the other by multiplying or by di- 
viding both of its terms by the same expression. 

Two fractions having unlike denominators cannot be added, 
nor can one be subtracted from the other, until they have 
been reduced to respectively equivalent fractions having like 
denominators. 

To change two or more fractions (in their lowest terms) to 
respectively equivalent fractions which may conveniently be 
added or subtracted, we have the 

Rule. Find the least common multiple of the various denomi- 
nators. 
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Multiply both numerator and denominator of each fraction by 
the expression which will make the new denominator the least 
common multiple of the denominators. 


If the least common denominator is not easily obtained, 
the product of the denominators may be used. The result, 
however, will not be in its lowest terms unless one uses the 
least common denominator. 


EXERCISES 
Express the following as equivalent fractions having the same 
denominator : 


3 4 Ba+2 
eA Soh ee 


1 


Solution. The least common multiple of the denominators is 


7A CAUCE el P 
The fractions then are 


aap th eae 
i gi Ge and po 
bee Oe ep ee 
arerry Tea aS ee 
6a Foe Md 
th gy wea ag at 
8. m n Pp 


7 , 5 3? and —~—___+_________. 
m+an acm? —am2n bem? + acmn — bmn — an? 
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40. Addition of fractions. This operation we perform ac- 
cording to the following 


Rule. Reduce the fractions to be added to their least common 
denominator. 

Add the numerators for the numerator of the sum, and take 
the least common denominator for its denominator. 


41. Subtraction of fractions. This operation we perform ac- 
cording to the following 


Rule. Reduce the fractions to their least common denominator. 

Subtract the numerator of the subtrahend from that of the 
minuend for the numerator of the result, and take the least 
common denominator for its denominator. 


42. Multiplication of fractions. This operation we perform 
according to the following 

Rule. Multiply the numerators together for the numerator of 
the product, and the denominators for its denominator. 

43. Division of fractions. This operation we perform ac- 
cording to the following 

Rule. Invert the terms of the divisor and multiply by the 


dividend. a 
REMARK. Since a fraction is a means of indicating division, ; + ; and A 
are two expressions for the same thing. 7 


After performing the operations indicated in any of the 
four preceding rules, the resulting fraction should be reduced 
to its lowest terms. 

The results may be checked by substituting numeric values 
for the letters in the expressions. 

When unity is divided by a number the resulting expres- 
sion is said to be the reciprocal of the original number. 


Thus 1 + 2 =3, and 4 is the reciprocal of 2. 
Similarly 1 + 2 = 3, and is the reciprocal of 4. 
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EXERCISES 


Perform the indicated operations, bring the results into their 
simplest forms, and check as directed by the teacher: 


a+b,a—b 
aah ath, 
a+b “eb 
a—b a+b 
Ge Oe irre (a+b)? + (a — db)? 
Solution MeL D ae 
“a+b _a—b (a+b)?—(a—b)? 
a—b a+b a2— 6b? * 
_ (a+b)? + (a—b)?, a? — b? 
Gi — bs (a + 6)? — (a — 6)? 
_ 2a? +20? _ a? +b? 
4 ab 2 ab 
Check. Let a=2 and 6=3. 
2+3 ,2-838 
as 2-3 2+3_ 18 
ek: ee ee ee 
2-3 248 
and eh Boy 
Mya) Ay 
ancl ¢ 2 2 ee 
ee: ‘4a?—4e+1 4272+42+41 
a y Zz 8 5 
38.——-+--+- ———. + ————_: 
ab ac obe 85 od pee 
7 1 il ; 9 25 ee 5G : 
mtn m—n “5a+i15 1027+ 30 
4x—38 ,2x+5 m—-n 2m+5n 
5. ——— : LLL LLCS RIL 
eS AS sere m2 — n2 
a ee et i sag 
6. iz : 11. -=. 
1—-x «+2 5ea+1 18 
19, De) eee 
4m?—4mn° 5mn—5n?2 
2 13 


1 i 
16274 Seu aye ee eee 


23. 


24. 


25.2 
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Leta eel ye ere 
me Ey ay” Co 3" 
eG tb) G0 a — 
“x?—a2(a+b)+ab x2— 0? 

4 5 
“Gai—Ta—20' 6a*°+7a—20° 
Di | ie iiss Pave 


Hiei dbus Rona. 


15 


Ja ay aay a 


a(a — x) ; a(a+ 2) ‘ 
“@?4+2axn+22 a®—2ar+x? 
m—2n ,m—Amn+4n? 
m+2n ° m?+4mn+4n? 

4 5 3 
oes pcan VLE ene 

xy At Loe 
wyt4ay 2xy?+3 xy 


20. 


21 


22. 


Se LP et @) a4 


Ag?+2n 622-32 


pd (2-1 
end fe 
7 re @ J] 


1 
oe es 


oe a a ee eae es 
Ge eee t-e —zr+1 1+%2 
2xe+5y 2x—5y 
10 x? — 13 zy — 8 y? ~ 10 a? + 87 ay + 309? 
Perierewes ee 2 Se 
m2—4m+4 m*+4m+4 
30 ee ee 
“\a2—c2 a2+c?/  \a-—c ate 
f _ a 
91, 2zt5yt3_ 42% Sy +2, a+ é 


28. 


29. 


8 3 6 
2 
39. 4m+2n+1,2m +2mn+4m, 


3m 38n 


— 
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LS gy cL ee 
33. O02 y ater 
Yy2 + xz + cy 1,11 
Ee ype es 
il a-2b 3 3¢4—4¢ | 9 cH 
eat 3 ab 4b 8 ac? wee 12 be? 


1 i 1 2 4 4 


Se 


35. ie el 1) Geen Gs? ae 


Write the following expressions in two other ways: 


Sey soe 
y —3 yx 
2a_. 382+5y ; 
a eer Perma Ty TREY Sy 
Show that 
40.27+564+10a=3b—32+4+3(22+34a) when x=a+20. 
est — e-3e 1 
41, ———_—— = 5; when e?*= 4, 
ey — e-* 


Ch 16 = sae 
5S ad = eG when a=2+2, b=2? +2244, 


42. 
x—2,andd=22-—22+4. 
Reduce the following to their least common denominator: 
43. 2 _ 3; and 5. 46. ay — and. 
it 2 _ 
1 


ac ab aze 
te 2x+y 54—2y x+ 
47, =, See and 2. 
45. 1363s nd wis. 32x xy 4 


Zee ; 38 y 
"Bat+2y 9a? +122y4+4y? 
x—1 ; 20 
“e2?-—Tax+6 5227-302 


4 
9x2? —4y2 
4 
5ar—5 a 


and 


» and 


CHAPTER IV 


RATIO, PROPORTION, AND VARIATION 


44. Ratio. The ratio of one of two numbers to the other is 
the result of dividing the first number by the second. 

The ratio of a to 6 is often denoted bya: b or ma The dividend or 
numerator in this implied division is called the antecedent, the divisor or 
denominator is called the consequent. 

Since a ratio is merely a fraction written in a slightly dif- 
ferent form, one may always write it as a fraction, and apply 
the usual operations with fractions as given in Chapter III. 

45. Proportion. A proportion is an expressed equation be- 
tween two equal ratios. 

Thus a:b=c:d may be written 4= A and treated like any other 
equation. The terms a and d are often referred to as the extremes of a 
proportion, while 6 and ¢ are often called the means. 

Ratios and proportions should always be expressed in 
fractional and equational form and treated accordingly. 

46. Theorem on proportions. The following theorem, which 
finds considerable application in algebra, is usually expressed 
by means of the terms defined above. 

Theorem. If a number of ratios are equal, the sum of any 
number of antecedents is to any one antecedent as the sum of 
the corresponding consequents is to the corresponding single 


consequent. 

Let op—C t=2¢°7=0 40, 

or AE eh ees 
bod Seah 

To prove Cea dal ny rata, 
g h 
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ay Cancun = 
os 5 geri ee 
then C= one 
C= ar, 
e=fr, 
and gar. 


Dividing the sum of the first three equations by the last, 
at+e+e_b+d+f 
g h 


47. Mean proportion. The mean proportional between two 
numbers a and ¢ is the number 0 such that 


200 aCe 
That is, BEAD: 
Otic 
or tp = PR 
and SEN UC. 
EXERCISES 


If a:b =c:d, prove the following: 


PH el KP 2 ae 
1.2 Dee CuSO 


piven | ag? 
Solution. ; = = (1) 
(1) + Rae Fiabe 
b d 
ar =t , (2) 
iy aye Cj ee 
(1) 7 1 q il 
a—b_c-—d 
; = ae (3) 
(2) - (3), Ae Oe 
a b2 a 
Py WORD = HOR wh. 4. ma: mb = ne: nd. 


3. a2: 6b? = c?: d?2, i}, (D3 C120, 
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Goa=c = bd, 8.a—b:a=c—d:ec. 

toa bs aS ¢+dsc. 9.a+b:a—b=c+d:c—d. 
10.a@+b:c+d=aire. 
11. (a? — 6?) :2 ab = (c? — d?) :2 cd. 


12 Vale @ 
Ve2+ a2 0 


13 a* + abs b? — a? —ab +b?” 
“ce+ed+d? c—cd4+d? 

Sat+6_5ce+d 

5a—6 5e—d 


15. Find the mean proportional between a? and b?. 


14, 


16. Find the mean proportional between a? — b? and c? — d?. 


48. Direct variation. The number ~ is said to vary directly 
as the number y when the ratio of x to y is constant. This we 
symbolize by 


a 
== Kk. OFS o = Ky; 1 
| y (1) 


where k is a constant. 

Thus if a man walks at a uniform speed, the distance that 
he travels varies directly as the time. That is, d=kt. In 
this case the constant k is the speed of the man. 

If the length of the altitude of a number of triangles is 
constant, the areas of the triangles vary as their bases. That 
is, A=kb. In this case k is equal to one half the constant 
altitude. 

The volume of a sphere varies as the cube of the radius. 


hat is, V = kre. In this case k= a. 


49. Inverse variation. The number ~ is said to vary in- 
versely as the number y when « varies directly as the recip- 
rocal of y. Thus x varies inversely as y when 


at or sy = k. (2) 
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Thus in triangles of fixed area, the bases b vary inversely 
as the altitudes a. That is, ab =k. In this case k is equal to 
twice the constant area of the triangles. Expressing this in 
somewhat less rigorous terms, one might say that if several 
triangles have the same area, then the longer the base is, the 
shorter must be the altitude. 

If one walks a fixed distance, the time ¢ required varies 
inversely as the speeds. That is, st =k. In this case k is the 
fixed distance. Again expressing this fact somewhat roughly, 
one might say that the faster a man walks in covering a 
certain distance, the less time it takes him. 

The intensity of light at a given point varies inversely as 
the square of the distance from the source of light to the 
point in question. If L denotes the intensity of the light 


and d the distance of the light from the point, then L = S 
or Ld? =k. 
50. Joint variation. The number z is said to vary jointly as 
y and z when it varies directly as the product of y and z. 
Thus «x varies jointly as y and z when 
Ay 
Me On. 6 = hyz. (8) 
Thus the amount of work accomplished on a job might 
vary jointly as the number of men employed and the num- 
ber of days that they work. That is, W=kMt, where M 
denotes the number of men, and ¢ represents the length of 
time they worked. In this case the meaning of the constant 
k is not clear until one knows more about the situation. In 
any case, k stands for the amount of work which one man 
does in a unit of time, since when M =t=1 we find that 
W=k. A man’s wages vary jointly as the number of days 
that he works and the amount he receives per day. 
The number x is said to vary directly as y and inversely 


as 2 when x varies directly as z. Thus the force of the attrac- 


tion between two bodies in space varies directly as the product 
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of their masses and inversely as the square of their distance 
apart. If m represents the product of the masses of two bodies, 
d their distance apart, and G the force of attraction, then 


eee or Ge =k, or Gd?=km. 


EXERCISES 


State the following variations in your own words, but so as to 
indicate which of the three types of variation is represented in each 
exercise. In each case k denotes a constant, while the other letters 
denote variables. 


1S bavi. 9. W=EP. 
2.M=*. 6. S= Kt. 10. V = Vih. 

= ares 7. C= kr. 11. B=kMYV?. 
Aer ii. Sve Gls 12 AVP (aa) 2 


Express the following statements in symbolic form: 

13. The volume V of a prism varies jointly as the height and 
the square of a side of the base. 

14. The number a varies directly as the square of b, and in- 
versely as the sum of ¢ and d. 


15. The age A of a tree can be told from (varies as) the diam- 
eter d and the height h. 


51. Applications. The foregoing exercises have to do merely 
with the statement of the laws or formulas which govern 
various situations. In each of them the constant k appears. 
In order to apply the formulas to specific cases it is necessary 
to determine the value of k. In every instance this can be 
done if we know the values of the variables for a single par- 
ticular case. Thus if in the formula A = kb (section 48) we 
know that when the base of one of the triangles is 6 inches 
the area is 12 square inches, we are led immediately to the 
expression 12 = 6k, ork = 2. Then, having found the value 
of k once for all, we are able to obtain the value of A cor- 
responding to any value of b. 
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PROBLEMS 


By use of the method of section 51, solve the following problems: 


1. The volume of a sphere varies as the cube of the radius. If 
the volume of the sphere is 4.19 when the radius is 1, find the 
volume when the radius is 2; when it is 4. 

9. The area of a circle varies as the square of the diameter. If 
the area is 3.14 when the diameter is 2, what is the area when the 
diameter is 10? 

3. The weight of a body varies inversely as the square of the 
distance of the body from the center of the earth. If a body 
weighs 100 pounds when it is 4000 miles from the center of the 
earth, how much will it weigh when it is 200 miles farther away? 

4. The cost of a certain type of building varies jointly as the 
size and the number of rooms. If a building 50 feet long, 30 feet 
wide, and 20 feet high contained 8 rooms and cost $20,000, how | 
much would a building 50 feet by 50 feet by 30 feet and contain- 
ing 12 rooms cost? 

5. An automobile is worth an amount inversely proportional 
to its age. If an automobile was worth $1000 when it was 2 years 
old, how much will it be worth when it is 6 years old? 


6. A body falling from rest falls with a speed which varies 
directly as the time the body has fallen. If a body has a speed of 
32 feet per second at the end of the first second, what will be its 
speed at the end of the third second? 

7. The distance fallen by a body varies directly as the square 


of the time the body has been falling. If a body falls 64 feet in the 
first two seconds, how far will it fall in 9 seconds? 


8. A body falling from a cliff takes 10 seconds to reach the 
bottom. How high is the cliff? 
9. If I can travel 200 miles in one day at a certain speed, how 
far can I go in 24 days at the same speed? 
10. If three men work 8 hours a day and do a certain job in 
4 days, how long will it take 5 men to do the same job if they work 
only 6 hours a day? 
11. A motion-picture screen is 100 feet from the projector. 


Where must the screen be placed so that the light will appear 
twice as bright on the screen? 
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12. Aenan reads a book easily when the light is 3 feet from the 
page. Where must he place a light three times as ae ie! in order 
to get the same illumination? 


13. The weight of men of uniform build varies as the wie of 
their height. If a man 6 feet tall weighs 170 pounds, what would 
you say would be the weight of a person 53 feet tall? 


14. The area of the bottom of the foot in persons of normal build 
varies approximately as the cube of their height. If a man 6 
feet tall had a foot 12 inches long, how long a foot would a person 
5 feet tall have? (Area of foot varies as the square of its length.) 


15. The seaworthiness of a sailing vessel of a certain design 
varies as the cube of the length of the boat and inversely as the 
area of the sail. The area of the sail varies as the square of the 
boat’s length. If a vessel 75 feet long is considered satisfactory in 
this design, would you say that a vessel 25 feet long would be 
more or less seaworthy? a vessel 100 feet long? 


CHAPTER V 


EQUATIONS 


52. Identities and equations of condition. An equation is a 
statement of equality between two equal expressions. Equa- 
tions are of two kinds: 

I. Equations that may be reduced to the form 1=1 by 
performing the indicated operations are called identities. 

Thus 4+2=3:+3 
and a—b=(8a—2b) —(2a—b) 
are equations of this type. In identities the sign = is often replaced by =. 
It should be noted that identities are true whatever numeric values the letters 
may have. 

II. Equations that cannot be reduced to the form 1 = 1, 
but which are true only when some of the letters have par- 
ticular values, are called equations of condition or simply 
equations. 


Thus « = 2 cannot be further simplified, and is true only when zx has 
the value 2. Also x =2a is true only when «x has the value 2 a or a has 


the value = If in this equation « is replaced by 2 a, the equation of con- 


dition becomes an identity.: 


53. Solution of equations. Any number or expression which, 
on being substituted for a letter in an equation, reduces it 
to an identity, is said to satisfy the equation. 

Thus the number 5 satisfies the equation x2 — 24 =1. The number 
3 satisfies the equation (x — 3)(x +4) =0. 

The process of finding values that satisfy an equation is 
called solving the equation. The development of methods for 
the solutions of various forms of equations is the most im- 


portant question which algebra considers. 
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In any equation which involves two or more letters, it 
is necessary to know which is the one whose value is sought, 
that is, the letter with respect to which we are expected to 
solve the equation. The letter whose value is desired is called 
the unknown or sometimes the variable. 

Values which, when substituted for the unknown, satisfy 
the equation are called roots of the equation. 

When only one letter occurs in an equation, the root is a number. 


When letters other than the unknown occur, the root is usually expressed 
in terms of those letters. 


The practical solution of equations depends on the following 


Axiom. If equal numbers be added to, subtracted from, mul- 
tuplied by, or divided by equal numbers, the results are equal. 

In the application of this axiom to equations, we exclude, as always, 
division by zero. In multiplying or dividing both sides of an equation by 
a literal expression which involves the unknown, it should be observed 


that the resulting equation may have solutions which the original equa- 
tion did not possess. 


54. Linear equations in one unknown. An equation in which 
the unknown occurs only to the first degree is called a linear 
equation. To solve a linear equation in one unknown we 
apply the following 


Rule. Apply the axiom in section 58 to obtain an equation in 
which the unknown is alone on the left-hand side of the equation. 
The right-hand side is the desired solution. 


Check. Substitute the solution in the original equation and 
reduce to the identity 1 = 1. 


Since the result of adding two numbers is a definite number, and the 
same is true for the other operations used in finding the root of a linear 
equation, it appears that every linear equation in one unknown has one 
and only one root. 

When both sides of an equation between fractions have a common 
denominator, the numerators are equal to each other. This appears from 
multiplying both sides of the equation by the common denominator and 
then canceling it from both fractions. 
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EXERCISES 


Solve and check: 


3 


Solution. 


Multiplying both sides of the equation by 42, 
126 —142%—18 2 —12=105 x — 297. 


Collecting terms containing z, 


—105%—142%—18 2% =12 — 126 — 297. 


—137%=-411. 
t= 3: 
Cece on cee ee 
3 i Die thee | 

9, ae — a? + bx —abta-b_ a+2abr db? | 


Solution. 


a—b ~ (a—b)2?+4ab 
Multiplying by (a — d), 


axes aiele ab hae eee 
(a + b)2 


ax —a2+ b4 -—ab+a—b=a-—b. 


Collecting terms containing x, 


Check. 7 


-a—@+b:-a-—ab+a—b_a?+2ab+b? 


(a+ b)x = a?+ ab. 
cis 


a—b Sey Se 


Ot =O 2 oa Oo ol ae 

.2(¢ +3) +5(2 —x) =24+42. 
Ba+2(e—1)=8+4+22—5(r +2). 
-(@—8)@+7 = (@#+5)(2+1). 
.(a+ b)x=a+ ba. 

. mx? + x) = mx? — 5. 

. (x + b)(@ — a) = (a + 2)(a— 1). 
10.g32—-++40—$2=27-8 2. 

11. (@ + bx)(6 + bx) = (bu — a) (ba + a). 
12.ax—b+cex=2xe—5+4 ba. 

13. (2 + ax)? + (8 + bx)? = (62 + a?)(x?2 + 1). 


oOo co FF GD or PP 
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14.10%+2(22+8) —2(5a+2)=2(5%41)—-1. 
15. a(x + 6) (x + a) = (ax — 2)(a— BD). 
(Ge 52) 2e a Seek 2 
16. pe 3e Fe alba x) + 8(a + x)]. 
17.a+26—a(8—2)+5x=74+2ar—9(2+ 72). 
18. (m+ x)(m— n) = 3(m+ n)(m— 2). 
19.72-8=fe+tettettctizo. 
20. (3 a—2)+208 +a) =22a+ ax) —~ Me +1). 
21. (a+ b)(at+te+2)+ (a—d)\(atec—xz)=2ab+ 2 be. 
22.1.352%—-—9.324+2.74+842— 01 7=1-+4 .99 x — .25. 
23. 3.2(5—3)— 8.3 2= 9.72 + 5$(.25-+ 3.2). 
eel M2 2s eee 
24. x 2-T a SLs cae G 
ais go, ee he peer 
le Rass Beeld 
ety i 1 9 42-8, /9et2) 
aie er ee 
eae ee O OG 0L Cee 
eee ob cree ron ee 
oy, +2) tbe Spicer a Oe 
*4@x—1) 2 b a b a 
28 a(z+a)_a $6, 22+ amon +a 
“2(a@—6b) 0b a 
ora) aes Ra | aed on 1 2 a) 
et Dy B oth ba be oe oe 
8 a2+2)(22—5) _1° 8 2ata2rj(8a-—22 Sak 
eo pe 16 a2). 8 ake (x + 2a)(a— 2) 
Cato ee oe 
39. b a q 3 =i ()i 
40, 22@@ +9) _ Talbe—o) _ 7, 
, 2d 38d d 
41 Lee SWS 5 eee ee 
ef tit te (x + r)(2 2 — m) 


42. 


43. 
44, 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 
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ax, 2bx , 2ac _(a—b)*s, 
etna ab eee 
Tha t+3a—qo-7T=0. 
1 atoll a—b 
Area ae men Ay 
gti _ 5(a + 3), 
Bob Dich seaey ae oe ee yet) 
mm—xz ab+2r4_3am—NeL, 
Dp C m 
or 2 Cte 
we x , be Tee t—(, 
c a 


x ee ee ee ule Sak 
872-42 2-2 52°+32% x—2 
St ee ys 

a a 
2e4+8  8e+2 , Ueiter sip 
8(¢+1) d@—1) 15 22 —15 : 
21 Sed ee Oe 
Cie be le 
Tb(a+ta) sal(x—c) 2c(x — b) _ 

5 as 


Sa on 


bis) orgeramn =o woe 


4—2¢ 2; St a5 2 x? 


— ————— 


Got = eee eee 
Zeta) 8(e+a) 6(x+a) 


abe — cd , bew—df _ dx— ax _ 9. 
a b Cc 

on—be be=ieew cy — 62 eo eee 
ab ammo a Mee ci C + a 

EG Te Oe ee 
a —b —a 


= 7A aie 
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b? — 9 a? Oe pe ee 
9a?—2? “2+38a 38a-—2 
OES 3 Og (02 — a" « 
zx—-b x—a_ a(x—a) 
a 


61. 


62. 


3 Sees 8 oT 
g4, Het) , c¢@x—3)_ b@r—1), 
b d c 
65. eee 2 pple), 2 aG = 1) ee +2). 
a a? b b2 
66 ac Sanne nx c _3nrtb_, 
“ b(am — bm) mb bn m(a—b) b : 
67. (F + 5)@— a) +S Na 0) 4024 2 4 2 ae, 
68 az—b_ an—cm_ x(bn+dm) + (op +dq) _d+cx 
"mx — p mn (mz—p)(nz—q) nx—q 
2a+ bz 4, (a= 20 wet 
69, SE + ax —1)(4— 24 +1)=24+ 8, 


ge a oe ON eee Oe Car eb a 
air ax ba 3 ab ab 

55. Solution of problems. The first essential step in solving 
a problem by algebra is the expression of the conditions of the 
problem by means of algebraic symbols. This is, in fact, 
nothing else than a translation of the problem from the 
English language into the language of algebra. The transla- 
tion should be made as close as possible, clause by clause in 
most cases. 


EXAMPLE 
What number subtracted from 33 times itself leaves 20? 


Solution. ‘“What number” is translated by «x. ‘‘Subtracted from 
34 times itself” is translated by 34 x — x, and ‘“‘leaves 20” is translated 
by =20. Hence the whole equation becomes, in the language of symbols, 


34 2 — x = 20. 


This equation may be solved and checked by the method given above. 
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PROBLEMS 


1. Find a number such that the sum of its half and its fifth 
part is 35. 

2. What number increased by 7 times itself and again by half 
itself equals 15? 

3. Find the number the sum of whose fifth, fourth, and third 
parts is 51 greater than its half. 

4, What number is 12 greater than its third part? 

5. In 15 years a boy will be 2 as old as his brother, whose 
present age is 830. What is the boy’s age? 

6. A man is 5 years less than 4 times as old as his son. Find 
the age of the son if the man’s age is 35 years. 

7. A man had a can of gasoline. He poured 4 gallons more 
than + of the gasoline into the tank of his car and then found that 
the can was half full of gasoline. How much gasoline had he in the 
can originally ? 

8. If a boy were 3 months more than ? his present age, he would 
be 65 years old. How old is he? 

9. A boy walked from his home 2 of the distance to town and 
stole a ride for } of the remaining distance. He then had io ofa 
mile left to go. How far from town did he live? 

10. A man is 1 inch less than 50% taller than his son. If the 
father is 6 feet 2 inches tall, find the height of the son. 

11. A man kept 4 of his money in his checking account, $ in 
first mortgages, and 4 in the savings bank. If he had $10,000 in- 
vested in his business, how much money did he have in all? 

12. A man takes a walking trip, traveling on successive days 
t, +, 4, and + of the total distance, while on the last day he 
travels 10 miles. Find the length of the trip. 

13. Divide 190 into two parts so that one part is =§; of the other 
part. 

14. The sum of two numbers is 56 and their difference is 18. 
Find the numbers. 

15. A boy is 1 year more than twice as old as his brother. The 
two boys together are 10 years older than their sister, who is 3 
years younger than the older boy. Find the age of each. 
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16. The sum of two numbers is 555. The sum of + of one and 
3's of the other is 100. Find the numbers. 


17. The sum of two numbers is s and their difference is d. 
Find the numbers. 


18. If city A had 12,500 more inhabitants, it would be 3 times 
as large as city B. City C, of 300,000 inhabitants, has 37,500 less 
than A and B together. Find the size of A and of B. 


19. Two motorists are 100 miles apart. If they travel toward 
each other at speeds of 20 miles per hour and 25 miles per hour, 
respectively, how long will it be before they meet? 


20. A freight train with an average speed of 25 miles per hour 
leaves a certain point 3 hours before an express train traveling in 
the same direction with a speed of 45 miles per hour. How long 
before the express train overtakes the freight train? 


21. Two men, A and B, can cart 50 tons of gravel per day and 
45 tons per day, respectively. If B starts work 2 days after A, 
how long will it take them to haul 200 tons of gravel? 


22. One automobile travels 32 miles in 65 minutes, whereas a 
second automobile travels 27 miles in 45 minutes. How long 
will it be before the second automobile will have traveled 15 miles 
farther than the first? 

23. The sum of two numbers is 25, and the difference of their 
squares is 115. Find the numbers. 

24. If a certain college had 3 times as many students, it would 
then have as many more than 1000 students as it now has less 
than that number. How many students has it now? 


25. A man 42 years of age has a son of 15. How long ago was 
the son 4 as old as his father was? 


26. If 12 eggs cost as much less than 81 cents as 15 eggs cost 
more than 81 cents, how much do the eggs cost apiece? 


27. The denominator of a fraction is 3 greater than the numera- 
tor. If 6 is subtracted from both the numerator and the denomi- 
nator, the fraction is equal to 3. Find the fraction. 


28. The sum of four numbers is 48. The second number is 4 
greater than the first number. The third is 4 greater than the 
second, and also 4 less than the fourth. Find the numbers. 
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29. In a certain gathering there were 34 people. There were ; 
as many men as women, and 1 more than twice as many women 
as children. How many were there of each? 


30. A boy has 2 as many sisters as brothers. His sister has 
3 times as many brothers as sisters. How many boys and girls 
are there in the family ? 

31. A man has 8 gallons of 5 % alcohol solution in the radiator 
of his automobile. How much 80% alcohol must he add to make 


a solution containing 15 % alcohol? 


32. A mason can get an unlimited amount of gravel composed of 
20 % sand and 80 % small stones. How much sand must he add to 
100 cubic feet of gravel to make a mixture containing 30 % sand? 


33. A train scheduled to make a certain run in 2 hours made the 
same run in 1 hour and 40 minutes when the average speed was 
increased 8 miles per hour. Find the length of the run. 


34. At what time between 7 and 8 o’clock are the hands of a 
watch in a straight line? 


35. At what time between 4 and 5 o’clock are the hands of a 
clock at right angles? 


36. An oil dealer bought gasoline for 18 cents a gallon and was 
compelled to sell at 17 cents a gallon. If 2% of his gasoline 
evaporated in the meantime, and he lost $13.40 on the transac- 
tion, find the amount of gasoline which he purchased. 


37. A tank can be filled by a pipe in 20 minutes, and emptied 
by a second pipe in 25 minutes. With both pipes open how long 
will it take to fill the tank? 


38. An airplane can cover a distance in 3 hours with the wind, 
but can only get back 4 of the way in the same time. If the speed 
of the plane in still weather is 90 miles per hour, find the speed of 
the wind. 


39. A swimming pool has 3 drains which can empty it in 
20 minutes, 45 minutes, and 60 minutes, respectively. If all the 
drains are left open, how long will it take to empty the pool? 


40. A certain piece of work can be done by A in 2 days’ less time 
than B requires, while B can do it in half the time required by 
C. If B and C together can do it in 3% days, how long will it take 
all three working together to do the work? 
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56. Linear equations in two unknowns. A linear equation in 
one unknown has one and only one solution, as we have al- 
ready seen (section 54). On the other hand, an equation of 
the first degree in two unknowns has many solutions. 


For example, Zee y= 12 


is satisfied by innumerable pairs of numbers which may be substituted 
for x and y. For, transposing the term in y, we find that 


_12-—383y 

lai ama 

from which it appears that when y has any particular numeric value 
the equation becomes a linear equation in x alone, and hence has a solu- . 
tion. Thus when y = 2, x = 38, and this pair of values is a solution of the 
equation. Similarly, y = 6 and x = — 3 also satisfy the equation. 


x 


At the same time there are countless pairs of values of x 
and y which do not satisfy any given equation. 


For example, the values x = 2, y=1, or x = — 1, y = 3 do not satisfy 
the equation above. 


57. Graphical solution of a linear equation in two unknowns. 
The construction of the graph of a single linear equation in 
two unknowns (or of a linear system in two unknowns) de- 
pends on several assumptions and definitions. These are: 

I. That we have at right angles to each other two lines: 
X’OX, called the x-axis, and Y’OY, called the y-axis. 

II. That we have a unit of distance on these two lines. 

Thus the number 2 will correspond to a distance of twice the unit, the 
number 43 will correspond to a distance 43 times the unit, etc. 

III. That the distance (measured parallel to the z-axis) 
from the y-axis to any point on the paper be the x-distance 
(or abscissa) of the point, and the distance (measured parallel 
to the y-axis) from the z-axis to the point be the y-distance 
(or ordinate) of the point. 

IV. That the x-distance of a point to the right of the y-axis 
be represented by a positive number, and the x-distance of a 
point to the left by a negative number; also that the y-distance 
of a point above the x-axis be represented by a positive number, 
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and the y-distance of a point below the x-axis by a negatove 
number. Briefly, distances measured from an axis to the right 
or upward are positive, and those measured to the left or 
downward are negative. 

V. That every point in the surface of the paper corresponds 
to a pair of numbers, one or both of which may be positive 
or negative, integral or fractional. 

VI. That in stating the pair of numbers corresponding to 
the location of a given point, the x-distance be stated first 
and the y-distance second. 

Thus the point (2, 8) is the point whose z-distance is 2, and whose 
y-distance is 3. 

The point of intersection of the axes is called the origin. 

The values of the x-distance and the y-distance are often 
called the coérdinates of the point. 

The relation between an equation and its graph may be 
stated as follows: 


The equation of a line ts satisfied by the values of the x-distance 
and the y-distance of any point on that line. 

Any point the values of whose x-distance and whose y-distance 
satisfy the equation is on the graph of the equation. 


The graph of a linear equation in two unknowns is a 
straight line. Therefore it is necessary, in constructing the 
graph of such an equation, to locate only two points whose 
coordinates satisfy the equation, and then draw through the 
two points a straight line. It is usually most convenient to 
locate the two points where the line cuts the axes. If, how- 
ever, these two points are very close together, the direction 
of the line will not be accurately determined by them. This 
difficulty can be avoided by selecting two points at a greater 
distance apart. 

If one considers the simplest kind of equation in two variables, such 
as © + y = 6, one sees immediately that there are countless pairs of roots, 


since there are countless numbers whose sum is 6. There will be, there- 
fore, countless points on the graph of x + y=6. It is just as clear that 
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there are countless pairs of numbers that do not add up to 6. Hence 
there will be countless points which do not lie on the graph of «x + y = 6. 
If one selected two numbers at random, one would say there was only a 
slight chance that they would add up to 6. It is a striking result of the 
type of graphical display that is defined in the preceding paragraphs that 
all the points whose codrdinates satisfy the equation do not lie in a little 
bunch, nor are they scattered loosely 
over the plane, but lie on a straight 
line. Thus the simplest equation is 
represented by the simplest type of 
geometric figure. 


Ne LE-l-}--E--E-HY 
BEGe .veecoeenei 
t+ 


EXAMPLE 
Graph 4x4—5y= 20. 


Solution. Substituting zero for zx, 
we obtain y = — 4. 

Similarly, when y = 0, x = 5, and 
when y = — 2, x = 23. 

Plotting the points found above, 
we obtain the graph here shown. 


WALI 
SP 4sRURR Sees 
aaeaas 


58. Solution of a pair of equations. If the values that a pair 
of numbers, x and y, may assume are restricted not merely by 
one linear equation, but by two, there is usually one and only 
one solution. As an instance of this we have the following 


EXAMPLE 
Solve graphically 
r+y=10, (1) 
t—y=2. (2) 


Solution. For (1) 
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Of course, there are countless pairs of numbers whose sum is 10, 
that is, for which the equation « + y = 10 is valid. But if one imposes 
the further restriction that the difference of the two numbers must be 
2, that is, that « — y = 2, it appears that the numbers 6 and 4 make up 
the only pair of values which satisfy both conditions. This fact appears 
in the preceding graphical solution. 


59. Dependent equations and systems. If two equations are 
reducible to the same form, they are said to be dependent. If 
they are not reducible to the same form, they are independent. 

Thus 6x—8y—4=0, 
and a8 — 4Y— 2 
are dependent, since the first is readily reduced to the second 
by transposing and dividing by 2. They are, in fact, essen- 
tially the same equation. On the other hand, 

x—4y=2, 
and 8x—4y=2 
are not reducible to the same form and are independent. 
Since dependent equations are identical except for the ar- 
rangement of terms and some constant factor, all their solu- 
tions are common to each other. 

In a graph dependent equations are represented by the 
same line, while independent equations always have dif- 
ferent graphs. 

We may summarize the above facts as follows: 


Two equations, ax + by+c=0 
and a’x+ b’yt+c’=0, 
are dependent when and only when 

NS DCS 
Cb ee! 


Independent equations in more than one unknown which 
have a common solution are called simultaneous equations. 

Two systems of simultaneous equations which are satis- 
fied by the same pair (or pairs) of values of z and y and only 
these are called equivalent systems. 
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EXAMPLE 
Solve graphically 
32+7y=21, et2ay=d, 
and 
tty=—1; 2e+3y=4. 


Solution. The two systems of equations given above are equivalent 
the common solution being « = — 7, y= 6. ; 

In the graph of the above systems (and, in general, for all equivalent 
systems) the lines for all the equa- 
tions pass through the same point. 
Thus 


Sot H 


Bac haya ol 


60. Solution of simultaneous linear equations. For the solu- 
tion of a pair of simultaneous linear equations we have the 


Rule. Multiply each of the equations by some number such 
that the coefficients of one of the unknowns in the resulting pair 


of equations are identical. 

Subtract one equation from the other and solve the resulting 
simple equation in one unknown. 

Find the value of the other unknown by substituting the value 
just found in one of the original equations. 

Check the result by substituting the values found for both un- 
knowns in the other original equation. 
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EXAMPLE 


Solve and graph 82+ 7y=1, 
e+ty=-—1. 
Solution. Multiplying equation (2) by 3, and 


fi 

subtracting (2) from (1), ae 
32+3y=-—3 aE 

4y= 4 

iain > Fe 

Substituting in (2), e+1=-—1. H 

i a N] 


Check. Substituting in (1), 
8-(—2)4+7°1=-64+7=1. 


61. Incompatible equations. Equations in more than one 
unknown that do not have a common solution are called 
incompatible. 


Theorem. The independent equations 
ax + by=c, (1) 
ax by = c (2) 
are incompatible when and only when ab’ — a'b = 0. 

Apply the rule of section 60 to find the solution of these 
equations. 

We obtain aa’x + a’by = a’c, 

aa’x + ab/y = ac’. 

Subtracting, (ab’ — a'b)y = ac’ — ae. 

If (ab’ — a’b) were not equal to zero, we would get a value 
of y. But if (ab’ — a’b) = 0, we can get no value for y, since 
division by zero is ruled out (section 7), and no solution of 
(1) and (2) exists. 

It is observed that the condition ab’ — a’b = 0 is the same 


as the condition n= a that is, the condition that two 


linear equations (1) and (2) have no solution is that the 
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coefficients of the terms containing the unknowns are pro- 
portional. We have already seen that if this proportion equals 
the ratio of the constant terms, the equations are equivalent. 


EXAMPLE 
Solve and graph 
38z2+7y=1, (1) 
60+ 14 y7=1. (2) 
Solution. Multiplying (1) by 2, and subtract- 
ing (2) from (1), 
6x+14y=2 
6%4+14y=1 
QO = 1 


which is absurd. Thus no solution exists. 
This situation is shown in the adjacent graph. 


62. Résumé. We observe that pairs of equations of the 
form ax+ by+c=0, 
ax+b/e+c=0 
fall into three classes: 
(a) Dependent equations, which have innumerable common 


solutions. 

Then OS Dh ee (1) 

a’ b’ (oa 

The graphs of dependent linear equations in two unknowns 
are identical lines. 

(b) Incompatible equations, which have no common solution. 

Then ab’ —a’/b=0 
but (1) is not true, that is, be’ — b’c £0. 

The graphs of incompatible linear equations in two un- 
knowns are two parallel lines. 

(c) Simultaneous equations, which have one and only one 
pair of solutions. 

Then ab’ — a/b #0. 

The graphs of two simultaneous equations in two unknowns 
are two intersecting lines. 
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EXERCISES 


Solve and check the following. Graph as directed by the 
teacher. 


Leah ieee 16,2 41=2, 
5e2+3 y= 13. “oY 
2.7%—5y = 18, 1S 0 
Bae+t2y=10. y 
= HINT. Solve without clearing of 
3.4”%—2y=2, fractions. 
38x2—y=0. a ae es 
24h =D) YS Ze y) 3 2 
5.82—y=16, cielo. 
4x—3 i 18 4p 0h 0 
6.¢2=t+4y+4 18, "y-b d 
Fea Preyty—> i ada 
Tao lO 19 oe ee 
152+3.2y=94. y—2 
Oo tichie <a 
Senay, Day 
ta—Ty=—-T7. 
Z 20 ct+ty—1 1 
94xr+3y—6=0, Diy ie aS 
38x2—5y—19=0. Cas ei eas 
10.22+ay=6), g+y 2 
382—by=c. 
epee 
ll. cys aD, aL ey eee 
L—Yy=a—3 0. ae ee 
py, Ale = bya = 9 Gi, ab 
5a—-4y=90. 99. 2 = 4 


13.3 2+ 9(y + 2) =5, 
ge— sy t8)=—1, 
14, 2.752 —2.25y=—y+.252, 
7 8.875 y 4-125 4 = 90: 23. = = 
15.77+5y=a?+ab+ Bb, x—-1l _a—b+e 
Ty+5x2=a?—ab+ b2. y= Was oe 
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oy ae ee 30.2 Vz -— Vy =1 
pee y— 14 ve 
Tatly+4_ y CIN tae 
Tx+2y-—3 otis 31.2 Va—y Vb=at+b, 
.2+y=Ftse, x+y =2 Va. 
. — a—b? 32.2 V8+y V5 =8, 
(9 2 Pah ee? aV5—yV3=0. 
2s 1 sen 
26. -—7 = S302 Vetp? 2 Vy ee 


CNG 2s Vy 2= 27, 


x Vis eal 
“Z—b° atb b—a P) 4 
o4 S= gp SS = 
es ee rr Vx Vy 
a—b a-—-c a-e 3 5 
a to Oe — — —=- 2, 
b ig eam i Cc Va Vy 
28. Vr =2+4+ Vy, Sp eee 
Vy =7-2 V2. Need Vy — 2 ‘ 
29.32— Vy=2, 3 oie 
_ = 10: 
8Vy+22=5. Veet 


86. (a —b)x + y= a?, 
(a — b) (x + ay + by) = (a? — b?)(6? + 1). 
pa ly 2 aay) 
3 4 —1 
ae +2) iy —3)=3y+ 241. 


37. 


63. Solution of problems involving two unknowns. The 
same principle of translating the problem into algebraic 
symbols should be followed here as in the solution of problems 
leading to simple equations (section 55). 


PROBLEMS 
1. The difference between two numbers is 5, and their sum is 
124. Find the numbers. 
2. Find the two numbers whose sum is s and whose difference 
is —s. 
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3. Two men divide $5000 between them. If one man had re- 
ceived $1000 more and the other had received $500 less, they 
would each have received equal amounts. How much did each 
man receive? 


4, A man stands between two houses that are 45 feet apart. 
If he were 3 times as far from the first house and 15 times as far 
from the second house, he would then be twice as far from the 
second as from the first. Find his distance from each house. 


5. There are two groups of boys on the street corner. One boy 
leaves the first group and joins the second. The groups are then 
equal in size. If one boy had left the second group and joined the 
first, the first group would then have been 3 times as large as the 
second. Find the original size of each group. 


6. A man owns 40 shares of stock. One kind of stock pays 
$10.75 annually per share, while the other kind pays $4.50 per 
share annually. If his total income from this source is $242.50 
per year, find how many shares of each stock the man owns. 


7. An automobile cost 40 times as much as one of its tires and 
$1800 more than all four of its tires. Find the cost of the car and 
each of the tires. 


8. A man considering the purchase of an automobile may buy 
a certain make of car and spend 5\, of the price for accessories, or 
he may purchase another make of car costing half as much as 
the first and spend 5%; of the price of that car for accessories. If 
the sum of the amounts he would spend for accessories on each car 
is $150, find how much he must spend to fit out each car. 


9. What fraction becomes 3. when 2 is subtracted from the 


numerator and denominator, and becomes its own reciprocal 
(section 43) when 1 is added to the numerator and subtracted 
from the denominator ? 


10. A man may purchase either one of two automobiles, a 
small car which will cost him 4 its price each year to own and $300 
a year to run, or a large car which will cost him 4 its price each 
year to own and $500 a year torun. If the large car had cost $100 
more, the annual expenses of the two cars would have been equal. 
Find the cost of each car if the large car costs 2.3 times as much 
as the small car. 
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11. A man invests a sum of money in stocks. The first year 
they yield him $200. The second year the interest rate rose 2% 
and the amount of his income rose $20. How much money did he 
invest? 

12. A man has his money invested, part at 4% and the re- 
mainder at 7%. The income is then $145. If he had received s % 
less interest, his income would have been $132.50. How much 
money was invested at each rate of interest? 


18. When a two-digit number is added to 27 the order of the 
digits is reversed. When 14 is subtracted from the number the 
sum of the digits equals 2. Find the number. 


14. A man has two sums of money at interest, the first at 4% 
and the second at 47 %. The yield from the first is half as much 
as the yield from the second. If the amounts were interchanged, 
the income would be $1045. Find the amount invested at each 
rate of interest. 


15. An imitation gold nugget in a museum weighs 25 pounds. 
It is made of lead covered with a gold shell. Under water its 
weight is 22% pounds. If 194 pounds of gold and 114 pounds of 
lead each lose one pound when weighed under water, find the 
amount of each metal in the nugget. 


16. A part of a certain machine is made of iron and lead, and 
weighs 6 pounds. If its weight under water is 5} pounds, and if 
7£ pounds of iron and 114 pounds of lead each lose one pound 
when weighed under water, find the amount of each metal in the 
part. 


17. A group consists of 30 people who have between them $100. 
If each man has $2 and each woman has $4, find how many men 
and how many women there are in the group. 


18. Two numbers containing the same two digits differ by 9. 
The greater digit is 3 more than half the smaller digit. Find the 
two digits. 


19. A chemist has two strengths of a certain solution. One 
part of the first and 4 parts of the second give a solution of 27 % 
strength. If the amount of the two solutions taken is reversed, 
the strength of the resulting solution is 37 %. What is the strength 
of each of the original solutions? 
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20. Two men, A and B, start 24 miles apart and walk toward _ 
each other. If A starts 1 hour before B starts, they will meet 
3 hours after B starts. If B starts 1 hour before A, they will meet 
26 hours after A starts. How fast does each man walk? 


64. Solution of linear equations in several unknowns. This 
process is performed as follows: 


Rule. Eliminate one unknown from the equations, taking 
them in pairs, thus giving a system of one less equation than at 
first in one less unknown. 

Continue the process until the value of one unknown is found. 

The remaining unknowns may be found by substitution. 


Special cases occur, as in the case of two unknowns, where 
an infinite number of solutions or no solution exists. Where 
no solution exists one is led to a self-contradictory equation 
on application of the rule. 

A more detailed study of these special cases is found in 
Chapter XIX. 


EXERCISES 
Solve and check : 
latyt+z=6, (1) 
38¢+2y—4z2=—5, (2) 
T*e—y—2z2=-1. (8) 
Solution. (1) + (8), 8x—z2=5. (4) 
(2) +2- (3), 17x—-8z2=—Y%. (5) 
8- (4) — (5), a ae SS UN 
ap == dle 
In (4), Bie ot 
ia, (QD); ioe 
Check. In (2), 38+4—12=—5. 
By BI WS 4h 4,.2x2—2y+2=8, 
2 Cie 382—5y—z2z=-2, 
yt2=4. te—4y+2¢= 15. 
Shy do Sb 0 = Ih, 5.2 +y+22=a, 
82+2y—-—z2=1, Dap ea & a = ld, 


52—2y=3. 2+e2+2y=c. 


10. 


EE 


sr=y, 
ey Aes 
-x—y=32z-10, 
oH Oyo. 
2ty=d5%. 
ples cael yp 
2.0y4— .52=—.1, 
PEG are Saks 
oe 0. 
yt22=8, 
Zo 2, 
We eG 
+> y—a, 
yt+z=6, 
Z+uUu—C, 
utac=d. 
ELS 5) 
“cy 
ak eed 
yo 2 
2 3—109, 
iy wy 
(ee 
zrty 5 
x2 12. 
r+z ff 
ane: 
yt2 8 


.c+2y—2=14, 


21. (« — 2)(8 y — 7) 
(x + 3)(8 2+ 2) 


13 


15. 


16. 


Wie 


18. 


19. 
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ry 
See 20, 
Ce a 
Diana aman! 
ie 
ee ae Wye 
Er al ea) 
“y+1 = 4’ 
Ustgor 2s 
z+1 6, 
Qi 
aes oP 


24 y=x+2-2, 
8h2=yt+u+4, 
4¢e=y+24+12. 
e+y=2224+3, 
a+2=4¢y—15, 
y+2= 52 x — 27. 
8e+7y¥+22=31, 
x—3sy+2=—5, 
2ex+38y—22=9. 
x—Tyt+22=4, 
3x2—2y—22=-—4, 
Ta+t2y+2=2. 
Tx+2y—132¢=-— 18, 
22+8y—2z2=-—10, 
8xa—2y—52= 22. 


20.2y+382-—427=4, 


Tytz2-—x=-—5, 
ectyte=1. 


(32+ 2)(y+ 2), 
(3 %2—1)@ +6), 


(Ty —9)(22—3) = (Tx +2)(2y+1). 


CHAPTER VI 
IRRATIONAL NUMBERS AND RADICALS 


65. Existence of irrational numbers. We have seen that in 
order to solve any linear equation or set of linear equations 
with rational coefficients we need to make use only of the 
operations of addition, subtraction, multiplication, and divi- 
sion. When, however, we attempt to solve an equation of 
the second degree, such as x2 = 2, we find that there is no 
rational number that satisfies it. 


Assumption. A factor of one member of an identity between 
integers 1s also a factor of the other member. 


Thus let 2-a=b, where a and 6 are integers. Then, since 2 is a factor 
of the left-hand member, it must also be contained in 0b. 


Theorem. No rational number satisfies the equation x? = 2, 
Suppose the rational number ; to be a fraction reduced 


to its lowest terms which satisfies the equation. Then, by 
the hypothesis, 

Co 

G2 


or a? = 2 b2. (1) 


Hence, by the assumption, 2 is contained in a?, and con- 
sequently in a. 


Suppose a=2a’. 
Then, by (1), 4g)? = 262, 
or 2 Oe 


that is, 2 must also be contained in 6, which contradicts the 


hypothesis that 3 is a fraction reduced to its lowest terms. 
68 
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This is equivalent to the statement that the square root 
of 2 cannot be expressed exactly by a rational fraction. 

The fact that the equation x? = 2 has no rational solution 
is analogous to the fact, learned from geometry, that the 
hypotenuse of an isosceles right triangle is incommensurable 
with the other sides. 

66. The practical necessity for irrational numbers. For the 
practical purposes of the draftsman, the surveyor, or the 
machinist, the introduction of this irrational number is su- 
perfluous, as no measuring scale can be made exact enough 
to distinguish between a length represented by a rational 
number and a length which cannot be so represented. As 
the draftsman does not use a mathematically perfect triangle, 
but one made of wood or celluloid, it is impossible to find, in 
the so-called practical world, an instance where the irrational 
number is indispensable. In fact the irrational number is a 
mathematical necessity, and not a necessity for the laboratory 
or drafting room in the sense that fractions and negative 
numbers are. We need irrational numbers because we cannot 
solve all quadratic equations without them. The practical 
utility of these numbers comes only through the immense 
gain in mathematical power which they bring. 

67. Extraction of square root of polynomials. This process, 
from which a method of extracting the square root of num- 
bers is immediately deduced, may be performed as follows: 

Rule. Arrange the terms of the polynomial according to the 
powers of some letter. 

Extract the square root of the first term, write the result as the 
first term of the root, and subtract tts square from the given 
polynomial. 

Divide the first term of the remainder by twice the root already 
found, and add this quotient to the root and also to the trial 
divisor, thus forming the complete divisor. 

Multiply the complete divisor by the last term of the root and 
subtract the product from the last remainder. 
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If terms of the given polynomial still remain, find the next 
term of the root by dividing the first term of the remainder by 
twice the first term of the root, form the complete divisor, and 
proceed as before until the desired number of terms of the root 
have been found. 


EXERCISES 


Extract the square root of the following: 
1.4 a?2+ 4 ax? — 4 abe + x* + b2x? — 2 bz. 


Solution. 2a—bx + x? 
4a2—A abr + 4 ax? + b2x? — 2 bx? + x4 
4 a? 
4a —4 abe + 4 ax? + bax? 
4a—bx —Aabxr + bx? 
4a—2 br — 2 bx? + x4 
4a—2ba+ x? — 2 bx? + x4 


2,424 —4232 —3 a? +2 e+ 1. 

8.74 +427+9-—4234+627?-—122. 

4.04 4+3 wy? + y2§ +2 wy 4+ 2 xy. 

5. 4 x4 + 28 ax? + 53 a2x? + 14 a?x + at. 

6.9 m?+4n?+9+12mn—18 m—12n. 
7.a?—2ab+ b?+ x? + 2 ax — 2 bx. 10. 1 + 6, to four terms. 
8. 1 — a? + 25 a* —6a+ 30 a. 11. 1 — b, to four terms. 
9.24-2234+727+9-62. 12. 4 — 3}, to four terms. 


68. Extraction of the square root of numbers. A study of 
the method employed to find the square root of polynomials 
enables us to state, for the extraction of the square root of 
numbers, the following 


Rule. Separate the number into periods of two figures each, 
beginning at the decimal point. Find the greatest number whose 
square is contained in the left-hand period. This is the first 
figure of the required root. 

Subtract its square from the first period, and to the remainder 
annex the next period of the number. 
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Divide this remainder, omitting the right-hand digit, by twice 
the root already found, and annex the quotient to both root and 
divisor, thus forming the complete divisor. 

Multiply the complete divisor by the last digit of the root, sub- 
tract the result from the dividend, and annex to the remainder 
the next period for a new dividend. 

Double the whole root now found for a new divisor and proceed 
as before until the desired number of digits have been found. 


In applying this rule it often happens that the product of the complete 
divisor and the last digit of the root is larger than the dividend. In such 
a case we must diminish the last figure of the root by unity until we 
obtain a product which is not greater than the dividend. 

At any point in the process of extracting the square root of a number 
before the exact square root is found, the square of the result already 
obtained is less than the original number. If the last digit of the result 
is replaced by the next higher one, the square of this number is greater 
than the original number. 


69. Principal roots. There are always two square roots of 
any number. Thus the number 4 has the two square roots 
+2and—2. The sign of the root which is intended must be 
indicated by the sign before the radical sign when this sign 
is used. As usual, if no sign is written, a + is understood. 


EXERCISES 


Extract the square root of the following, to the nearest thou- 
sandth: 


13: 
Solution. ibe Bi OA WL 
3.00’00'00’00’00 
1 
27/2 00 
1 89 
84 3 |11 00 
10 29 


71 00 
69 24 


3464 05 |176 00 00 
1 73 20 26 


27975 1.782. Ans. 


346 2 
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2. 7569. 6. 3.14159. 10. 1928.01. 14. 10. 18, 13. 
3. 1764. 7. 8.78210793. 11. 1500. 15. 1.414. 19. 2. 
4, 30.25. 8. .000382098214. 12. 7. 16. 7.56. 20. 549. 
5. 201875. 9. .00001492. URES Cale 17. 1,520,876. 21. 23. 


70. Approximation of irrational numbers. In applying the 
preceding process to obtain the square root of 2 we can never 
obtain a number whose square is exactly 2, for we have 
seen that such a number expressed as a rational fraction does 
not exist. But as we proceed we get a number whose square 
differs less and less from 2. 


Thus 1? = 1, less than 2 by 1. 
1.42 = 1.96, less than 2 by .04. 
1.412 = 1.9881, less than 2 by .0119. 
1.4142 = 1.999396, less than 2 by .000604. 


Though we cannot say that 1.414 zs the square root of 2, 
we may say that 1.414 is the square root of 2 to three places 
of decimals, meaning that 


(1.414)2 <2 < (1.415)2. 


71. Sequences. The exact value of the square root of most 
numbers, as, for instance, 2, 3, 5, cannot be found exactly in 
decimal form and so is usually expressed symbolically. By 
means of the process of extracting the square root, however, 
we can find a number whose square is as near the given 
number in value as we may desire. We may, in fact, assert 
that the succession, or sequence, of numbers obtained by the 
process of extracting the square root of a number defines the 
square root of that number. Thus the sequence of numbers 
1, 1.4, 1.41, 1.414, - - - defines the square root of 2. 

72. Operations on irrational numbers. Just as we defined 
the laws of operation on fractions and negative numbers 
(sections 2-10) we should now define the meaning of the sum, 
difference, product, and quotient of the numbers defined by 
the sequence of numbers obtained by the square-root process. 
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To define and explain completely the operations on irrational 
numbers is beyond the scope of this chapter. It turns out, 
however, that the number defined by a sequence is the limit- 
ing value of the rational numbers that constitute the sequence; 
that is, it is a value from which every number in the sequence 
beyond a certain point differs by as little as we please. We 
may, however, make the following statement regarding the 
multiplication of irrational numbers: In the sequence defin- 
ing the square root of 2, namely, (1, 1.4, 1.41, 1.414, ---) we 
saw that we could obtain a number very nearly equal to 2 by 
multiplying 1.414 by itself. In general, we may multiply num- 
bers defined by sequences by multiplying the elements of these 
sequences; the new sequence, consisting of the products, defines 
the product of the original numbers. 

anus (1 el.401 AL Ald, =~ =\(1, 1 4A Al 4 aes) 

= (I, 1.96, 1:9881, 1.999396, - --). 


The numbers in this sequence approach 2 as a limit, and 
hence the sequence may be said to represent 2. 

73. Notation. We denote the square root of a (where a rep- 
resents any number or expression) symbolically by Va, and 


assert that Va-Va= (Va)? =a, 
or, more generally, Va-Vb=Va-b. 
Similarly, Va+ Vb = Va +b. 


EXERCISES 


1. Form five elements of a sequence defining V2, 
2. Form four elements of a sequence defining V6. 
3. Form five elements of a sequence defining V15. 


4. Form, in accordance with the rule just given, four elements 
of the sequence V3 - V5. Compare this result with the elements 
obtained in Exercise 3. 


5. Form the first four elements of the product /2 > wie, and 
compare it with the first four elements defining V 14. 
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"4. Other irrational numbers. The cube root and higher 
roots of numbers could also be found by processes analogous 
to the method employed in finding the square root, but as 
they are almost never used practically, they will not be in- 
cluded here. It should be kept in mind, however, that by 
these processes sequences of numbers may be derived that 
define the various roots of numbers precisely as the sequences 
derived in the preceding paragraphs define the square root 
of numbers. 

The nth root of any expression a is symbolized by Wa. 
Here n is sometimes called the index of the radical. The prin- 
ciple governing the multiplication and division of radicals 
with any integral index is given by the following 


Assumption. The product (or quotient) of the nth roots of two 
numbers is equal to the nth root of the product (or quotient) of 
the numbers. 


Symbolically expressed, 
Va- Vb = Va-b, 


For a given index the principal root of a number is its one 
real root if it has but one, or its positive root if it has two 
real roots. 

Thus the principal square root of 9 is + 8, and the principal fourth 
root of 16 is + 2, not — 2. The square root of — 4 or — 9 is not a real 
number; a negative number has no principal square root. 


The principal cube root of 8 is 2; that of — 27 is — 3. The principal 
fifth root of 82 is + 2; that of — 32 is —2. 


Every number has more than one root of given odd index. 
The number 8, for example, has two other cube roots besides 
its principal cube root, 2. What they are and how they are 
obtained will be made clear in the chapter on Complex 
Numbers, where the consideration of the square roots of 
negative numbers is taken up. 
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75. Reduction of a radical to its simplest form. A radical is 
in its simplest form when the expression under the sign is 
integral (section 11) and contains no factor raised to a power 
which equals or exceeds the index of the radical; in other 
words, when no factor can be removed from under the radical 
sign and still leave an integral expression under the sign. 


Thus the radical V10 is in its simplest form, since 10 does not con- 
tain a perfect square as a factor. However, V18 is not in its simplest 
form, since the perfect square 9 is a factor of 18, and V18 may therefore 
be written V9 - V2, or 8 V2. 

The simplification of radicals is based on the following gen- 
eral identity, which is an application of the assumption of the 
preceding section : 

Verb =Ve f= VS. 
We may reduce a quadratic radical to its simplest form by the 
following 

Rule. If the expression under the radical sign rs fractional, 
multiply both numerator and denominator by some expression 
that will make the denominator a perfect square. 

Factor the expression under the radical into two factors, one 
of which is the greatest square factor which tt contains. 

Take the square root of the factor that is the perfect square, and 
express the multiplication of the result by the remaining factor 
under the radical sign. 

If the radical is of the nth index, the denominator must be made a 
perfect nth power, and any factor that is to be taken from under the 
radical sign must also be a perfect nth power. 

EXERCISES 


Reduce to simplest form: 


1. Vis. 
Solution Vi ye 2 aS 2 V10 


a) fe Sans 10. V/4—4. 
_V3125. 9. Vi+2. 11.8-V82, 
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12. } V18 @. sg Ralls acer WER bom <fe 
3/162 abd! 375 4b 75 


Swear, 32, fu? 2 [36 2°, 
12 aR 1 18. 2 21.a zr 24. 7 AG a2 


ae “8 38a 
16. 42/1 + 4- NES ay zh NN ers 


26. Va + 4 a7b + 4 ab?. 29 es a? = 12a? 512 a 
ON 12.0 = 12, 07-F0 0° 


[x3 + 2 ax? + a*x 
ON ea ee 
an + Ux 30 |e eal2 ot sia 
28. V8 224+ 12 474+ 12 2. “N33 03 — 18 624+ 270° 
aN 36 x + 386 y 
76. Addition and subtraction of radicals. Radicals that are 
of the same index and have the same expression under the 
radical sign are similar. Only similar radicals can be united 
into one term by addition and subtraction. We add radical 
expressions by the following 
Rule. Reduce the radicals to be added to their simplest form. 


Add the coefficients of similar radicals and prefix this sum as 
the coefficient of the corresponding radical in the result. 


a) 


A rule precisely similar is followed in subtracting radical 


expressions. 
EXERCISES 


Perform the indicated additions and subtractions: 


1, V50 + V32-- V18. 


Solution. V50 = V25-2=5 V2 
V32 = V16-2=4 V2 
V18 = V9-2=3.V2 
Sum = 12 V2 
2.8 V3+5 V3. 4.aVb+aVb. 
Sui 6 — Ou 6: 5.a Vb +b Vb. 
6.25 Vet 2/2 —2 Yet VSa+ Via, 
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2 V45 +3 V125 —6 V20 + 3 V80 — 2 V5. 
.TVe+2 Vy —8 Vy +2 Ve —12 Ve +7 Vy. 


.38 V4a—2 V9a+18 oo 43 VBa—1 Vi2a. 
10.83 Ve+ty+2V4e+4y—-—5 V9I(e+y) +4 Vara + ay. 


11. 2 Vz2a —3 Vam? + 2 Va? —5 Vix + y)2a —7 V8i1 a. 
12.8 Ve+2V82+7 V5a4+7 V40+2 Vib e¢—7 V1Z5 x. 


77. Multiplication and division of radicals. For these proc- 
esses we have the following 

Rule. Follow the usual laws of operation (section 72), using 
aiso the assumption of section 74. 

Reduce each term of the result to its simplest form. 


OO” =z 


ie) 


The operations of this section are limited to the case where 
the radicals are of the same index. Radicals of different 
indices, as V3 and \/2, must first be reduced to the same 
index (see section 74). 


EXERCISES 

1. Multiply V3 + V2 by V3 + V8. 
Solution. V3 + V2 
V34+ V8 


34 V6 + V24+ V16 
=3+V6+2V6+4 


=7+3 V6. 
2. Divide Das by Vi + Vy. 
Vay 
c+y 


Lear 5 Vary (Wa + Vy) 
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Perform the indicated operations and simplify : 


3. V6- V3. 10, (— 2 + V5)”. 

4, V27- V3. 11. (2 V3.+ 2)(3 V6 — V2). 
BEN 2c 12) 12. V21a- V42 a. 

GiN/ Bee 13. (a +b + Vab)(Va — Vb). 
UN 147-2 V3)8 aay 
aa 15. Vat Va: VV ~ Vi. 


9. (VB V2)(V2—V3), 16. Ve >V2-V8 V2. 
17 Ne tN) pee 
18. (a2 + b2) + (a Vb +b Va). 
19. 7+ Vay. 
GV WEDS — V8 4). 


2 
21. Vz - i ps nae 
3) 8 m+ Dp m+n 


22. 2+ [E 26. Va2 — b2- Za—2b. 

y a? + ab 
3 NE taeste 

OE OE 2 NE, 27. + («Vaz—yVy). 
V5 5 Vay 


as. (8-2) EGS ease 
29. (2 V10 — V20 — 3 V40 + V80) V5. 
30. (2 V27 —3 V75 + 2 V48 + V3) V3. 
31. (8 V63 +7 V56 + 2 V7 — 5 -V126) V7. 
82. (V2a24+3 42 Va) (V2e43 —2 V2). 
88. [(V2 + NB VB) 2 —N/ 8t = 5) a 
84. (8 V42 + 2 V7 +8 V2)(V27 4+ V7 — V14). 
35. (2 V5 + V8 — V12)(4 V30 — 2 V2 + V3). 
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96. (VES GE VE) 


37. Find the value of 


175 4+2Vi-7 V15 +2 V8— V2-V84 V2 


to three decimal places. 


78. Rationalization. The process of rendering the irrational 
numerator (or denominator) of a fractional expression ra- 
tional without altering the value of the fraction is called 
the rationalization of the numerator (or denominator) of the 
fraction. 

This is usually accomplished by multiplying both the nu- 
merator and the denominator of the given fraction by a prop- 
erly chosen radical expression called the rationalizing factor. 

The principles in accordance with which this rationalizing 
factor is selected are: 

Principle I. Since (a + b)(a — b) = a? — B?, the rationalizing 
factor of Vat Vy is Vx F Vy. 

Principle II. Since (a? —ab+ b*) (a = Dee =e al b?, the 
rationalizing factor of Va a Vy is Vx? — Vay + Vy, and 
conversely. 

Since (a2?+ab+ 6?)(a—b)=a?— 6%, the rationalizing 
factor of Viz —~V y is Vx? 4 Vay - Vy, and conversely. 


EXERCISES 
Rationalize the denominators of the following: 
Vm VNMmtVn S 


Solution. By are I, the factor which will render the denominator 


rational is Vm + Vn. 
ate Vin + Vn _VmtVn,Vnt+ Vn 
Vn —-Vn Vn—-Vn Vn+Vn 
_m+2Vnn tn. 


m—n 
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1 
ee 
Sop V8 = V6 
Solution. This problem requires a twofold rationalization. 
1 (3 + V3) + V5 


3+V3—V5 [(3+ V3) — Vo][(3 + V3) + V5] 
_ 84+V84V5  38+V84V6 
SGA Vs) 259 ove +3 
_3+V3+V5_ (3+ V3 + V5)(7— 6 V3) 


7 +6 V3 (746-'V38)(7 —6 V3) 
_21+7V8 +7 V5 — 18 — 18 V3 — 6 V15 
49 — 36-3 
_ 3-11 V8+7V5—-6 V15, 
1 — 59 
3. 
V3 = V5 
Solution. 1 32 + V15 + V5? 


Sie 
BH BM V+ V4 Ve 
_ V3? + VIB + VB 


35 
= —4(V3? + V165 + V5). 

Pl evrde Beatie eg, V2—V7. Pai kre, 
8—Vv2 Ben Wee 
3+V5 3 3 vi 

5. 28 ‘—<——— 3 ; 
Ns V4 + V8 mye 

10. a—Vx i Ne 
Va+ Va Vite 2N3 
tie a— Vx? — a? 1p, Vatb+Va—d. 
Va + V2? — a? SPE 
Eee 6. 

V3 —V2+ V6 Va-—ytVaet+y 

siete 2E SV 5am 17 V6 + V5 ~ V3 — V2 

V5 +2V24V3 eV6=N/ 5 3 en 


g, Vat b)(a +2) + Va=b)@—=2), 
(a + b)(a+ 2) —V(a—b)(a — 2) 
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2V5438V7 
19. Show that ———————- = 80.29 +. 
VE=N/5 
V3 4+~V2 
20. Show that —=——= = 9.898 +. 
V3—V2 i 


N2EVE—NI= NE © p05. 
Noo B LN TE 


79. Solution of equations involving radicals. We prove the 
important 


21. Show that 


Theorem. When an equation in x is multiplied by an expres- 
sion in x, the resulting equation has, in general, solutions which 
the first one did not possess. 

Let A=0 
represent an equation containing x which is satisfied by the 
values x = a, b,---, n. Let B be an expression which vanishes 
when x = ay, 01, ---, 1. Then the expression 

A-B=0 
is satisfied not only when x=a, b,---,n, but also when 
r= aM, bi, SOS (F- 

Illustration. The equation x —2=0 has x =2 for its only solution, 
while the equation (x — 2)(x — 3) = 0 has, in addition, the solution x = 38. 

If in the course of a problem it is necessary to multiply an 
equation by an expression involving the variable, the solutions 
of the resulting equations must be substituted in the first one 
to ascertain if any solutions have been introduced which do not 
satisfy the original equation. Solutions which have been intro- 
duced in the process of solving an equation, but which do not 
satisfy the original equation, are called extraneous solutions. 

It may be shown in a similar way that raising the equation 


int A= B 
to any power may introduce extraneous solutions. 


In some instances all the apparent solutions found are 
extraneous, in which case the original expression was really 
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not an equation at all, since it did not express equality be- 
tween two expressions which could be equal for any value of 
the unknown (see section 52). 


For example, Vz +1=-—1 leads to Va = — 2, whence x= 4. But, 
when 4 is substituted for x, we get V44+1=3=-1. 


EXERCISES 
1. Solve Vx + 20 —-Vax2—-1=3. 
Solution. Vi+20=3+ Va2—1. 
a1+20=94+6V2—-—-1+2—-1. 
12=6V«x-1. 
Vi—-1=2. 
vA 
C= Ds 
Check. V25 —-V4=3. 
2. Solve Vz — 2 —-Va=2. 
Solution. Vex —-2=24 Vz. 
e—-2=444Vr42. 
—6=4V%2z. 
2Vx=—3. 
Arp 193 
v= 2. 


Check. ,— V2 =4-—32. (Root 2 rejected.) 


Solve 

38. V22—-1=1. 10.3 Vz — 2 =2 Vz. 
4.Via+2=5. ll. Vr+24+Ve4+3=2. 
5. V5a+11=6. 12.V12+4Vx—2=4. 
6. V82+7=10. 13.2 Vz —-V22=24 V2. 
7.Vx—8=V42r—5. 14. Vz+3+4+Vx—1=2. 
8. V2+V3a=2. 15. V9 —2V8244=1. 


9.Vic+18=Vi2e+3. 16. Ve?4+82—4=V24 1, 


17. 
18. 
19. 
20. 
21. 
22. 
23. 


24, 


38. 


39. 


40. 


49. 
50. 
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a—Vax(1+2x)+1—2=1. 
V2(e+1)+V42—4=2. 
8+V(x+2)(@—4) =x 6. 
V3(a+2) +V3x2+25=19. 


Vz—2=Vx?—6a+1. 
14+3V2x2=V64+38VE=«. 

Sei 
5tNe (7 — 
24+Vz 
2—WVx 


<\ 


= 5. 


25, V8a—9 = ae). 


V38ae—5 


eae 
CV Eee = 


27. 


No ee. 


Re Li os ee ee 
1—Vl-—-«x 1+vi1l-2 


OG TN) GsesA/ pee ee 


BN ate c= AL 


Va 


30.3 V22+74+ Vr4+3=122-1. 


L-2viiz74 


31: 
(panes 


goss 


21 


82. V4e4+14+V014+2=V924+7. 
33. V2 +4—V22—-1=V2—5. 


94. Ve 41 + V2 —2.—=V2+6=0. 


Va, 


x 


35. (Wa + 2)(Va2 +1) = Va (Ve + 4). 
386. V2 + 2—Vrt+4=V42042 


37. Va Vb — Vb Va = oN ON eH bV ave, Ee bVaVe 


Valat+vVx)_a+1. 
(b—WVz)Vx 5-1 
4Va—-2_2Ve+4. 
5Vz—-5 3Vat+1 
Vi-1_ V3. 
Vz+1 V3 


Vet14+V2+2=V-—-Z2. 
Ve—-2+V24+2=0. 


x 


41, Vz —2 = Vx + 2. 
42. Va—-1+V2+4=5. 
438. V8e+1—V382-1=1. 


44, Ve +12 + Ve —12 =12. 
45. V32—24+V82+5=5. 
46. Vn +2—Vzr—2=V2t+14+V2—1. 
47. V3 2—24+V824+5=7. 
48. V57+44+V5e—1—V524+20=0. 


D lapses 
51, 222 — 


V2 


8 Va — 2. 
V2 


CHAPTER VII 
THEORY OF INDICES 


80. Negative exponents. We have already seen (section 16) 
that a™- qr =aqnrtn (1) 


when m and n are positive integers. We now assume that 
this law still holds when one or both of the numbers m and 7 
are negative or fractional. 


If we let ama, 
a 
then On — ar( =] ee ee 
(OHE Ge 


since law (1) holds when m and n are any integers. This no- 
tation may be expressed verbally in the following 


Principle. A factor of the nwmerator or the denominator of a 
fraction may be changed from the numerator to the denominator, 
or vice versa, rf the sign of its exponent be changed. 


81. Fractional exponents. Since (section 73) Va-Va= a, 
it is natural to devise a notation for Va suggested by law C13 
Tf we let Va = ai, 
we have Va-Va=a?- a? =a?t? =a, 
Furthermore, if we let 
Va = a", 
it would be consistent with law (1) to write 


1\20, le i Ll eee 
(an) SS SOG Oe 


This notation we shall assume in general. Thus 


Vayes Car a”. 


84. 
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With the adoption of this notation we can attach a meaning 
to any real number with any rational number for its exponent. 
This notation may be expressed verbally in the following 


Principle. The numerator of a fractional exponent indicates 
a power; the denominator, a root. 

82. Résumé of formulas in exponents and radicals. 

I. Definitions. 

1. (Va)" =a. Thus (V2)? = 2. 

2: at = Va. Thus 2? = V2. 

= if a 

3. “=a +s Thus 55 = 2 s 

II. General laws for any index. 

1 0 — a" hus 2272 = 2°. 

ie ee = (op) bus e071 10) 

Se ee Ps 2 

he or) hus)? = (27)8 = Ze: 

Be = (ee Pe 2 ee ea: 

III. General laws in notation of radical and fractional ex- 
ponents. 

1. VaVa= an . a fe ant, Thus V2- V2 = 2?+t = 2%, 

2. Va Vb =Vab. Thus V2- V5 = V10. 

3. Va" =a Vb. Thus V23-5 =2 V5. 

a. Va = "Wa. Thus VW =. 

5. (Wa)" = Va". Thus (2) = 22, 

83. Principal roots. The ideas of sections 69 and 74, in which 
the principal root of a number is defined in terms of the 
radical notation, are also applied to the notation of fractional 
exponents. 


Thus 4? = 2, while — 43 = — 2, 
Also (— 8)? = — 2, while 83 = 2. 
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As a consequence of this notation, when a root is extracted 
on both sides of an equation, the principal root must be taken 
on each side in order that the equation may still be valid. 
This is the case both for the radical and the fractional 


notation. 
ORAL EXERCISES 


Find the numeric value of the following: 


1. V4. 7. — V625. 13. 92. 19. 81. 
2.—V9. A SS. 14, 278, 20. (4)?. 
3. V16. 9. V6. 15. 643. a1. (4), 
4, ¥/27. 10s as 16. 82. a2. (4)8. 
NS bh 17. 64%. 93.(— ail 
6. V81. LON aio 8 18. 253. 24, (atx)? 
Read as if expressed in radical form: 
25. at. 29. 2 x3. 33. 2 albé. 87. 2! 
26. 22. 30. (3 p)?. 34. 5 xty?. 38. 3°", 
a7. ke. 31. 7 xy?. 35. m(m—n)?. 39. 2. a2ba. 
28. (ab). 82. Sabi. 36. 2a(e-+y)®. 40. 11 2"y", 
Read as if expressed with fractional exponents: 

41, V8. 43. Vabe. 45.2 Va. 47. V(x +). 
42, Va. 44, V/m3x%. 46.3 V7 22. 48. V(x + y)?. 
49, Va? + 2 ad. 50. mV a4(m? — n2). 
EXERCISES 


Express in simplest form with positive exponents: 


25 a~2b2c? 
5 ab3c7? 

Solution. By section 80, 

25 a-2b2cz ___ 5-cr- 
5 ab3ce-* a: a2 . 63 . 6-2 


1. 


oe 
aeb 
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2 ae 
2. = 4.2 Y 3 6. V/(ai5p10)2 
Ci) ae Wisk: 
e buh (asb3)3 
yah Ree ee 15 x7 2y-3g-1 
ee aes . = ROE Ls 
Ura Vays - \/28 105 emcee 
aia Om 6 6 ab-? 2 3 5 28 
———_—_—- 4yn2p3 =f 
8. eo ae 10. m*n2p?V/ m2p*q71. 
9 a*b~*eV ab - Va. 1] ee ee a et 
be + akbtc2 “By 1-b2? Bab. x2¢ 


Arrange in order of magnitude: 
12. V3, V2, 
Solution. NE = ES = ed 129 | 
2 ane 64 

SY str oi 

at ws <i _ 12/348 
22 N 23 Nee 


4 3 
The order of magnitude is V5, V3, V2. 


Z 
: 


13, V3, V1. 16. V8, V10, V/15, V5. 
14. V6, V5, V3. 17. V2, V3, V5, V3. 
15. V2, V3, V5. 18. V7, V9, V18, 100. 


Perform the indicated operations: 


19. V2-V3-V5. 


Solution. V2 -¥/3- 4/5 = 93. 3t. 5 
— 98 .38-5e 
= V8-9-5 
= V360. 
4 6 
20 V2.3. a9, V2 V3, 24, ve 8 . 
V3. V5 ONG V3. 90 
lh, ee 23. = 25. ; 
V4 V2. 7 V45 » V625 
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84. Operations with radical polynomials. These operations 
follow the rules for the same operations previously given, 
provided the assumptions and principles of sections 81-82 
are observed. 


EXERCISES 
Divide: 
1. x? — y@ by a? — yf. 3. 28 — yt by Va + Vy. 
Q. 27 + y? by xt + y7. 4. V$V23 — Vive by 3/3. 
Multiply : 


5, 222+ 3 y? by x? —2y?. 

6. Vii + Vy? by V2 — Vy. 

1. Va2 +2 Va8 +2 Van +3 Va by 
8. 3 aty-1 4+ 2a-1y7+3 by x 24+3y7 
9.323 —222y¥? +3 ay +2 y? by x-34+3y7 s 


s 


+ V2. 


toe 


blH 


Extract the square root of: 
10. 92+ 6 xy~? 4 y-}. 
11.424 49 y — 28 Vay. 
12. 23 + 4 Vx3y5 + 4 yd, 
13. x2 + 2 x2y? +3 ay+2 ary? + y?, 
14. ot + y~? — xy! + 2 ay? — 2 x8y-3, 
15. 4 24 + 28 x3y? + 37 x2y — 42 xy? + 9 y?, 
16. 442412 x — 19 2 — 3404 61 23 — 28274 4, 
17. q's xe2y-2 — I. yo) + is y2e-2 — of cy) 4+ 252. 


Simplify : 
1, 8248 atyt — 4 oly t — 2 19, 6a2 +9 ab — 4 abh— 6b? 


8x2+382-1~—6 


20 : a 
x? — 3 47 +3473 —g 3 


CHAPTER VIII 
LOGARITHMS 


85. Introduction. Closely related to the topic of exponents, 
which was treated in the last chapter, is the subject of loga- 
rithms. This theory leads to the most important labor-saving 
device that has been introduced into mathematics in modern 
times. Except for the adoption of the Arabic and decimal 
notation, the invention and use of logarithms probably stands 
alone both for the elegance of its methods and for the efficiency 
with which it may be employed in numeric computation. 

86. Generalized powers. If 6 and ¢ are integers, we can 
easily compute b*. 

For example, 64 = 1296, and 35 = 248. 


When c is not an integer but a fraction, we can compute 
the value of b° to any desired degree of accuracy. Thus if 
b=2 and c= 2, we have 2? = V23 = V8, which we can find 
to any number of decimal places. If, however, the exponent 
is an irrational number, as V2, we have shown no method 
of computing the expression. Since, however, \/2 was seen 
(section 71) to be the limit approached by the series of 


numbers igi be ewe Wh ERE Soap 
it turns out that 5Y? is the limit approached by the numbers 


See Tear Diet fi.ci4 0 Op 


The computation of such a number as 5!41 would be some- 
what laborious, but could be performed, since 514! = 5ioo 
— 'V/5"1, Thus, if we let = 5'!, it appears that x is a 
root of the equation 21° = 5/41, which could be solved by 
the methods of Chapter XVII. 

89 
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In this particular case we see that 52 is the limit approached 
by a series of numbers in which the exponents are the suc- 
cessive approximations to \/2 obtained by the process of 
extracting the square root. In a similar manner we could 
always express the meaning of b’, where 6 is a positive 
integer and c is any irrational number. 


Assumption. We assume that the laws of operation which we 
have adopted for rational exponents hold when the exponents are 
trrational. 

Thus b¢- b4 = be+4, a= be-4, (b4)¢ = (be)¢ = be, where c and d are 


any numbers, rational or irrational. 


87. Logarithms. We have just seen that when b and ¢ are 
given, a number a exists such that 6° =a. We now consider 
the case where a and 6 are given and c remains to be found. 
For example, let a = 8 and b=2. If 2°= 8, we see immedi- 
ately that c=38. If a=16°and 0=—2) then” 2° — 16,7 and 
c=4. If a=10 and 6=2, consider the equation 2°= 10. 
If we letc=3, we obtain 2?=8. If we let c=4, we ob- 
tain 2+ = 16. If, then, any number c exists such that 2° = 10, 
it must evidently lie between 3 and 4. To prove the exist- 
ence of such a number is beyond the scope of this chapter, 
but we make the following 


Assumption. There always exists a real number x which 
satisfies the equation 
oF =a, (1) 
where a and 6 are positive numbers, provided b + 1. 


Since any real number may be expressed approximately 
in terms of a decimal fraction, this number x may be so 
expressed. 


Definition. The power to which a given number, called 
the base, must be raised to equal a second number is called the 
logarithm of the second number. 
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In (1) x is the logarithm of a for the base b. 
This is abbreviated into 
x = logs a. (2) 


mincem 23 — Soe! (2-00 om— 


4, and 4°=1, we have logs 8=3, 
logio 100 =2, logs § = — 2, and logy1 = 


0. 


The number a in (1) or (2) is called the antilogarithm of x 
for the base b. 


EXERCISES 


In the following name the base, the logarithm, and the anti- 
logarithm, and write in form (2): 
1. 106 = 1,000,000. 
Solution. Base = 10, logarithm = 6, antilogarithm = 1,000,000, 
logio 1,000,000 = 6. 
Cheesy 4,44 = 256. Gao LEG 49: 
Shy 2D = yp hy oe = 12)5, The (O = TUG. 


Find the logarithms of the following numbers to the base 2: 


8. 16. 9. 64. 12. 4. 
Solution. 162% 10. 8. 13. sy. 
log: 16 = 4. Li 14, 535. 


Find the logarithms of the following numbers to the base 3: 


15. 27. 1729729) 20. 4. 

Solution. GAT AD 18. 1 21. 1 
log; 27 = 3. 

16. 243. 19.4 22. 3'5 


What base must be used to make the following statements 
correct ? 


23. log 9 = 2. sy, hope Wis 
Solution. : = 67, 26. log 36 = 2. 
= 85 
logs 9.= 2. 27. log 27 = 3. 
@ 


24. log 8 = 3. 28; log 2-17 
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' Write the following expressions in form (1): 


29. loge 4 = 2. 33. loge 32 = 5. 
30, logs 97= 2: 34. log; 343 = 3. 
81. logs 125 = 3. 35. login 1000 = 3. 
32. loge.o lira. 36. log; 8 = 1. 


88. Operations on logarithms. By means of the law expressed 
in the assumption, section 87, we prove certain theorems that 
have made the use of logarithms the most helpful device em- 
ployed in mathematical computation. 


Theorem I. The logarithm of the product of two numbers is 
the sum of their logarithms. 


. Let logr0 =a; 

and los; ¢ =, 
Then by (1) and (2), section 87, 

P=. 

and =: 


Multiplying (by assumption, section 86), 
Dit Oice, 
or, by (1) and (2), log;xa-c=x+ yy. 
Theorem II. The logarithm of the nth power of a number is n 
times the logarithm of the number. 
Let log a; 
or i =p 
Raising both sides to the nth power, 
(Un) = hnrz == Te 


or log, a” = nz. 
Illustration. logio 100 = 2, since 10? = 100, 
and logio 1000 = 8, since 103 = 1000. 


By Theorem 1, logio 100,000 = 5, 
which is evidently true, since 105=100,000. 
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Theorem III. The logarithm of the quotient of two numbers ts 
the difference between the logarithms of the numbers. 


Let low, a=, 
and loo, c= 9. 
Then Co, 
and Oat. 
Dividing, —— " 
or logs =a —y. 


Theorem IV. The logarithm of the real nth root of a nwmber 
is the logarithm of the number divided by n. 


Let loge-a =z, 
or tea 
Extracting the nth root, 
Ey pe 
Cady See iF 
or log, Va = =. 
n 
EXERCISES 
Given logio 2 = .301, logio 3 = .477, login 5 = .699, find: 


de 108s 5. 
Solution. By Theorem I, 
log 15 =log 3+ log 5 


= ATT + .699 

= lea b(Gy. 
2. log 10. 6. log 3. 11. log (625 V24). 
Hint. 10=2-5. 7. log V2. 12. log (W25 - V6). 
3. log 6. 8. log V5. 13. log 1000. 
4. log 30. 9. log 25. 14. log 1,000,000. 
5. log 20. 10. log (W2- V3 --V58). 15. log 25,000. 


* The base 10 is employed unless otherwise specified. 
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89. Common, or Briggs, system of logarithms. Experience 
has taught that, for purposes of computation, logarithms of 
which the base is 10 are much more readily employed than 
logarithms to any other base. It is common practice to use 
logarithms having 10 as a base unless special considerations 
require some other base. We shall therefore assume a base 
10 in all our work for the remainder of this chapter. We may 
write as follows the equations which show the numbers of 
which a few of the smaller integers are the logarithms for 
the base 10: 


Since 10°= 100,000 we have log 100,000 = 5. 


10+ = 10,000 log 10,000 = 4. 
10° = 1000 log 1000 =3. 
02100 log 100 =i 
10£=10 log 10 atl 
LOC log 1 =A): 
Ome =e log .1 =—1. 
Ocean Oi: log .01 = — 2, 
105001 log .001 =— 3. 
etc. etc. 


Assuming that as x becomes greater log x also becomes 
greater, we see that a number, for example, between 10 and 
100 has a logarithm between 1 and 2. In fact, the logarithm 
of any number not an exact power of 10 consists of a whole- 
number part and a decimal part. 


Thus, since 103 < 3421 < 104, 
log 8421 = 8. +a decimal. 
Since Omer. 0023.—anl Ons 


log .0023 = — 8. + a decimal. 
Definitions. The whole-number part of the logarithm of a num- 
ber zs called the characteristic of the logarithm. 


The decimal part of the logarithm of a number is called the 
mantissa of the logarithm. 
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The characteristic of the logarithm of any number may be 
seen from the table on page 94, from which we immediately 
deduce the following 


Rule. The characteristic of the logarithm of a number greater 
than unity is one less than the number of digits to the left of cts 
decimal point. 

Thus the characteristic of the logarithm of 235 is 2, since 235 is be- 
tween 100 and 1000; the characteristic of the logarithm of 17.31 is 1, 
since 17.31 is between 10 and 100; and the characteristic of the loga- 
rithm of 1928.29 is 3, since 1928.29 is between 1000 and 10,000. 

Rule. The characteristic of the logarithm of a number less 
than unity is one greater negatively than the number of zeros 
preceding the first significant figure. 

Thus the characteristic of the logarithm of .08 is — 2, that of .0000765 
is — 5, and that of .872 is — 1. 

It must be kept constantly in mind that the logarithm of a 
number less than 1 consists of a negative integer as a char- 
acteristic, plus a positive decimal fraction as a mantissa. To 
avoid complication it is desirable to add 10 to and subtract 
10 from a logarithm when the characteristic is negative. Thus, 
for instance, instead of writing the logarithm — 8. + .4672, we 
write 10 — 3. + .4672 — 10, or 7.4672 — 10. Thisis convenient 
when, for example, we wish to divide a logarithm by 2, as 
by Theorem IV, section 88, we shall wish to do when we ex- 
tract a square root. Since in the logarithm — 3. + .4672 
the mantissa is positive, it would not be correct to divide 
— 3.4672 by 2, as we should confuse the positive and the 
negative parts. This confusion is avoided if we use the form 
7.4672—10. Hence the result of dividing 7.4672 — 10 by 2 
is 3.7336 — 5, or 8.7336 — 10. The actual logarithm which is 
the result of this division is — 2. + .7336; that is, the charac- 
teristic of the result is — 2. 

Theorem. Numbers with the same significant figures which 
differ only in the position of their decimal points have the same 
mantissa. 
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EXAMPLE 


Find the logarithms of 36.51 and 3651. 
Solution. Let OE 3 BO sl (1) 
Then x = log 36.51. 
If we multiply both members of equation (1) by 100, we have 
10210* = 102+* = 3651, 
or x+2 = log 3651. 


We may therefore say that the logarithm of one of these numbers 
differs from the logarithm of the other number merely in the characteristic. 


In general, numbers with the same significant figures are 
identical except that one number will be some multiple of 10 
times as great as the other. Hence their logarithms differ 
only by integers, leaving their mantissas the same. 


Thus if log 47120. = 4.6782, log 47.12 =1.6732, and log .004712 
= (0G = 10, 


ORAL EXERCISES 
Supply the missing numbers in the following exercises: 
WG I BG = (OSs ee iG =H 
mloge2.5) = 0969 slocwleZ a — ar 
slog 4:2. 6282; low 42 =-—7. 
. log .815 = 9.4988 — 10; log 3.15 = ? 
Plog iQ 22a05 lOf de ee 
log 2250 3.9522 = lor, a= 
. log 15 =1.1761; log 14 = ? 
. log .00000723 = 4.8591 — 10; log .723 = ? 
. log .00181 = 7.2577 — 10; log 18.1 = ? 
10. log 87,500,000 = 7.9420; log 8750 = ? 
11. log 999 = 2.9996; log .999 = ? 
12. log .101 = 9.0048 — 10; log 1010 = ? 
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EXERCISES 


If log 2 = .3010, log 38 = .4771, and log 5 = .6990, find: 
1. log V150. 
Solution. log V150 = log V3 - 5-10 =} log3 +4 log5 +4 log 10. 
4 log 3= .2386 
zlog5= .3495 
4 log 10= .5000 
log V150 = 1.0881 


®. log .6. 5. log (800)5. 8. log ($)?. 
3. log 150. 6. log 275. 9. log 2,28. 
4. log (15)3. 7, log 4. 10. log V 14.4. 


90. Use of tables. A table of logarithms contains the 
mantissas of the logarithms of all numbers having a certain 
number of significant figures. The table found later in this 
chapter (pp. 98-99) gives directly the mantissas for all num- 
bers having three significant figures. In the following section 
a method is given for finding the mantissa corresponding to 
a number having four significant figures. For this reason 
the table is known as a “‘four-place”’ table. In other words, 
it is possible to use this table to obtain results correct to 
four significant figures. The fifth significant figure, how- 
ever, would not be reliable, and in case we need more accu- 
rate results, we should use tables accurate to five or more 
significant figures. Before each mantissa in the table a deci- 
mal point is assumed to stand, but in order to save space 
it is not printed. To find the logarithm of a number of 
three or less than three significant figures we apply the 
following 


Rule. Determine the characteristic by the rules of section 89. 
Find in column N the first two significant figures of the 
number. The mantissa required is in the row with these figures. 
Find at the top of the page the last of the three significant 
figures. The mantissa required is in the column with this figure. 
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EXERCISES 


Find the logarithm of each of the following numbers: 


12: 5. 21.3. 9.3.14. 13. .000482. 

2. 19. Galo. 10. .784. 14. 1.09. 

3. 1383. 7. .245. 11. .0498. 15. .00000173. 
4.17.4. 8. .314. 12. .00991. 16. 73,400,000. 


91. Interpolation. The statement was made in the preceding 
section that it was possible to read the mantissas of three- 
place numbers directly from the table on pages 98-99. In 
case it should become desirable to find the logarithm of a 
number with four significant figures, we must extend our 
method of using the table to include this case. 

Let us consider the number 7074. This number has four 
significant figures and lies in value between 7070 and 7080. 
An inspection of the table will lead us to expect that the 
mantissa of 7074 will have a value intermediate between the 
mantissas of 7070 and 7080. The problem is now reduced to 
that of finding how much 
greater the mantissa of 
7074 is than the mantissa 855: 
of 7070. To make the 
matter a little clearer let 
us construct a graph of 
numbers from 7000 to 
7150 with their corre- Bia 

; 2 lA 
sponding mantissas. Such 
a curve is shown in the 
adjacent figure. 

It appears from the graph that for the range of values 
under consideration the curve approximates a straight line. 
We may therefore assume, without making any appreciable 
error, that any small part of this curve, as, for instance, the 
portion between 7070 and 7080, is a straight line. 


MANTISSA 
G0 
on 
S 
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If this is assumed, we can immediately say that a number 
halfway between 7070 and 7080 will have a mantissa lying 
halfway between the mantissas of these two numbers. 
Similarly, a number lying .4 of the way from 7070 to 7080, or 
7074, will have a mantissa .4 of the way from the mantissa 
of 7070 to the mantissa of 7080. 

From the above considerations we may derive the following 


Rule. Annex to the proper characteristic the mantissa of the 
first three significant figures. 

Multiply the difference between this mantissa and the next 
larger mantissa in the table (called the tabular difference) by the 
remaining figures of the number preceded by a decimal point. 

Add this product to the extreme right of the logarithm of the 
first three figures, rejecting all decimal places beyond the fourth. 

In this process of interpolation we have assumed and used the prin- 
ciple that the increase of the logarithm is proportional to the increase 
of the number. This principle is not strictly true, though for numbers 
whose first significant figure is greater than 1 the error is so small as not 
to appear in the fourth place of the logarithm. For numbers whose first 


significant figure is less than 2 this error may occasionally appear if we 
find the fourth place by interpolation. 


EXERCISES 


Find the logarithms of the following: 


1. 45.283. 
Solution. log 45.2 =1.6551 Tabular difference, 10 
log 45.283 = Tease a 

2. 365.2. 8. .5698. 14. .004569. 
Saou ills 9. .2543. 15. .0008637. 
4, 32.58. 10. 8.888. 16. 3.1416. 
5. 2084. 11. 75.647. 17. 241.86. 
6. 53,768. 12. .06738. 18. 34.385. 
7. 30,060. 13. 3.7539. 19. 90.65. 
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OX, SAB) SS SAAB 
Solution. log 752.3 = 2.8764 
log 87.29 = 1.9410 


By Theorem I, section 88, 
log (752.3 X 87.29) =4.8174 


91. 75.46 X 2.365. 24. 0003795 x 458.92. 
92. 2.879 x 56.756. 25. 5739 X 25.74. 
23. 10,015 x 236.82. 26. 1.753 x 14.375. 
02378 
27. 95 378 
Solution. log .02378 = 8.38762 — 10 
log 25.3878 = 1.4044 
6.9718 — 10 
245.37 3.7859 20894 
A ue 30. 50468 32. “5692 
365.28 058947 549.14 
29. "67849 31. “038952 33. 715.76. 


92. Antilogarithms. We can now find the product or quo- 
tient of two numbers (as well as powers and roots of any 
one number) if we are able to find the number that corre- 
sponds to a given logarithm. 

For this process we have the following 


Rule. If the mantissa is found exactly in the table, the first 
two figures of the corresponding number are found in the column 
N of the same row, while the third figure of the number is 
found at the top of the column in which the mantissa is found. 

Place the decimal point so that the rules of section 89 are 
fulfilled. 

EXERCISES 


Find the antilogarithms of the following: 
127623 


Solution. We find the mantissa .7752 in the row corresponding to 
59 and in the column headed 6. The significant figures of the antiloga- 
rithm are therefore 596. Since the characteristic is 2, we must have three 
figures to the left of the decimal point. This gives us the antilogarithm 
Of 251702 —= 096. 
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2. 1.5502. 6. 2.8751.* 10. 3.9800. 
3. 3.4082. 7. 1.0414. 1151.1847; 
4. .4698. 8. 7.4843 — 10. 12. 6.3424. 
5. 9.6561 — 10. 9. 3.5514 — 10. 1895.3181; 


93. Determination of antilogarithms by interpolation. If the 
mantissa of a given logarithm lies between two mantissas in 
the table, we may find the antilogarithm by means of the 
following 


Rule. Write the number of three figures corresponding to the 
lesser of the two mantissas between which is the given mantissa. 

Subtract this mantissa from the given mantissa, and divide 
this number by the tabular difference to one decimal place. 

Annex this figure to the three already found, and place the 
decimal point as the rules in section 89 require. 


It should be kept in mind that we may always add any 
integer to a logarithm, provided we subtract the same num- 
ber from it. This is useful in two cases: 

I. When we wish to subtract a larger logarithm from a 
smaller one. 

II. When we wish to divide a logarithm by an integer 
which is not contained exactly in the characteristic. 

Both these processes are illustrated in the following 
exercises. 

EXERCISES 

Find the antilogarithms of the following: 


1. 2.7524. 


Solution. The mantissa .7524 lies between .7520 and .7528. The tab- 
ular difference is therefore 8. The mantissa .7520 corresponds to the 
antilogarithm 565. Also .7524 — .7520 = 4. Since $ = .5 we attach 5 to 
the partial antilogarithm 565, and then have 5655. Since the character- 
istic is 2, the number must have three digits to the left of the decimal point. 
Therefore the antilogarithm of 2.7524 = 565.5. 


2. 2.6604. Al 7052. 6. 5.8487. 
3. 4.4864. 5, 2.9318. 793173) 


* This is another manner of expressing — 2. + .8751. 
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Perform the following operations by logarithms: 


8 3865 X 50.27 | 
; 7.394 
Solution. log 365 = 2.5623 
log 50.27 = 1.7013 
4.2636 
log 7.394 = .8688 
log result = 3.3948 
Result = 2482. 
oh (34)%. 18. 23887 + 5688. 17. 6.3885 X 234.7 
Sais 
10. (34)°. 14. 8570 + 3487. 1g, 784-5 x 08785 
e 35.78 : 


11. (g282)8. 15. 7369 + .0004672. 
a 2784 x .08278 | 


795 
19. 
12. (54849)3*, 16. 2479 + .003466. 1.378 
woos 
ni 42 x V8753. 


1,275,000 
Solution. log 23 14472 
4 log 8753 = 1.9711 
13.4183 — 10 


log 1,275,000 = _ 6.1055 


3) 27.3128 — 30 


log result = 9.1043 — 10 
Result = TL 


Since in the subtraction of this problem we must subtract 6 from 8, we 
have added and subtracted 10 in the minuend (3.4183) to avoid a negative 
logarithm. Since in the division by 3 we should not be able to divide 
— 10 by 3 exactly, we have added and subtracted 20, so that 8 may be 
contained in 30 exactly. 


nk, BV 93. V/(.2784)4. 25. (.87)3. Tee ATG. 
22. V.05. 24. 26. 26. (4.468). 28. /.0046. 


29. The area of a circle is expressed by the formula A = 7r2, 
where A = area, r = radius, and 7 = 8.1416. Find by logarithms 
the area of a circle having a radius of 4.763 inches. 


30. Using the formula of problem 29, determine the radius of a 
circle whose area is 784.9 square feet. 
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31. The volume of a sphere is given by the formula V = 3 7, 
where V = volume, r = radius, and 7 = 3.1416. Find the volume 
of a sphere having a radius of 75.48 feet. 


32. Using the formula of problem 31, determine the radius of a 
sphere having a volume of 127.5 cubic inches. 


33. A body falling under the influence of gravity travels a dis- 
tance expressed by the formula S = 4 gi?, where S = distance 
traveled in feet, g = the constant acceleration of gravity (32 feet 
per second per second), and ¢ = the elapsed time in seconds. By 
the use of logarithms find the length of time it will take a stone 
to fall 100 feet; 500 feet; 1 mile. 


34. The velocity of a freely falling body is expressed by the 
formula V = gt, where V = the velocity in feet per second, g = 32 
feet per second per second, and ¢ = the elapsed time in seconds. 
By the use of this formula and the formula in problem 33, de- 
termine the speed of a body which has fallen for a distance of 
1000 feet; 20 feet; 1 mile. 


35. The air resistance of an automobile may be expressed by 

the approximate formula 
= 29042 V2A, 

where R = the resistance of the automobile in pounds, V = the 
speed of the car in miles per hour, and A = a constant depending 
on the size of the automobile, which has a usual value of about 25. 
Using the above formula, compute the resistance of an automobile 
traveling 30 miles per hour. What is the speed of an automobile 
whose air resistance is 100 pounds? 150 pounds? 


36. The power required to drive a car against the resistance of 

the air is expressed by the approximate formula 
HP 0000112 V2A, 

in which H P = the power in terms of horse power, V = the velocity 
in miles per hour, and A =a constant with a value under usual 
conditions of 25. What is the power required to drive a car 60 
miles per hour? 40 miles per hour? How fast would a 30 horse- 
power car be able to travel? 

37. The velocity of a jet of water flowing from a round hole in 
a tank is expressed by the formula 


We WA le. 
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where V is the velocity of the jet in feet per second, g is the acceler- 
ation of gravity, 32.2, and h is the height in feet of the water level 
in the tank above the hole. Find the value of V when h = 10 feet. 
Find the value of h when V = 15 feet per second. 


94. Exponential equations. Equations in which the variable 
occurs only in the exponents may often be solved by the use 
of logarithms, provided one keeps in mind the fact that 


log a” =~ log a. 


EXERCISES 
Solve the following : 
ils, AO Ze eae 5. 
Solution. Taking the logarithm of both sides of the equation, we have 
(2 x + 3) log 10 = log 5, 


or since loz 101) = a = a =— 1.1505. 
VR ate 9. bY - 4% = 33, 
Sal 24, x—y= 15. 
4, 27-1 = 13, 10.91 23252 12 = 128; 
5. 622-3 = 9, 32+2y=10. 
6. 32-1 = 4241, BBS oe Zot ne 
7, 1232+1 = 72-1, SAR ES a ves met 9, 
8.37-4"7=7, 12. V572-1 . 52043 = 25, 
aty=8. V722-8 . \/ Tui = 18. 


95. Compound interest. If $2000 is invested at an interest 
rate of 4% per annum, the interest for one year will be 
$2000(.04) = $80. The total sum invested at the end of one 
year would be $2080. 

Let P represent, in general, the sum of money in dollars. 

Let r represent the rate of annual interest. 

Then P - r= the yearly interest on P, and 


P+ Pr=P(1+71r) 
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represents the total investment, principal and interest, at the 
end of one year. 

Similarly, we find that P(1+ r)r is the interest for the 
second year, and hence 


Pai+r)r+Pa+r)=P(1+r)? 

is the total investment at the end of two years. 

In general, we may say that 

A= Pi +7)" (1) 
is the total accumulation at the end of » years. If we know 
r, P, and n, we can find A by the use of (1). If we take the 
logarithm of both sides of the equation, we have 
log A= log P+ nlog (1+ 7), 
et loge logins 
log (1+7) 

Hence, if we know A, P, and r, we can find n. 

If the interest is compounded semiannually, we have as 
interest at the end of the first half-year P - ot while the entire 


(2) 


or 


sum would be p(t + 1). Reasoning as above, we find that 


if the interest is compounded semiannually, the accumulation 
at the end of n years is 


er i pe 
A=P(Z+1) (3) 
me logrA loot h: (4) 


Similarly, n 
2 log (Z + 1) 


If the interest is compounded k times a year, we have at 
the end of n years in 
e end of n y a=p(t+1) 5) 


ro log A —log P (6) 


v klog (+1) 
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PROBLEMS 


In such problems as the following, four-place tables are not sufficiently 
exact to give perfect accuracy. In general, the greater the power to which 
the expression is raised, the greater will be the inaccuracy in the result. 

1. If $1500 is invested at 41% interest compounded quarterly 
for a period of 10 years, what will be the amount by the end of 
that time? 


An 
Solution. AG sn + 1) ° 


P= 16500, r= .0425, n = 10. 
Hence A = 1500(1.010625)*°. 


log 1500 = 3.1761 
40 log 1.010625 = .1840 
log A = 3.3601 


A 522921 


2. How long before $1000 will have become $2500 at 3 % interest 
compounded semiannually ? 


_ log A — log Pe 
2 log (£ 1) 
og & TF 
A= 2500 5— 00057058 


3.3979 — 3. _ .3979 
— 3.3979 — 3. _ 38979 _ 39 607 years, 
2(.0065)  .0130 Teere 


.607 year = 7.284 months. 
.284 month = 8,52 days. 
n = 80 years, 7 months, 8.52 days. 


Solution. 


3. What will $3000 have amounted to in 5 years at 7 % interest 
compounded annually? 


4. Find the amount of $1 at 4% interest compounded annually 
for a period of 100 years. 


5. Find the amount of $500 at 6% interest for 10 years, com- 
pounded (a) annually ; (6) semiannually ; (c) quarterly. 


6. How many years will be required for $2000 to double itself 
at 5% interest compounded (a) annually? (6) semiannually? 
(c) biennially ? 

7. What sum of money invested at 8 % for a period of 25 years 
will amount to $5000 if interest is compounded annually ? 
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8. What sum of money at 4% compounded annually will 
amount to as much as $25,300 at 6% compounded semiannually, 
when both sums are invested for a period of 32 years? 


9. If a certain sum of money at 43% compounded annually 
amounts to $135 less than the same sum at 5% compounded 
annually, and both sums were invested for a period of 12 years, 
find the principal. 


10. Which amounts to more, a certain sum at 15 % compounded 
annually for 5 years, or the same sum at 5 % compounded annually 
for 15 years? If the principal is $100, what is the difference? 


11. Two sums of money, totaling $58,125, are invested at 43 7% 
compounded semiannually for a period of 15 years. The dif- 
ference in the amounts at the end of that time is $15,600. Find 
the original principals. 


12. At what rate of interest must money be invested in order to 
quadruple itself in 15 years if interest is compounded quarterly ? 


13. At what interest rate must money be invested so that it will 
double itself in 20 years if interest is compounded annually ? 


14. How long must $50,000 be invested at 45 % compounded 
monthly to amount to $60,000? 


15. In 1626 the Dutch bought the island of Manhattan for 
goods valued at $24. If they had put the money in the savings 
bank at 4% interest compounded annually, how much would the 
money have amounted to by 1926? 


16. Two amounts of $10 each are invested at 4% for a period 
of one year. If one sum is compounded weekly and the other 
sum is compounded monthly, what is the difference in the total 
amounts at the end of the year? 


17. In how many years will a certain sum of money amount to 
ten times itself if left at 5% interest compounded annually? 


18. How long before $5000 at 4% compounded annually will 
amount to as much as $6000 at 3% compounded annually, if both 
amounts are invested at the same time? 


19. An investment of $4000 draws 55 % interest compounded 
quarterly until the amount has been doubled. Thereafter the 
interest is at the rate of 5% .% compounded annually. What will 
the amount be at the end of 20 years? 
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20. How long will it take to double a sum of money at 4% 
interest compounded (a) annually? (6) semiannually? (c) quar- 
terly? (d) monthly? (e) weekly? Could this money be made to 
double itself in 15 years if the interest were compounded with 
sufficient frequency ? 


96. Trigonometry. In surveying, astronomy, and in count- 
less other applications of science it is necessary to solve 
triangles. A triangle has six parts, B 
three sides and three angles. 

When three of these parts, of 


which one at least must be a side, g q 
have been given or have been 
measured, the other three can be yn ; ie 


computed by the methods of trig- 
onometry. In developing the principles of trigonometry it 
is simplest to begin with the right triangle. 

In order to attack the problem stated above it is necessary 
to denote the ratios of the sides of a right triangle by certain 
names. 

Let ABC be any right triangle with the right angle at C. 

The sine of the angle A = 4 = side opposite 

c¢ hypotenuse 
The cosine of the angle A = 2 = Side adjacent _ 
c hypotenuse 
" ‘The tangent of the angle 4 — % — Side opposite. 
b side adjacent 


The cotangent of the angle A = Dee side adjacent , 
a@ side opposite 


These definitions are abbreviated as follows: 


sin A =* cos A = 2, tanA=¢ cola 


Rio 


The solution of right triangles in which the lengths of the 
sides are numbers consisting of only two digits is usually per- 
formed with the aid of tables of natural sines, tangents, ete. 
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When the sides are more complicated, tables obtained by 
taking the logarithms of the natural trigonometric functions 
are used, as will be described in the following section. 


EXERCISES 


By means of the table of logarithms on pages 98-99 find the 
logarithmic functions of the following, and verify by reference 
to the table on pages 112-113: 


1. sin 34° = .5592. 


Solution. log .5592 = 9.7476 — 10. 

From the table, log sin 384° = 9.7476 — 10. 
ZaCOsiZom—O200. S2tan 295 —".b040. 
3. 8in 15° = 22558. 9. sin’75° = .9659. 
4. tan 69° = 2.6051. 10. cot 86° = 1.3764. 
5. cos 46° = .6947. TW cosiG22—246090- 
6. cot 82° = 1405. IP, COE? = Ose 
7. tan 53° = 1.3270. 13. cos 38° =.7880. 


97. Logarithms of the trigonometric functions. Since the 
solution of triangles and other uses of trigonometry require 
both multiplication and division, the actual labor involved 
is much shortened by using a table of the logarithms of the 
functions instead of the functions themselves. Interpolation 
with such a table is precisely the same as with a table of 
natural functions. In dealing with angles greater than 45° 
the angles and functions listed at the right and bottom of 
the table are used. 

In using the table on pages 112-118 it is important to note 
that the sines and cosines of all angles from 0° to 90° are less 
than one except cosine 0° and sine 90°; also that the tangents 
of all angles less than 45° and the cotangents of all angles 
greater than 45° are less than one. Hence the logarithms of 
these functions will be negative, and minus 10 is understood 
after each in the table. In order to save space this — 10 is 
not included in the table. 


112 


SIN 
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cos 


TAN 


COT 


cos 


TAN 


7.6398 
-9408 
8.1169 


8.2419 
.3388 
-4179 
4848 


8.5428 
15 ale 5 939 
30’ | .6397 
45’ | .6810 


3° |8.7188 
iy) 1S 
30’ | .7857 
45’ | .8156 


4° |8.8436 
15’ | .8699 
30’ | .8946 
45’ | .9181 


5° 18.9403 
15S 9614 
30’ | .9816 
45’ |9.0008 


6° |9.0192 
15’ | .0369 
30’ | .0539 
45’ | .0702 


7° 19.0859 
WES? |) ilo Lil 
SOM el 57, 
45’ | .1299 


8° 19.1436 
15’ | .1568 
307-1697 
45’ | .1822 


9° 19.1943 
15’ | .2061 
30’ | .2176 
45’ | .2288 


10° |9.2397 
WEY || ASLO} 
30’ | .2606 
45’ | .2707 


—« {10.0000 


.0000 
-0000 
.0000 


9.9999 
32999 
-9999 
-9998 


9.9997 
907] 
-9996 
29995 


9.9994 
-9993 
.9992 
-9991 


9.9989 
-9988 
.9987 
-9985 


9.9983 
-9982 
-9980 
-9978 


9.9976 
-9974 
-9972 
-9970 


9.9968 
-9965 
-9963 
-9960 


9.9958 
-9955 
39952 
.9949 


9.9946 
-9943 
-9940 
2937, 


9.9934 
-9930 
.9927 
.9923 


— 0 
7.6398 
-9409 
8.1170 


8.2419 
.3389 
4181 
4851 


8.5431 
-5943 
-6401 
-6815 


8.7194 
-7542 
-7865 
-8165 


8.8446 
.8711 
-8960 
-9196 


8.9420 
-9633 
-9836 

9.0030 


9.0216 
.0395 
.0567 
.0732 


9.0891 
-1045 
-1194 
-1338 


9.1478 
.1614 
-1745 
.1873 


9.1997 
.2118 
-2236 
2351 


9.2463 
.2573 
-2680 
.2784 


iva} 
2.3602 
.0591 
1.8830 


1.7581 
.6611 
-5819 
.5149 


1.4569 
-4057 
3099 
.3185 


1.2806 
-2458 
.2135 
-1835 


1.1554 
.1289 
.1040 
-0804 


1.0580 
.0367 
-0164 

0.9970 


0.9784 
-9605 
.9433 
-9268 


0.9109 
.8955 
-8806 
-8662 


0.8522 
.8387 
-8255 
-8127 


0.8003 
-7882 
.7764 
-7649 


0.7537 
-7427 
.7320 
.7216 


9.9919 
-9916 
-9912 
-9908 


9.9904 
-9900 
-9896 
-9892 


9.9887 
-9883 
-9878 
-9874 


9.9869 
-9864 
-9859 
-9855 


9.9849 
-9844 
-9839 
-9834 


9.9828 
-9823 
-9817 
-9812 


9.9806 
-9800 
-9794 
-9788 


9.9782 
.9776 
.9770 
.9763 


9.9757 
-9750 
-9743 
9737; 


9.9730 
.9723 
.9716 
-9709 


9.9702 
-9694 
-9687 
-9679 


9.2887 
-2987 
.3085 
-3181 


9.3275 
.3367 
.3458 
.3546 


9.3634 
) 
-3804 
.3886 


9.3968 
.4048 
.4127 
-4204 


9.4281 
-4356 
-4430 
-4503 


9.4575 
-4646 
-4716 
-4785 


9.4853 
-4921 
-4987 
-5053 


9.5118 
-5182 
5245 
.5308 


9.5370 
5431 
-5491 
OoL 


9.5611 
-5669 
SPA) 
.5785 


9.5842 
.5898) . 
5954) . 
-6009 


cos 


SIN 


CoT 


‘TAN 


SIN 


CoT 
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SIN cos TAN COT Cos TAN COT 


9.5736) 9.9672/9.6064/0.3936 9.9186/9.8290|0.1710 
.5782| .9664| .6118| .3882 3 -9173} .8331] .1669 
-5828} .9656| .6172| .3828 -9160} .8371| .1629 
-5874| .9648| .6226| .3774 -9147) .8412] .1588 


9.5919) 9.9640/9.6279|0.3721 9.9134|9.8452|0.1548 
.5963} .9632| .6331| .3669 -9120| .8493] .1507 
-6007| .9624/ .6383) .3617 -9107| .8533| .1467 
-6050} .9616) .6435} .3565 -9093| .8573| .1427 


9.6093| 9.9607|9.6486/0.3514 9.9080|9.8613/0.1387 
-6135| .9599] .6537| .3463 -9066| .8652| .1348 
-6177| .9590) .6587| .3413 -9052] .8692) .1308 
-6219} .9582| .6637| .3363 -9038] .8732] .1268 


|9.6259) 9.9573)/9.6687|0.3313 9.9023|9.8771|0.1229 
-6300} .9564) .6736| .3264 -9009| .8811) .1189 
-6340} .9555| .6785| .3215 -8995| .8850) .1150 
-6379) .9546| .6834| .3166 .8980) .8889) .1111 


9.6418) 9.9537|9.6882/0.3118 9.8965 |9.8928/0.1072 
| .6457} .9527| .6930) .3070 -8950| .8967| .1033 
| .6495} .9518} .6977| .3023 -8935| .9006) .0994 
-6533] .9508} .7025| .2975 .8920} .9045| .0955 


9.6570} 9.9499|9.7072|0.2928 9.8905 |9.9084|0.0916 
| .6607| .9489] .7118] .2882 -8890| .9122) .0878 

-6644| .9479| .7165) .2835 -8874| .9161| .0839 
-6680| .9469) .7211| .2789 .8858} .9200} .0800 


9.6716] 9.9459|9.7257/0.2743 9.8843|9.9238)/0.0762 
.6752| .9449] .7302) .2698 .8827| .9277| .0723 
-6787| .9439| .7348) .2652 -8810| .9315| .0685 
.6821| .9429| .7393| .2607 .8794| .9353| .0647 


9.6856} 9.9418/9.7438)/0.2562 9.8778|9.9392|0.0608 
-6890| .9408] .7482) .2518 .8761| .9430| .0570 
-6923| .9397| .7526| .2474 -8745| .9468} .0532 
-6957| .9386| .7571| .2429 .8728| .9506} .0494 


9.6990) 9.9375|9.7614/0.2386 2 9.8711|9.9544|0.0456 
.7022| .9364| .7658} .2342 .8694| .9582| .0418 
-7055| .9353] .7701| .2299 .8676| .9621| .0379 
.7087| .9342| .7745| .2255 -8659) .9659) .0341 


9.7118) 9.9331|9.7788/0.2212 9.8641|9.9697|0.0303 
.7150| .9319} .7831| .2169 .8624| .9735| .0265 
.7181| .9308] .7873) .2127 .8606| .9772| .0228 
.7212| .9296| .7916|) .2084 -8588} .9810) .0190 


9.7242] 9.9284/9.7958 0.2042 9.8569)9.9848)/0.0152 
.7272| .9272| .8000| .2000 .8551] .9886] .0114 
.7302| .9260| .8042| .1958 .8532| .9924| .0076 
.7332| .9248| .8084| .1916 .8514) .9962) .0038 


9.7361) 9.9236/9.8125 0.1875 9.8495 |0.0000|0.0000 
.7390| .9224| .8167| .1833 
.7419| .9211] .8208| .1792 
-7447| .9198) .8249) .1751 


cos SIN CoT TAN 
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On the other hand, the tangents of angles greater than 45° 
and the cotangents of angles less than 45° are greater than one, 
and hence their logarithms are positive and are printed in full. 

The foregoing can be reduced to one simple statement : 

Minus 10 is understood after all logarithms in the table except 
those in the column at the top of which is the abbreviation COT. 


EXERCISES 


Compute the missing parts in the following right triangles: 
12a =15, B30 « 


Solution. tan B= 2, or b=a tan B. 
log 6 = log a + log tan B log c=log a — log sin A 
= 1.1761 + 9.8452 — 10 = 1.1761 — 9.9134 + 10 
= 11.0213 — 10 SS AAT 
= 1mis). C= T18.3in 
b = 10.50. A\ S85" 
Dh Ch = Oy, IRSA Bs GS IBA. Al = GY, 
&, AL == 4P, @ Se OP Al — 34 elo e045: 
NIB SAS, ) = & LOB 4 ings See 
Bh, Al = GS OS Bey, IDL, AS oh Oe, G = OB 
js 13 = (OF, C= 12538 = 12555 @ = eope 
to BSE, GS Ash 1355 — sealer CaO Omens 


14, The line of sight from an observer to the top of a mountain 
4 miles distant makes an angle with the horizontal of 3°17’. How 
high is the mountain-top above the observer? 


15. How many degrees does a stick a foot long subtend when 
it is at a distance of 1000 feet? Express the result in degrees and 
minutes. 


16. A cloud is known to be at a distance of 5 miles from an ob- 
server. If the angle between the line of sight to the cloud and the 
horizontal is 38° 46’, what is the altitude of the cloud? 


17. How long a shadow does a building 525 feet high cast when 
the sun is 48° 10’ above the horizon? 


CHAPTER Ix 
QUADRATIC EQUATIONS 


98. Definition. The general form of the quadratic equation 
in one variableis = gy? 4 by + ¢ = 0, (1) 


where a, b, and c represent rational numbers, and where 
a+0. Every quadratic equation in x can be brought to this 
form by transposing and simplifying. 

Thus when 6 = 0 the equation reduces to the form ax? +c=0. This 
is sometimes called a pure quadratic. 

99. Solution of quadratic equations by factoring. The solu- 
tion of a quadratic equation consists in finding its roots, that 
is, the numbers (or expressions involving the coefficients in 
case the coefficients are literal) which satisfy the equation. 

When the left-hand member of an equation can readily be 
factored, this is the most convenient method of solution. It 
also illustrates very clearly the meaning and property of the 
roots of the equation. 

EXAMPLE 


Solve x7+527—14=0. 
Solution. Factoring the left-hand member, 
(7+ 7)(« —2) =0. 

The object in solving an equation is to find numbers which, when sub- 
stituted for the variable, satisfy the equation. Since zero multiplied by 
any number is zero (p. 4), any value of « which causes one factor of an 
expression to vanish makes the whole expression vanish. If in this case 
x = 2, the factored form of the equation becomes 

(2+ 7)(2—2)=(2+47)0=0, 
and is satisfied. If we let x = — 7, the other factor becomes zero, and the 
equation reduces to the identity 
Seat — 2) 07 = 2) 0: 
Thus the numbers 2 and — 7 are solutions of the equation. 
115 
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The foregoing process suggests the following 


Rule. Transpose all the terms to the left-hand member of the 
equation. 

Factor that member into linear factors. 

The values of the variable that make the factors vanish are the 


roots of the equation. 


EXERCISES 
Solve and check the following : 
lw?+527+6=0. 9.327+47+1=0. 
2.07+24—-6=0. 10.9 22 —17 s — 20. 
3. 07-2 oot 0, li — 4a = 2 
456 07 — v= 12, 12. x? -—5axr+6a?=0. 
§.622+17¢= 14. 18. a*x? — 4 abx = 5 O?. 
65627 lias. 14. (x + 2)? — (x—3)?=0. 
407-682. —111 15. (x + 5)? — (#+ 2)? =0. 
S21 24 oo 2 — 10); 16. («7 + a)? — (x +24a)?=0. 


17. (82 —2)(4+1) —- (#—1)(22—3) =2. 

18. (x +1)(@—1) — (224+38)(7 x — 15) = — 286. 

19. (®@—a)(ex+2a) — (x—2Za)(x+a)=2a. 

20. («+ 2a)\(x—2a)+ (2x—a)(2x+ a) = 20 — 5 a?. 

100. Solution of quadratic equations by completing the square. 
The standard method of solving a quadratic equation con- 
sists in bringing the member of the equation which involves 
the variable into the form of a perfect square, that is, into 


the form Pes ne USL 


EXAMPLE 


Solve x2+22—15=0. 
Solution. Transposing 15, «#?+2a=15. 


if we now add 1 to each side of the equation, the left-hand member 
will be a perfect square. : 
v+22+1=16, 


or (c +1)? = 42, 
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Extracting the square root of each side, 


e+1=+4, 
and x=3or-—5. 
Check. 9+6-—-15=0. 


25-10-—15=0. 
We may sum up the foregoing process in the following 


Rule. Write the expression in the form ax? + ber +c=0. 

Transpose the term not involving x to the right-hand side of the 
equation. 

Divide both sides of the equation by the coefficrent of x?. 

Add to both members the square of one half the coefficient of x, 
thus making the left-hand member a perfect square. 

Rewrite the equation, expressing the left-hand member as the 
square of a binomial and the right-hand member in its simplest 
form. 

Extract the square root of both members of the equation, not 
omitting the + sign in the right-hand member. 

Transpose the constant term, leaving x alone on the left-hand 
side of the equation. The two values obtained on the right-hand 
side of the resulting equation by considering the + and — signs 
separately are the roots sought. 

Check by substituting the roots in the original equation, which 
should then reduce to an identity. 


EXERCISES 
Solve and check the following: 
1g Or). 8.6274+7x%-—5=0. 
2.27-424-5=0. 9.33 27+ 257%=-—2. 
8.27 +2-—1=0. 10. 91 «2+ 1207 —91=0. 
4.22-227+3=0 11.3 22 —282—55=0. 
5.2? -—tr=2. 12.3 27 -—22=1. 
6.22-32-—-1=0. 18. 42(5¢+1)+ 2(7724+2)=0. 
7.1522? —172+4=0. 14.777+92-—610=0. 
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os ede Ae ee 18. 11 22? -—9274+3=0. 
16.327+42—-—2=0. 19.77 -—52+2=0. 
17.927+92x-—4=0. 90. 23 22 +182—7=0. 


21. az? + be +c¢=0. 


Solution. Transposing ¢, 


ax? + br = —c. 
Dividing by a pe ee. 
; a a 


Adding ca to both sides of the equation, 
a 


b Dae DN ae 
2 u iG (ees 
ele) i) a 


b a 0? — 4 ae 
or (2+) oo, a quik 
Taking the square root of both sides, 
b +Vb?2—4ac 
Ce ’ 
2a 2a 
_—-b+Vb2—4a¢ 
or C= eee 
7, Ot 
22. 27+ mz—p=0. 27. bx? +cx4 +38 =0. 
93.3 22+ 2.0% —5 a?7-=0. 28. m2y + my? + mn+ ny = 0. 
24. px? ++x4—1=0. 29. 6 m2 + bmx = 2 b2x?. 
25. ay? + by —c=0. 30.3 22 =—2k2—3 ker V3. 
26. my? —ny+1=0. 31.2 aehC)? = 2a— 


101. Solution of quadratic equations by formula. In Exer- 
cise 20, above, the general quadratic equation, ax?+ bx +c=0, 


has been solved and the roots found to be 


eer nN Ek Oe 
2a 


The expression (F) is a general result and may be used to 
solve any quadratic equation which is in the standard form 
ax? + bx + ¢ = 0, where a, b, and c may represent numbers, 
single letters, binomials, or any form of algebraic expression 


not involving z. 
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EXERCISES 


Solve and check the following: 
13827-—22x+1=0. 


Solution. Herea=3,b=—2, andc=1. 


Hence ee Nek AG 4 ant ile 
6 
_24+V4—12 
6 
_1+vV=2, 
3 
Check. 
ee ee a 
9 3 3} 3 3 3 
or — 2 — 170: 8.72?-—13827—-1=0. 
8.25 2?-—107—-—1=0. 9.227+382+4=0. 
AS 6a2 fo — 5 — 0; 10. «7 —-—7T2+2=0. 
5. 39 27 — 83 1 = 56. ll. c?7—x-—1=0. 
G2 027-5) 2 — 3. 12.227+2-—9=0. 
1.07 — 27-2 — (0, 13.3 4?+42-1=0. 


102. Quadratic form. Any equation is in quadratic form if it 
may be written as a trinomial consisting of a constant term 
and two terms involving the unknown in question (or an ex- 
pression which may be considered as the unknown), the ex- 
ponent in one term being twice that in the other. By the 
constant term is meant the term not containing the unknown. 

Thus y —2 Vy +5 =0, 27 + 322-12 =0,2-14+Vx—-14+25=0 
are all in quadratic form. In the last equation the expression x — 1 is 
considered as the unknown. 


It is often more convenient to replace by a single letter the 
lower power of the unknown in cases where the unknown is a 
polynomial with respect to which the equation is in quadratic 
form. 
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EXERCISES 
Solve and check the following : 
l.2—Va—12=0. $.0+227+1=0. 
Solution. Let Vx = y. 47? a0. 
Then y2?—y—12=0, 
and (y—4)(y+8).=0, 5. 3y + Vy =2. 
whence y= 4or—3, 6.2—-62-!=1. 
and Va =4 or —3. A 7 
x =16or 9. 7.3807+82+427=0. 
Check. a7 eae 
SET HINT. Divide by x2. This fac- 
16— V16—12=0. tor corresponds to the root x = 9. 
99 = 12560. es 
Root 9 rejected. 8.4237 x7? -—3=0. 
2.%—2—-12 Ve—2=— 36. 9.3 24+ 102? +8=0. 
Solution. Let Vz —2=y. 10.22+323-223=0. 


Then y?— 12y+35=0, OEP: 3 = 
whence (y—T7)(y—5) =0, Mss, Wee +3Vx—4=0. 
and MS Oe 12. av2°+ be +c=0. 

Vi —2=7 or 5. 18.228 —3234+1=0. 
x —2=49 or 25. 
g=bdlor27, 14.25 2!2+ 202°—5=0. 


Check. 2 1 

Bl oo Bo se LB ABIES alt 

27 ~2 —12 V27—2 =— 35. 16.923 4+627+4=0. 

17.322 -224+2—5V3227—224+2+6=0. 

18.2 42 2 =15; 26. (23 — 1)? +. gt = a. 
19. x6 +223 —35=0. 27. (2? +2) +2=10 2%. 
20. «8 — 21 74-310 =0. 28. (2? + 2) (at —3) =—4. 
21.2+10Vx+21=0. 29. (x + 3)? — (n+ 2)3=1. 
22.2423 2% -—927%=0. 30. (3 x? — 5)2 — (x2 —1)2=4. 
23. 3(Vx+1)?-12=5(V241). 31.22 +2—-V22+241=5. 
24, (x? — 8)(x2 +1) =5. 82. (x — 1)? + (@ —1)-# = 12. 


25. (2-1)? + (@?+4+1)=74. 38. 8(82—5)?+.5(5—8x)8= 85, 
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34. (72+1)?4+7(72+1)=—6. 
35. xt — 4(a + b)x? + 16(a — b)2 = 0. 
36.6 —5 Vx —1=6(x—1). 
37. (227 +42—3)?4+2724+427=9, 
38. (x? — x + 2)? + (x4 — 8) (x + 2) = 64. 
39.22? =9x2+38V222—-9r44—4., 
40. 2(x — 4)? + 4(a — 4) “3 =9, 


41+ =3. 45. V+ 8=———- 

4g, SEE a1. 16.242 — aa 
9. $+ G5 47.3974 G—=9H"__s, 
aa=x+(*)+o, 48. (t+ 2)8 + TF = ACat + 2). 


49.279-382+1+ (44+ 2)(x— 5) = 47. 
50. (244+3)?+38(22+ 3) —10=0. 


103. Problems solvable by quadratic equations. The principle 
of translating the problem into algebraic symbols, explained 
in section 55, should be observed here. The result should be 
verified in every case. It may happen that the problem im- 
plies restrictions that are not expressed in the equation to 
which the problem leads. In this case some of the solutions 
of the equation may not be consistent with the problem ; for 
instance, when the variable stands for a number of men, frac- 
tional solutions should be rejected. If only such results are 
obtained, the problem is self-contradictory. Often negative 
solutions should be rejected, as when the result indicates a 
negative number of digits in a number. Imaginary or com- 
plex results (p. 178) in general mean that the conditions of 
the problem cannot be realized. 
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PROBLEMS 


1. The product of $ and + of a certain number is 2100. What 
is the number ? 

2. The product of two numbers is 5000. If the first number is 
as much less than 75 as the second number is greater than 75, 
find the two numbers. 


3. The sum of the square roots of two numbers is V30. One 
of the numbers is 4 times the other. Find the numbers. 


4, A fruit dealer had bananas to sell at 4 as many cents per 
dozen as he had bananas in all. If he sold them all for $12, what 
was the price per dozen? 


5. If the area of a rectangle which is twice as long as it is wide 
is 300 square feet, find its diagonal. 


6. An automobile dealer sells cars so as to make a percentage 
profit equal to the selling price divided by 400. If his profits per 
car amount to $2500, find the selling price. 


7. Two objects move on the sides of a right angle. If one is 
100 feet from the vertex and approaching it at the rate of 10 feet 
per second, and the other object is 50 feet from the vertex and 
moving away from it at the rate of 15 feet per second, find when 
the two objects will be 150 feet apart. 


8. Find a number such that twice its square shall exceed the 
number itself by 45. 


9. Find two numbers such that their sum shall be 30 and their 
product equal to 221. 


10. Two numbers differ by 2, while the sum of their squares is 
180. What are the numbers? 


11. By what number must both 15 and 12 be increased so that 
their product shall be increased by 280? 


12. What numbers have a quotient of 8 and a product of 1125? 


13. Two numbers are in the ratio of 2:1. If each is increased 
by 3, the sum of their squares is 306. Find the numbers. 


14. If 4 is divided by a certain number, the result is the same 
as though the number had been subtracted from 4. Find the 
number. 


eas 
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15. Separate 500 into two parts such that the sum of their 
reciprocals shall be equal to the reciprocal of 120. 


16. The difference between a number and 380 times its reciprocal 
is 1. What is the number? 


17. Twice the reciprocal of a certain number when added to 3 
is equal to the number with its sign changed. What is the number? 


18. The sum of the digits of a two-digit number is 9. If the 
number is multiplied by another number composed of the same 
two digits in reverse order, the product is 2480. Find the 
number. 


19. The sum of two numbers is 200. The square root of one 
added to the other is equal to 68. Find the numbers. 


20. The sum of two numbers is 5, and the sum of their cubes is 
35. Find the numbers. 


21. A flower bed is 6 yards by 4 yards. It is surrounded by a 
gravel path of uniform width having an area equal to the area of 
the flower bed. Find the width of the gravel path. 


22. Two motorists start from points 130 miles apart and travel 
toward each other. The speed of one motorist is 30 miles per hour, 
while the speed of the other is 83 more than the number of hours 
before they meet. How far does each travel before they meet? 
What length of time elapses before they meet? 


23. A cart contains sacks of potatoes. There are one less than 
ay as many sacks as the average number of potatoes per sack. 
If the number of sacks is increased 25 %, the number of potatoes 
per sack must be reduced by 20 in order that the total number 
of potatoes in the cartload will be the same. What is the number 
of potatoes per sack? 


24. A dealer buys material for a certain sum of money. He 
sells the same material for $2400. After deducting a fixed charge 
of 6% on the cost for handling the goods, he finds that he has 
made a percentage of net profit equal to 6 less than zho of the 
cost price. What did he pay for the material ? 


25. A man put $1000 in the savings bank at interest com- 
pounded annually. At the end of each year thereafter he added 
$100 to his principal in addition to his interest. At the end of the 
second year he had $1285.60. Find the interest rate. 
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- 96. Two men can do a piece of work in 12 days, working to- 
gether. It takes B 10 days longer than A to do the work alone. 
Find how long it would take A to do the work alone. 


27, A tank can be emptied by means of two outlets in 12 
hours. If one pipe can empty the tank in 3 hours less time than 
the other pipe, find the length of time required by each. 


98. A tank is filled by one pipe and can be emptied by means of 
another pipe. When both pipes are open the tank can be emptied 
in 14 hours. If the tank can be emptied in 2 hours less time than 
it takes to fill it, find the length of time needed to fill and to empty 
the tank. 


29. A party spent $18 for meals in a restaurant. If there had 
been 6 more people in the party, the average amount spent per 
person would have been 50 cents less if the total amount of the 
bill had remained the same. How many were in the party and 
what was the average amount spent per person? 


30. A. farmer has 260 head of cattle divided among several 
herds. If the number of herds were increased by 7, the number 
of cattle per herd would have to be reduced by 7. How many 
herds did the farmer have? 


81. A party pays $16 for hotel accommodations. If there had 
been one person less in the party, the cost would have been $8 
higher per person. Find the number of persons in the party. 


32. A grocer sells eggs for $7.50. If he had had 5 dozen eggs less, 
he would have had to increase his price 25 cents per dozen in order 
to receive the same amount. How many dozen eggs did he have? 


33. A man purchases paper clips for $1.50. If he had received 
500 fewer clips, they would have cost him st cent more per clip. 
How many did he purchase? 


34. It took a number of men as many days to do a certain piece 
of work as there were men working on the job. If there had been 
3 more men, the number of days required would have been 4. 
Find the number of men doing the work. 


35. A workman does a number of small jobs in 5 hours and 50 
minutes. If he had done 10 jobs less in the same time, the average 


time per job would have been 4 minutes greater. Find the number 
of jobs done. 


QUADRATICS AND BEYOND 


CHAPTER X 
PROPERTIES AND GRAPHS OF QUADRATIC EQUATIONS 


104. Relationship of roots and factors. In this and the fol- 
lowing sections we will prove several theorems concerning 
quadratic equations. Similar theorems will later be proved 
in general for equations of higher degree. 


Theorem. If r is a root of the equation 
ax? + br +c=0, (1) 
then x —r is a factor of its left-hand member. 


The fact that r is a root of the equation is equivalent to the 
assertion of the truth of the expression 


ar?+br+c=0. 


This is an identity by the definition of the root of an equation 
as given in section 53. 
Hence 


az? + bea+e=ax?+ br +c — (ar? + br+c) 
= a(z? — r?) + b(a — 7) 
=(x—r)(ar+ar+)). (2) 


That is, (z—r) is one factor of az? +bx+ c. Another fac- 
tor, from which another root can be found, is given in (2). 

The converse of the foregoing theorem, namely, the fact 
that if (x —r) is a factor of a quadratic equation, r is a root, 
has already been explained, and used (section 99) as one of 


the methods of solving quadratic equations. 
125 
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EXERCISES 


Form equations which have the following roots: 


1s (Grp 


Solution. Since 7 and 8 are roots, (x — 7) and (x — 3) are factors, and 
the left-hand member of the equation becomes x2 —102+21. The 


equation is therefore 
“w?—1027+4+21=0. 


Sao, Sb NV aen 

Bea Sie 0.24 ee oe 

Aaj teas 10°70 = Ve ey 
5a 3) NG. Lledo ee! 

6. 2 V8, 3 V2. 12. @— Vb, 0 4b: 

Hh ON hp BOX, 138.a4+ Vb 6a — Vb 


105. Number of roots of a quadratic equation. 
Theorem. A quadratic equation has only two roots. 


Given the equation ax? + bx + ¢ = 0 with the rootsr and s, 
to prove that the equation has no other root, such as t, which 
is distinct from r and s. 

Since r and s are roots of the equation, (x — r) and (x — s) 
are factors. Thus our equation may be written in the form 


a(x —r)(«—s)=0. (1) 
But if ¢ is a root, it must satisfy (1), that is, 
a(é—r)(t—s)=0. 


But, in order that any product of numeric factors should 
vanish, one of the factors must vanish. Thus either a = 0, or 
t—r=0, ort—s=0. But, by hypothesis, t #7, and t ¥s, 
so that the last two factors cannot vanish. Thusa=0. This 
would, however, reduce our equation to the form of a linear 
equation, which is contrary to our hypothesis that the equa- 
tion is quadratic. Hence the assumption that we have a 
third distinct root leads to a contradiction. 
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NotTs. This theorem taken with section 104 is equivalent to the state- 
ment that a quadratic equation can be factored in one and only one way. 
Thus, if 

ax? + bx +c=a(u—r)(x —8), 


we cannot find numbers ¢ and 2 distinct from r and s, such that 
ax? + be +c=a(x —t)(x — v), 
for then the equation would have roots distinct from r and s, which is 


contrary to the assumption. 


106. Nature of the roots of a quadratic equation. We have 
already seen, in section 101, that the general quadratic 
equation 


az? + be +ec=0 (1) 
has as roots r= ee eee (2) 
erid a SAN (3) 


These expressions afford an immediate arithmetic means 
of determining the nature of the roots of the given equation 
when a, b, and c have numeric values and a # 0. In fact, an 
inspection of the value of b? — 4 ac in (2) and (8) is sufficient 
to determine the nature of the roots of (1). 


I. When b? — 4 ac ts positive, the roots are real and distinct. 
II. When b? — 4 ac is positive and a perfect square, the roots 
are real, distinct, and rational. 
III. When b2 — 4ac=0, the roots are real and equal. In 
this case r = Ss = — ae 
2 


IV. When b2 — 4 ac is negative, ihe roots are imaginary. 


The converses of these four cases are also true. For in- 
stance, if the roots of (1) are imaginary, it is clear from (2) 
and (3) that 62 — 4 ac must be negative. 

The expression D = b? — 4 ac is called the discriminant of 
the equation ax? + br +c=0. 
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EXERCISES 


Determine the nature of the roots of the following equations 
without solving: 

1222-—32-—2=0. 

Solution. D = (— 3)? — 4(2)(— 2) =9 + 16 = 25. Since 25 is positive 
and a perfect square the roots are real, distinct, and rational. 


Q2.07-3827+4=0. 103 0 p22 — 1 = 0: 
3.9277+227+1=0. 8.22-—227—-—8=0. 

4.347 +o | =0; 9.113 22 — 5 xe -- Si—0: 
5.22-x-1=0. 105 242-24 0: 
6.227 +2+1=0. 11.3022?-—7x#+2=0. 


Determine the real values of k so that the roots of the following 
equations may be real and equal: 

12. (k —1)x? — (kK +2)2+4=0. 

Solution. Here k —1 =a, — (k +2) =b, and4=c. 

Thus D=(k?+4k+4)—4-4(k-1) 

=k? —12k+4 20. 

Since the roots of an equation are real and equal when and only when 
the discriminant is equal to zero, the required values of k make D = 0 and 
are the roots of the equation : 

k? -—12k+20=0. 

Solving by factoring, (k —10)(k —2) =0, 
and (p=) Ge B. 

Check. Substituting in the original equation for k = 10, we get 

9x2?-124+4= (82 -—2)?, 
and for k = 2, we get v—44+4+4= (4 —2)?. 


138. 27+kx+4=0. 23. kx? ++ Tkx + 49 = 0. 
14.07 +6x+k=0. 24. 27+ (96 —k)x+2k=0. 
15. kx? —242+9=0. 25. (k—1)x?+ (16 —k)x+1=0. 
16.427+8kx+9=0. 26. x2? -—2kx+2=0. 

17.2? + (k-2)x+1=0. Qi 2 io — le) 


18. (2k+ 5)x2?-—kxn+1=0. 28. (k+6)x2 — (k—2)x+1=0. 
19. (k —381)x?+13862+289=0. 29. 272?-—ker+k=0. 

20. 7? -2kx+3=0. 30. 4x2? —-(k —6)r+2k+21=0. 
Q21.kx?+38ke+k+5=0. 3l.224+ (k—a)x+a?=0. 
22. (k + 21)x?-4474+4=0. 82. a’x? + kar +2k+5=0. 
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107. The sum and difference of roots. Let r and s be the 
roots of 22 + be +e=0. (1) 
Then, by section 104, (2 —r) and (x —s) are factors, and 


their product, «?—(r+s)x+ 7s, is exactly the left-hand 
member of (1). Consequently the equation 


x?+be+e=x2-—(r+s)xe+7s 
is true for all values of x. Hence 
—(r+s)=6), (2) 
and rs =.4: (8) 
We may state these facts in the following 


Theorem. The coefficient of x in the equation x? + bx +c=O0* 
is equal to the sum of its roots with their sign changed. 
The constant term ts equal to the product of the roots. 


EXERCISES 
1. Prove the above theorem by using the formula for the roots 
of an equation in terms of its coefficients as given in section 101. 
Form equations whose roots are the following : 
2 S52. 4, 11, 13. G28) OMS STEEN/B TEENS 
Ns ek Gn Pe ee er Re ei ie Ri AE 
Find the value of the literal coefficient in each of the following 
equations: 
10. <2 —52+c=0, when one root is 4. 


Solution. Let r be the remaining root. 


Then by (2), —(r+4)=--5, 
or fies 1, 
By (3), c=1-4=4, 


* We should for the present exclude the case where b? — 4 ac < 0, since the 
roots r and s are then imaginary and we have not as yet defined what we mean 
by the sum or the product of imaginary numbers. We shall see later that the 
theorem is also true in this case. 
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11. x? — bx — 6 = 0, when one root is 2. 

12. x2 + 2 +c=0, when one root is 4. 

13. x? + bx + 3 = 0, when one root is 3. 

14, x2 + 10 x +c¢=0, when one root is — 11. 

15. x2 ++ 10x2+c¢=0, when one root is — 3. 

16. x2 + 10 x +¢=0, when one root is — 5. 

17. x2 — bx + 2=0, when one root is — 1. 

18. x2 — bx + 1 =0, when the roots are equal. 

19. x2 + bx —4=0, when the roots are equal in value but 
opposite in sign. 

20. «2 + 6 x —c=0, when one root is twice the other. 

21. x2 — bx — 4= 0, when one root is 4 greater than the other. 

22. «2 — x +c=0, when one root is 17 greater than the other. 

23. «2 + 5 2 +c=0, when one root is 1 greater than the other. 

24. x2 + bx + 15 = 0, when the difference between the roots is 2. 

25. x2 — 6 x+c=0, when the difference between the roots is 1. 

26. x2+17x«+c=0, when the difference between the roots is 3. . 


108. The special quadratic equation ax? + bx = 0. When in 
the quadratic equation 
ax? + br +c=0, (1) 
c = 0, we can always factor the equation into 
ax? + bz = x(ax + b) = 0, 
or x (2 + 7 ib 
a 
Thus the roots are r=) Se — oe 
a 
Conversely, if r = 0 is a root, then, by section 104, (x — 0), 


or x, is a factor and the equation can have no constant term. 
This affords the following 


Theorem. A quadratic equation has a root equal to zero when 
and only when the constant term vanishes. 


We show in a similar manner that both roots of equa- 
tion (1) are zero when and only when b =c—0 
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EXERCISES 


1. Prove the above theorem by using the formula for the roots 
of a quadratic equation in terms of its coefficients (section 101). 


For what real values of & do the following equations have one 
root equal to zero? 

2.27-—382+k-—-1=0. §.38077+227+5k?-—38k=0. 

8.27 +5x2x—k?+5=0. 6.2027 +8kea+k?+8k4+2=0. 

4.27 +22+k?+4=0. 7.7e2?-—kxn +2kh?+9k-—5=0. 

For what real value of k will both roots of the following equa- 
tions vanish ? 

8.27+2kx—3k?=0. 10.27+ (kK-l1)e+k=0. 

9.54+7r-8=0. ie 2s 3 =O: 

12. (k + 2)a2—3(k2—4)n+2k2+5k+2=0. 
13. (k + 1)x? + 2(k —1)n +k? -1=0. 

109. Graph of a quadratic equation. Following the method 
of plotting an equation suggested in section 57, let us graph 
the equation 

y=r?+27-3. (1) 
To this end we shall let x take on various 
integral values, and compute the corre- 
sponding values of y, thus determining 
the codrdinates of points on the curve 
which represents the equation. 


Plotting the points afforded by this com- 
putation, we obtain the accompanying 
graph. 

It is seen that the roots of the equation «7+ 2x2—3=0 
are the numbers + 1 and — 3. These values substituted for 
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a make the expression equal to zero, that is, they are its roots. 
Let us now consider equation (1) above. The values of z, 
+1 and — 8, are the values for which y becomes zero. This 
is another way of saying that the corresponding points are 
to be found on the z-axis of the graph. Hence we may infer 
that, had we plotted equation (1) without any knowledge of 
the roots of the right-hand member, the x-value of the points 
where the curve crossed the x-axis would have shown us the 
value of the roots. 

110. Graphs of the general quadratic equation. We will now 
discuss in more general terms the relation between the quad- 
ratic equation and its graph. 

Let y=ax?+ br +e, (1) 
where, as usual, a, b, and c represent integers and a is positive. 

If we let x take on various values, y will have correspond- 
ing values and we may plot the equation as in section 109. 
A root of the quadratic equation 

ax? + br +c=0 (2) 
is a number which, substituted for 2, satisfies the equation, 
that is, gives the value y = 0 in (1). Thus the points on the 
graph of (1) which represent the roots of the equation (2) 
are the points for which y=0, that is, where the curve 
crosses the x-axis. The numeric value of the roots is the 
measure of the distance along the x-axis from the origin to 
the points where the curve cuts the axis. Since this distance 
is always a real distance, only real roots are represented in 
this manner. 


Theorem. If the graph of (1) has no point in common with 
the x-axis, the equation (2) has imaginary roots, and conversely. 


Every equation of the form (2) has two roots, either real 
or imaginary (section 105). If the graph of (1) has no point 
in common with the z-axis, there is no real value of x for 
which y= 0, that is, no real root of (2). The roots must 
then be imaginary. 
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Conversely, if (2) has only imaginary roots, there is no real 
value of x which satisfies it, that is, which makes y = 0 in (1). 
Thus the curve has no point in common with the z-axis. 

This suggests the following 


Principle. Non-intersections of graphs correspond to imagi- 
nary or infinite-valued solutions of equations. 


111. Form of the graph of a quadratic equation. Consider 
the equation ee eB (1) 


By substituting for x a very large positive or negative 
number, say x = + 100, y is large positively. Thus for values 
of x far to the right or left, the curve lies far above the z-axis. 
If we assign to y a certain value, say y = — 5, we can find 
the corresponding values of x by solving a quadratic equa- 
tion. Thus in (1), let y=—5. 


Then —5=3272+22x—-—5, 
or on? +27 =0- 
The roots are r=— #2, s=0. 


Hence the points (— 2, — 5) and (0, — 5) are on the curve 
(section 57). That is, if we go down five units on the y-axis, 
the curve is to be found two thirds of a unit to the left and 
also on the y-axis. If in (1) we let y = 3, the corresponding 
values of x are 4 and — 2, which means that the curve meets 
a line parallel to the x-axis and three units above it at these 
points. The question now arises, Where is the bottom (or 
top) of the loop of the curve? This lowest (or highest) point 
has as its value of y that number to which correspond equal 
values of x. Hence we must determine for what value of y 
equation (1), that is, the equation 

8a24+22+(-5—y) =0, 
has equal roots. Comparing with the equation az?+ br-+c=0 
(section 106), we have 


St, 2Z= 0, So = Y=, 
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Thus the condition b? — 4 ac = 0 becomes 
4—4-3(—5-—y)=0, 
— _ ah 00 Pi LO eee 

os LS = a ees if 

Substituting this value of y in (1), we get — 4 as the cor- 
responding value of x. 

This gives a single value of y for which the values of x are 
equal; hence the graph of (1) isa single festoon as in the figure. 


lor —12/0o0r—2|#or—2 


x 


Yy 0 —5 


If we take the general equation 


ax? +be+c=y, 
we find, similarly, that the bottom of 
the loop is at a point whose ordinate is 
b?7—4ac_ 
Tee 

Thus we see again that if the discriminant is negative the 
graph is entirely above the z-axis and both roots are im- 
aginary (sections 106 and 110), since the ordinate of the lowest 
point of the loop is positive. If the discriminant is positive, 
the graph cuts the x-axis and both roots are real. 

The results of this section enable us to determine a value 
of y for the lowest point of the curve, and hence to show 
from the graph whether the equation has imaginary roots. 
It is not difficult to show that, while this method of finding 
high and low points is satisfactory in the case of quadratic 
equations, it is not general and breaks down before higher- 
degree equations. A method of determining the maxima and 
minima of the graph of a higher-degree equation is beyond 
the scope of this book. The interested student will find the 
method described in textbooks of analytic geometry. 


y=— 
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EXERCISES 


Plot the following equations and determine by measurements 
the roots in case they are real. Find in each case the lowest point 
on the loop. 


12 Gia 9.20%7+382+3=y. 
2.x7-—52+4=y. 10.%77+x2+1=y. 
3.27 +324+2=y. 12 a 1 ys 
4.277-5x+6=y. 12.%7-—ax2+1=y. 
§.2?-—52-6=y. 13.22 ¢—1= 4. 
6.227-—382+4=y. 14.4%77+38%7-5=y. 
7.07+382+1=y. 15.6%7+1382+6=y. 
8.38277+382-1l=y. 16.727+3x7—-—4=y. 


17. What is the characteristic feature of the graph of an equation 
one of whose roots is zero? 


18. What is the characteristic feature of the graph of an equa- 
tion whose roots are equal? 


112. Degeneration of the quadratic equation. The equation 


ax? + br -+e¢=0 
has the roots pee Fe Oc vee 
and py pe laa Ads Ni 
2a 


We wish to find the effect on the roots x; and x2 of letting 
a become very small. If we let a approach 0, then 2; ap- 
proaches an expression of the form 4, which must always be 
avoided. Let us, then, rationalize the denominators. We 


now get 
4 ac ZC 


ee eae ee 
4 ac 


as ee 
2a(—b+Vb?—4ac) —b+Vb2—4ac 


and 2% = 


136 ADVANCED ALGEBRA 


As a approaches 0, evidently b? — 4.ac approaches 6?, 2 
approaches — ; and 22, since its denominator becomes very 


small, increases without limit, that is, becomes infinite. Thus 
the quadratic equation approaches a linear equation when a 
approaches 0, and one of its roots disappears since it has in- 
creased in value beyond any finite limit. The loop-shaped 
graph of the quadratic equation must then approach a 
straight line as a limit when a approaches 0. This is made 
clear from the following figure, where a has the successive 
values 1, 4, zo, =o, 0. 

In the figure the curves represent the following equations: 


g2—2—2=y. (I) Ly | 
f | SEE Foy 
ae (I) GVK 
l ane 


Cee ae 
10S 2 yell, 


eee ae 
50 5 mee (IV) 


x — 


In a similar manner we can show that when in the equation 
bx + c= 0, b approaches 0 as a limit, the root of the linear 
equation becomes infinite. 


EXERCISES 
What real values must k approach as a limit in order that one 
root of each of the following equations may become infinite? 
1. kx? +82—2=0. 
2. (k? — 4)x2? -4+3=0. 
8. (kx +1)? — (2 +1)2?= (k—2)?. 
4. hk? + 3 k2n2 — (4 +1)2?4+3=0. 
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5. V6ke +2+V244+3=V2 kx — 1. 
6. VkK-—-2t+Vk+2e=V2Kk4+ 2. 


z+ —#=F 48 0. 
x—l 


G1 kik 
es ee us 


10. (k2 —9)22 + (k+3)2 +k? -2k—15=0. 


as 


What real values must k and m approach as a limit in order that 
both roots of the following equations may become infinite? 


ll. kx? + me —3=0. 

12. (6k —m)x? -—me+3=0. 

13. 7 kx? + (8k —m+2)x =2 mx? + 7. 

14. (k+2)x2?- (8k +m—1)x+2=0. 

15. (k2+3k+ 2)x? — 7(k? —8km— 20)e+6=0. 
16. (k++ m)x? —-(k4+m)—38=2774+220. 

17. (k —m+38)x? + 2(k + m)x —4=0. 

18. (7k +3 m—1)z?-—2= (13k —5+Mm)z. 


CHAPTER XI 


SIMULTANEOUS QUADRATIC EQUATIONS 
IN TWO VARIABLES 


113. Solution of simultaneous quadratics. A single equation 
in two variables, as x? + y? = 7, is satisfied by many pairs of 
values, as (0, V7), (1,6), (2, V3), and so on, though there 
are at the same time numberless pairs of values which do not 
satisfy it, as (1, 1), (2, 2), and (2, 3). Thus the condition that 
(x, y) satisfy a single quadratic equation imposes a consider- 
able restriction on the values that x and y may assume. If we 
still further restrict the value of the pair of numbers (2, y) 
so that they also satisfy a second equation, the number of 
solutions is correspondingly reduced. The problem of solving 
two simultaneous equations consists in finding the pairs of 
numbers that satisfy them both. 

114. Solution by substitution. In this method of solution 
the restriction imposed on (x, y) by one equation is imposed 
on the variables in the other equation by substitution. 


EXAMPLE 
Solve 222 42 =), (1) 
Coil (2) 


Solution. Equation (2) states that x =1-+y. Thus our desired solu- 
tion is such a pair of numbers that (1) is satisfied and at the same time 
x is equal tol + y. 

If we substitute in (1) 1+ y for x, we are imposing on its solution the 
restriction implied by (2). 


Thus 211+ y)? + y? =1, 
or 8y7+4y+1=0. 
The roots are y=—1,—-}. 
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Corresponding to y=-—1, we get from (2),7=0 


2 
ae 


Corresponding to y= -— i, we get from (2), = 
Thus the solutions are (0, — 1) and (2, — 4). 


Check. Substituting (0, — 1) in (1) and (2), we obtain 
2-0+(—1)?=1, 


0—(—1)=1. 
Substituting (3, — 4) in (1) and (2), we obtain 
2-$+h=$=1, 


g-(-})=L 


EXERCISES 


139 


Solve the following and check as directed by the teacher: 


i: 


2. 


10. 


11. 


c—y=4, 
Cy, 
rt+y=4, 
ij Sak 


Me ye | 


Cy = Oey. 


ea ait —— 70, 


C24 — Nee 


eet DAs. 


y=. 
Ly 0; 
32+5y=21. 


12. 


13 


14. 


15. 


16. 


17; 


18. 


19. 


20. 


21. 


Cc 


cle ae 
a y 
ie = Ob 


Lee 


"yb? 


at«z=y-—b. 
32? + y=4 xy, 
(= 3) = 45 
a? + cy—y?=1, 
e+3y=4. 


(x + y)(2 2+ 8 y) = 180, 
aay, 


842 —12y=2y? —2, 
22—Ty=-—18. 


g2t+y=y?+ux—10, 


2_l1 
y 2 
ax — by = cy, 
2? + xy = y?. 
ax — by=cy, 


a2x2 + 2 acry + c?y? = m?. 


e+ 2ayty=s8y4+30, 
8x2—-—y=5. 
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22. ax? + (a — b)xy — by? = 2 b(a? + 2 ab — b?), 


93.38 07-—-Tay+2y?-8y+327=-— 30, 
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tte ee o 
=P) Oh 
ety=d. 

24, 2(x + 1)? — 5(y — 1)? = 52, 


25. 


26. 


27. 


28. 


29. 


4 — y= 6. 


$5 Debye Le Le 
24+3y+6 2 
2x7-—82y+ y?=8. 


42 a y? —= a?, 


ae 

iD 

x2 + y2=4, 

x—-y : 

a? + 2cy—y? _7 
y2+2aey—x 
ety =3. 
Le Oy 
1l—y-y? 5 
2x—8y=2. 


30.cy+3=782—-y), 


31. 


32. 


33. 


34, 


35. = 


Teel: 
Unk 
PLE UR pee et 
y x+y : 
t+ty=—2Z. 
Te—Syt2, x-2y_ 4. 
8x2—2y—3 2x-y 16 
Tx—38y=— 27. 
a(x+ty)+2x= 28, 

Ye aod 
cy ee 

5 be eedey 
oreo y—1 

Se: pee. 
to ae Mare 
24355, 
Oey 


Te+y)=2y+62). 


115. Plotting quadratic equations in two variables. When 


neither x nor y is already alone on one side of the equation, 
the equation should be solved for y (or x) and the resulting 
equation plotted as shown in sections 57 and 109. It should 
be noted that when a root is extracted two values of the 
variable y may correspond to a single value of x. 


i EXERCISES 
Plot the following: 
1427+ 9 y?= 81. 
Solution. y2=9 — iS 
and y=+.,/9- 4x? 
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Assuming the various integral values for x, we obtain the following 
table and the corresponding graph: 


0 25 I + 2 S30) +4 + 5 


y|}+3)/ +29] 42.7 | +2.2 | +1.4 | Imaginary 


In this example, when x is greater than 5 or less than — 5, y is imagi- 
nary. Thus none of the curve is found outside a strip « = + 5. 

To find exactly where 
the curve crosses the x-axis, 
the equation may be solved 
for x and the value of «x cor- 
responding to y=0 found. 
Thus 


e=+, ate. 


If y=0, c=+ V82 
=+4}. This point is in- 
anded in the graph. 

Any equation of the 
form ax? + by2=c has a 
graph of the same general 
shape as the adjacent 
curve. Such a curve is 
called an ellipse. The circle may be looked on as a special case of the 
ellipse. When in the equation for an ellipse a = b = 1, that is, when the 
equation for the ellipse reduces to x? + y2 =c, the equation is represented 
by a circle. 


Qatiyi—A. 
Solution. y= . 


Form the table for integral values of x. 
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Since this table does not give us any idea of the curves between + 1 
and — 1, we supplement the table by assuming fractional values of zx. 


Any equation of re 
the form xy =a has 
a curve of the gen- 
eral form of the ad- 
jacent curve. This 
is called the hyper- 
bola. It always con- 
sists of two parts 
or branches which 
are not connected. 
Both of these two ' 
bran ches “aPe 0th ae 
sidered part of the BREE Res GRD eeS Teese 
game curve because (LL ta NEI aia eee ay tet ae | eee 
tho on a BR SES EESSEEBaRoEoo /-JasEoes 

GS LEN CCLULA CLO TS OA A a ee 
yields too tli lorem claess || ee [ae oof ee Wa (| a (ae a a 
yes a ie fie me ee | a | a 


al 
The hyperbola and - [7] |=) qulte] od )e}mp a \ (os ea eee) alt a) 
other curves whose [LTTTITTITITLIIitititti itt 


equations are quad- 
ratic are known as 


“conic sections.” HERPER SERRE ReE RO Be De ASePCea 


3. ©? + y? = 25. 6.2 — 92162 
4. 3647+ 4 y? = 144, Vs 2 0 ye a ae 
ays ao == Is, 8.27)-- 2 = 9: 


116. Graphical representation of 
simultaneous quadratic equations. 
Every equation that we have con- 
sidered may be represented graph- 
ically by plotting. 

The common values of simulta- 
neous equations are represented 
by the points of intersection of the 
corresponding graphs. 


MS 
ape af LY 
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Thus the equations x2-+ y?2 = 25, 


x—y=3 
have the solutions w#= ne v4 
_ —-84+v4l1 
Deas a0 
or ee — 127, 
Hie 1.1y — Axl. 


These equations have as their graph the preceding figure. 

It is observed that the codrdinates of the points of inter- 
section of the circle and the line are the same as the sets of 
roots found by algebraic solution. This must always be the 
case for real roots, since the values of x and y that satisfy 
both equations must lie on the graphs of both equations. 

Hence, if the equations had been plotted without any pre- 
vious knowledge of the roots, their value could be read from 
the finished graph to a considerable degree of accuracy. This 
is called the graphical solution of simultaneous equations. 
The graphical solution is useful when the curves seem to be 
easier to plot than to solve, and when only a slight degree 
of accuracy is essential. It is also often useful as an approxi- 
mate check on the more exact algebraic solution. 

The equations 


g27+22r7+4y+1=0, 
x+2y+4=0 
have the solutions 
g=+V7=426, 


LT AN 
y=—2 zou = — 3.3 or —.7. Geiger 
2 


x2+2a+4y4+1=0 


An inspection of the graph shows us 
that, while the algebraic solution gives us quite accurate 
values of the roots, the graphical solution cannot here be 
relied upon farther than the first decimal place. 
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EXERCISES 


Solve the following systems of equations graphically. Estimate 
roots to one decimal place. 


1.47+32y + y? =8, 7. 2? + y? = 625, 
cty=s3. e+y= 25. 

2.22 + y2=5, 8. zy = 12, 
x-y=-l. e+3y=18. 

Slay = 6 9547 — is 
ety= 5d. z+3y=18. 

4,.227+ 4 y? = 22, 10. x? + 3 zy + y? =5, 
2*x—8y=8. x—y=0. 

5.22 +3 2y —y? =4, 1l.2?+32+477=19, 
x—38y=7. 22+7y=-17. 

6.3 224-9 47 = 14, 12. 3 xy = — 42, 
ety=1. Avg 2 — "4 


117. Number of solutions. A quadratic equation and a 
linear equation have in general two and only two pairs of 
roots. For if the linear equation is solved for one variable, 
say x, and this is substituted in the quadratic equation, we 
get a quadratic equation determining all possible values of 
the other variable, in this case y, which must in general be 
two in number (section 105). To each one of these values 
of y will correspond one and only one value of x, thus afford- 
ing two solutions of the pair of equations. 

This result would seem at first sight to be expressed 
graphically by the fact that a straight line and the graph of a 
quadratic equation have two points of intersection. However, 
imaginary roots which arise in the algebraic solution of two 
equations do not give intersections of the graphs. 


EXERCISES 


1. When may, as a special case, a quadratic and a linear equa- 
tion have only one solution? 


2. When may a quadratic and a linear equation have imaginary 
solutions? 
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Find the real values of & for which the following equations have 


only one solution : 


3. x? + y? = 16, (ap) 
x—-y=k. (2) 
Solution. z=yt+k. 
Substituting in (1), (y+k)?+y2=16, 
or 2y2+2ky+k?-—16=0. (3) 
As in section 106, a=2, b=2k, c=k? — 16, 
Hence D=62—4ac=4k?—8k? +128 =—4k? + 128. 
For (8) to have only one solution D must equal 0. 
Therefore —4k?+128=0, 
or AV? = 128, 
and k=+4v2. 
ae, (a OF = Bae 10. x? — y= 16, 
rty=k. 3z2—3yY=k. cty=k. 
bi "ky, 8.c2-—y=k, Ty 52-2 "36, 
2e+y=8. 23 — oy == Oy 20—d5y=k. 
G22 ky = 2, 9. x27 — 47 =k, 12.4224 y= 
a oe 2e+3y=7%. kx + y = 3. 
Graph the following equations for the given values of k: 
1347-7 y" = 16, LY. r 
~—y=k. | 4 
(k= 4, 4 V2, 7.) ae. 
= Ke 
Solution. Fork =4, y=x—4. eave ne 
Gz 
MM 
z | 0 4 14 Ven X 
y | —4 0 10 ee 
|_| 
For k=4V2, y=u—4V2. im a 
5.66 0 3 
4) 0 | —5.66| —2.66 | Co | EC IC 
Ge) A— fe pene y=tV16 — 2?. 
oe 4 0 —4 
y 0 +4 0 
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14oay =k; 
zty=9. (k=21, 204, 18.) 


15. 3 472+ y? =4, = 
x—y=k. (k= 2 V3, $ V3, V3.) 


16. x? + y? =9, 


2Q2—-y=k. (k=4V5, 3 V5, 2 V5.) 
17. 22+ y2=k, 
ec+y= (k= 12,3.) 


118. Solution when neither equation is linear. In the ex- 
amples previously given one equation has been linear and 
the other equation has been quadratic with respect to one or 
both variables. Often when neither of the original equations 
is linear a pair of equivalent (section 59) equations one or 
both of which are linear may sometimes be found. These 
latter equations may be solved by substitution. 


EXERCISES 
Solve the following equations: 
1.38 2? —2 y2=11, (1) 
5 x? + y? = 87. (2) 


Solution. Equations which contain only the squares of x and y may 
be solved by treating x? and y? as the variables, and proceeding as in the 
case of linear equations. 


2+ (2), 10 x? +2 y2=74. (3) 
(1) + (8), 13 x2 = 85, 
x? = $3, (4) 
DSN S 
= + ps V1105. 


Substituting (4) in (1), 
PPP. = 2 y? = 118i, 
255 — 26 y? = 143, 


26 y? = 112, 
y? = 12 = $§, 
y=tV F$ 


= + py V728. 
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2a yy? = 12, (1) 
Cy = 2. (2) 
Solution. When neither of the original equations is quadratic, we can 


often find by division an equivalent pair of equations one of which is 
linear and the other quadratic, as in the following solution. 


Dividing (1) by (2), x?—xzy+y?=6. (3) 
Squaring (2), v+2ey+y?=4. 
Subtracting, —3 xy =2, 
xy = — 5. (4) 
Solve (2) and (4) by substitution. 
3. a7 + y? = 17, (1) 
Gye ()) 


Solution. When neither equation is linear, we can often obtain by 
addition an equation from which, by the extraction of the square root, 
a linear equation may be found. 


2- (2), 2 xy = 8. (3) 
(1) + (3), v2 +2 ry + y? = 25. 

Extracting the square root, w+y=+5. (4) 
(1) — (8), w—2ey+y=9. 

Extracting the square root, e-—y=+8. (5) 


Solving (4) and (5) as simultaneous equations, 
aA — Ae 
y=1,4, —1,—4. 
Thus there are four solutions, (4, 1), (1, 4), (- 1, — 4), (— 4, —1). 


Notge. When the sum of the exponents of the variables is the same in 
every term, the equation is called homogeneous. 
Thus, x? + zy = 0 and 2 x?y — ry? —4 x3 — 3 y? = 0 are homogeneous 
equations. 
4.272 -—ay+2 y?=4, (1) 
2a?-—32y—2y?=6. (2) 
Solution. When both equations are homogeneous except for a con- 


stant term, we may solve as follows: 
Eliminate the constant term by multiplying (1) by 38, and (2) by 2. 


3227—382y+6 y?=12. (3) 

4n2—62xy—4y?=12. (4) 

(4) — (3), x? —32y—10y?=0. (5) 
Factoring (5), (c—5y)(x+2y) =0. 

x=5y or —2y. (6) 


Solve (6) and (1) by substitution. 
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5. 622—Tayt+2y?2=0, (1) 

x? —y=4. (2) 

Solution. When one equation is homogeneous and the other is either 
linear or quadratic, we may solve them as follows: 


Factoring (1), (2%—y)(8x—2y) =0, 
whence x= yor 3% y.* (3) 


Solve (2) and (8) by substitution. 


6. 22 — y2=azy=x—y. 19. 27 — sy -- y? = 1, 
7.2—yaory-4=2-y. ale ee na 

; 2 Hint. Eliminate x? and y? by 
8. tae a 4 addition or subtraction. 

3 = 9, 

ees 20. a2 + 5 ay +y?=—4l, 
eae a2—38aey+y2?=79. 

oo aed 21. De oy = iy ts 
10. x(y+1)=—4, ry +y=3rt+8. 

WOE) ets 22. 22 +2y +42 =8, 
11. xy — 3) = 90, x2 + y? = 5. 

= = — 6. 

ue 2) 23. (x — y)(8 + x) = 12, 
12. 27 + y? =m, (7 —y)(8 — y) = 14. 

Rd ees Q4. (x2 + y2)(x — y) = — 25, 
13. xy? — x2y =71, (y — x) (xy) = 12. 

2 Diy ee 

ge Rae 25. (x+y)? =8 y? + 6, 
14.%¢-ay=—-1, (x — y)2=3 x2 —11. 

aaa a 26. 2+ Vay? =a, 
1D OU eee eee y+Vxy =bd. 

y (a3 — y3) = — BT. 

= 2160NG— Ys, 

16. 4 2? —3 y2 =— 12, 

3 22 —4 y? = — 87. yVa—y=2. 
17.202 +4y? =34, 28.2 —y = 5, 

Ax? — 2 y2 = 28, Va + Vy =5. 
18. 22+ 242=2, 29. Vz —-Vy =—1, 

3.07 2 ya = oe x—y=-—7. 


* We observe that y#0. For if y=0 were a value that satisfies equation (1), 
x = 0 would correspond. But (0, 0) does not satisfy (2); thus y=0 is not a 
value that can occur in the solutions of the equations. 
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0s + xsys + y? = 18, 86.727 +y2+e+y=12, 
e—-y=-— 26. — = ye y= 0. 
. Vz — Vy = 0, S702 oe ye 
(e+ y) Vay = 2. LI a Pes 
—4y?=5, 38. 227+ 3 y? = 125, 

a + y? = 19 (a? +2 4), ty = 21h 
.W24+24+Vy—1=6, 39. x? + y? — 2(x— y) =3, 
x+y=17. e2+ y?—3(¢-—y)=- 
-osry—3(e@—-—y)=T7, 40. 2? -—avy+ty2=a2+y, 
3 zy — 5(@— y) = 1. cy = 4. 
Say aay ey”, 41.227+3 cy —15y?—26=0, 
wy — ry~* = 2(4? — y?). (x + 2)(y¥— 3) =0. 

42. Vx(l+y)+ Vy(1l+-2) =1, 
Ce. 
43. V24+38%x4—274+V24+3y-y?=4, 
ecty=2. 

.V1—-2?V1- y+ ay =8, 50. Vy — Va + =Vy+2, 
ary=4. Vytrt+Vat+ae_ 5 
cae ct aks 
a -y .6 Poe 

x _¥ 8, bx — ay 
Oe Ne eee be +ay 

2 a , 

227+4y? = 22. - ingle: 
joe ay ate wat, AG 

y 2 iy Ais wis: 

2 — y2=0. m2 gt 86 
evatyVy_9, HINT. Let t=z, andit=w 
aVze—-yVy 7 a y 

x3 + y? = 65. 


R 3 2 
ey 82, 


iA [t=8 Y_9 Gat ane ae aes 
: ey 3x ‘ zy _ 10. 


sie ep pae poy ee 
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ih Leal 3 
hese — oe eS 9. 
64, 2(1— 7) = Seay eee 
se ae 1 ae 
u( u) = cs PS} ay Si = 0 
copilot 
DD ror = cen 68, 2k te 
ipea Bally ark ap SI ed 3 
3 ~~ 93 ———— = (), 
eet. pe mee 
Silat eee, 
6.2—=2 y+1 Page 22 \2 458 
59. Vay las | ees. 
9.221 ct+y x+y 9 
y z+1 Liye 


PROBLEMS 


1. Two numbers are in the ratio 2:3. Their product is 96. 
Find the numbers. 

2. What two numbers whose sum is 85 have the sum of their 
squares equal to 4625? 

8. The sum of the squares of two numbers increased by the 
first number is equal to 174. When increased by the second num- 
ber the sum of the squares is equal to 181. Find the two numbers. 


4, The diagonal of a rectangle is 18 feet. If the two sides of 
the rectangle are increased 5 feet each, the area will be increased 
110 square feet. Find the size of the original rectangle. 


5. The diagonal of a rectangle is 90 feet. If each side were 
reduced 4 feet in length the diagonal would be 2 V1781 feet long. 
Find the original length of the sides. 


6. The sum of two numbers is 50. The reciprocal of 2 less than 
the first number plus the reciprocal of 6 more than the second 
number is equal to qe Find the original numbers. 


7. The sum of the squares of two numbers is 250. If the first 
number were increased by 1, and the second number were in- 
creased by 2, the sum of the squares would be 325. What are 
the numbers? 

8. A highway bridge cost $5000 to construct. If the bridge 
had been 5 feet longer the cost would have been $6000. Find the 
length of the bridge and the cost per foot of length. 
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9. The cost per foot of a certain railway bridge is proportional 
to the total length of the bridge. If a bridge 100 feet long costs 
$100,000, find the length and cost per foot of a bridge whose total 
cost is $50,000. 


10. A man owns a lot 200 feet wide and 300 feet long. He 
wishes to place a house in the center of the lot so that the house 
will cover one third of the area of the lot and will be surrounded 
by a strip of lawn of equal width on all sides. Find the dimensions 
of the house and the width of the lawn. 


11. The front wheel of a wagon makes 198 revolutions more 
than the rear wheel in traveling one mile. If both wheels were the 
same size and the total circumference were the same as originally, 
the number of revolutions of each wheel in the course of a mile 
would have been 40675. What is the circumference of the wheels? 


12. A grocer buys eggs for $12.50. He discards as unfit for 
sale 2 dozen eggs and sells the remainder for a price 20 cents per 
dozen greater than the purchase price. If he makes a profit of 
$3.60 on the transaction, find the number of eggs in the original 
purchase. 


13. A tailor buys cloth of two kinds. The first cloth costs 
25 cents per yard more than the second kind, and he purchases 
2 yards less of it. He pays $15 for each piece of cloth. Find 
the price per yard of each kind of cloth, and the amount of each 
which he bought. 


14. A man leaves an estate of $85,000 to be divided among his 
7 children. His daughters receive together rka of the property. 
Each daughter receives $5000 more than each of his sons. How 
many sons has he, and how much money does each of his sons and 
daughters receive? 


15. Two farmers, A and B, purchase land. B gives $150 more 
for 90 acres than A does for 100 acres. A gets 1 acre more for $60 
than B does. How much does each pay per acre? 


16. A sum of money invested at simple interest for two years 
amounts at the end of that time to $1620. If the same sum were 
invested at the same interest rate compounded annually, the 
amount at the end of two years would have been $1622.40. Find 
the sum invested and the rate of interest. 
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17. A certain two-digit number divided by the sum of the 
digits is 3. If the digits are reversed and the resulting number is 
divided by the product of the digits, the result is 5}. Find the 
original number. 

18. What number of two digits is one greater than the sum of 
the squares of the digits, and 18 less than the number with the 
digits reversed ? 

19. If 1 is added to both the numerator and the denominator 
of a certain fraction, the resultant expression is equal to ?. If the 
numerator is increased by 3, and the denominator is decreased 
by the same amount, the fraction becomes equal to 1. Find the 
original fraction. 

119. Graphical meaning of homogeneous equations. Con- 
sider, for example, the homogeneous equation 

8227—10ry—8y?=0. (1) 

If we factor the left member of (1), we get 

(S2+2y)a@—4y) =0. 
The roots of equation (1) are therefore 
8x+2y=0, and *—47—0. 

These equations represent two straight lines passing 
through the origin, and when considered together comprise 
the graph of equation (1). This exam- 
ple may be generalized : 

Any homogeneous equation of the form 
ax? + bay + cy? = 0 and of which the dis- S 
criminant ts positive is represented graph- HHH +H Niet riaist 
ically by two straight lines.through the LLLLLLTI Ty Tit 
orzgin. Such an equation is equivalent to two linear equations. 

In Exercise 4, p. 147, in place of the given pair of equa- 
tions, we obtained a pair of equivalent equations one of which 
is homogeneous and the other of which is factorable. We can 
learn the graphical meaning of this method of solution by 
studying a particular case. Consider, for example, the equa- 


tions a2 +2 ay +7 y2 = 24, (1) 
2x? — ry — y2=8, (2) 
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By eliminating the constant terms we obtain the product 
of the two equations x+y=0 and x—2y=0. Thus the 
problem of solving (1) and (2) is replaced by the problem of 
solving the two following pairs of equations: 

a 2 ey Ty? = 24, 

t+y=0; (3) 

e24+-2ay+ 7 y? = 24, 

e—2y= 0. (4) 
The graphical meaning of 
cpp erp eguneausaeetsers 
Ee GuBaBaEeeL ee 
in the fact that the problem 
of finding the points of intersection of the graph of equation 
(1) with that of (2) is changed to that of finding the inter- 
section of the graph of (1) with a pair of straight lines, (3) 
and (4). This appears from the figure, where the lines and 
curves are numbered to correspond with the equations. The 
closed curve is the graph of (1). 


CHAPTER XII 
MATHEMATICAL INDUCTION 


120. General statement. Many formulas are capable of 

simple verification in special cases, while for the general 
case a direct proof is difficult. 
. If we ask whether (x” — 1) is divisible by (x — 1), it is easy 
to make the actual division for any particular value of n, as 
n=2orn=38. But if (x? — 1) is shown divisible by (x —1), 
we are no wiser than before concerning the divisibility of 
(xt —1). Suppose, however, we can prove that the divisibility 
for n =(k +1) is always possible provided the divisibility for 
n=k is possible, no matter what value k may happen to 
have. Then, since we already know that (a? — 1) and (x? — 1) 
are divisible by (z — 1), we are made certain that divisibility 
is possible in the case of n= 4 and n=5 and so on, no 
matter how large a value n may assume. 

Let us assume that (”* — 1) is divisible by (x — 1). This as- 
sumption is perfectly valid provided k has a numeric value for 
which we have verified the possibility of the division, such as 
k =2 or 8. For we know that 23? —1= (4—-1)(#?+2+1). 


Now vtl1—Joa¢'tl— yt ot —L=a'(2—1)+2*-1. 


But (x — 1) is obviously a factor of the right-hand member of 
this equation and consequently is a factor of (x*+!1 — 1). Thus 
the divisibility of (2* — 1) by (a — 1) is established for any in- 
tegral value of » greater than the one for which the division 
has actually been carried out. 

For the complete proof of a formula by mathematical in- 
duction we must make the two distinct steps as shown on 


the following page. 
154 
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I, E’stablish the theorem for some particular case or cases, 
preferably for n= 1 and n= 2. 

IT. Show that the theorem for n = (k+1) follows from its as- 
sumed validity for n =k. 


EXAMPLE 


Prove that the sum of the integers from 1 to n is 
n(n + 1) 
ten 
Proof. Restating the theorem in algebraic symbols, we have 
L4+24340-¢n=2Uth, 
I. This theorem is true for n = 1, 


since 


The theorem is also true for n = 2, 


since 142=2040 —3, 


II. Assuming the theorem for n = k,* 


1424-0-+h=EEtD, (1) 
Adding (k + 1) to both sides of the equation, 
1¢24¢---+k+ +1) =A4tD 4 G4) 
_+38k+2 
Ps 
Bete 1)(k + 2) 
2 
which is the form desired, that is, (k + 1) replaces k in the formula (1). 


EXERCISES 


Prove by mathematical induction that 
114+34+5+---+(2n—-1)=n’. 
9.24 224 23 4+ ----+ 2" = 2(2" — 1). 
3.84+64+94+---4+3n=3(n+1)n. 


* It should be remembered that this statement is true only for such values 
of k as have been verified specifically, that is, 1 and 2. 
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2124224324 ---+n2=1n(n+1)(2n+1). 
.13 4234 838 4.-.-+n8=(14+24+34+---+7)2. 
184234 88 4---+ 3 = (3[n(n + 1]? 
424724102? +---4+ Bn4+1)?2?=3 n(6n?+15n+4+11). 
x" — y" is divisible by x — y for any integral values of n. 
x2" — y?" is divisible by x + y for any integral values of n. 
10.1-2+2-34+3-4+---+n(n+1)= 5 n(n4+1)(n+ 2). 
1l.1-142-32+3-524--)+n2 n— 1)? 
= n(n + 1)(6 n?— 2-n — 1). 
12.1-2-34+2-3-44+3-4-54+---+n(n+1)(n4+2) 
=} n(n+1)(n+ 2)(n+ 8). 
13. (13 2? 4°93 4 = = 12) OL 2 ee) 
=4(114+2+3+---+7n)3, 
14,1-34+3-382+4+5-33+---4+ (2n—1)8"=3"t1!m —1) +3. 
15. P+B2+ 52 +-0-¢ Qn—1e= Pert Den—). 
16. ootestegt ae 
17.2-543-644-7T4+---+ (H+ )m+4) =F (nt 4)(n+ 8). 
18.2-44+4-64+6-8+---4+2n(2n+ 2) 
= 2n+2)(2n+4). 
19. A pyramid of shot stands on a triangular base having ¢ shot 
on a side. How many shot are there in the pile? 


© CF -¥ D oO 


20. A pile of shot is arranged in a pyramid having a square base 
so that there are k shot on a side of the base. Find the number 
of shot in the pile. 


CHAPTER XIII 
BINOMIAL THEOREM 


121. Statement of the binomial theorem. When in previous 
problems any power of a binomial of the form (a+ 6) has 
been required, we have obtained the result by direct multipli- 
cation. We can, however, derive a general law known as the 
binomial theorem, which gives the form of development of 
(a + b)”, where n is any positive integer and a and 0 are any 
algebraic or arithmetic expressions. This law is as follows: 


(a+b) =a nar—th + BALD graye ge 40% 


From an observation of this expression we obtain the following 


Rule for the development of (a + b)". 


The first term 7s a”. 

The second term is na”—1b. 

The sum of the exponents of a and b in each term is n. 

The exponent of a in each term is 1 less than that of the pre- 
ceding term. 

The exponent of b in each term is 1 greater than it rs in the 
preceding term. 

If in any term the coefficient 1s multiplied by the exponent of 
a, and this product is divided by the exponent of b increased by 1, 
the result is the coefficient of the next following term. 


EXERCISES 


1. What is the first term of the development of (a + 6)” when 
a oe Awe 
2. What is the second term of the development of (a +b)” 
Whelhy =. (hove = 47 
157 
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3. Apply the preceding rule to find the third term of the devel- 
opment of (a+ 6)” when n=2; n=3; n=4. 

4. Apply the preceding rule to find the fourth term of (a+ 6)” 
when —=123 =o; 1 —4. 

Note. In practice it is often more convenient first to write down all 
the terms with their proper exponents, and then to form the successive 
coefficients. : 

122. The general term. A study of the rule in section 121 
shows us that the third term of the binomial expansion is 


n(n —1) a" 2b2, 


and that the fourth term is 
n(n — 1)(m— 2) n—sps 
ae VA pe 
In a precisely similar manner we may write the expression 
for the rth term of the expansion, 
n(n ae I =e 2) ace (n = or 2) qr—Tt1pr-1 
2-3-4---(r—1) : 


It will sometimes be more convenient to use the (r + 1)th term in- 
stead of the rth term, as the expression is somewhat simpler in form, 


WN) 2) Neti ee neers 
2-3-4---7 ES 


EXERCISES 
1. Find the third term of (a + 6)5. 
2. Find the seventh term of (a + b)!2. 
3. Find the fifth term of (a + b)4. 
4, What is the tenth term of (a + 6)§? the eleventh term? 


5. Does the binomial theorem hold true for the expansion of 
(a+ 6)” when n= 1? 


6. What is the fifteenth term of (a + b)15? 

7. What is the fourth term of (a — b)6? 

8. What is the fifth term of (a — b)&? 

9. Find the third term from the end of (a + 6)’. 
10. Find the fourth term from the end of (a — 6)8. 
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123. Proof of the binomial theorem. In sections 121 and 122 
the following form for the binomial expansion was obtained. 
The validity of the development when n = 2 and n = 3 has 
been shown, and the stage is set for a proof of the formula 
in general by means of mathematical induction. 


(a+b) = ak + kath + SED gaya... 
<j. Re eee rt 2) gt +1pr-1 


Paar 
eee ee ak—rhr es. + kabk-1 + be, 


Multiply both members of this equation by (a+ 0), re- 
taining only the first two terms, the last term, and the 
(ry + 1)th term. 


(a+b)FA1= 
gkti + kath +--- 4 Ra + Hr th) geatigr 4... 
ipa soar 
iS) eto Bc hice Le i= PZ) phy ees. k+1 
in OT aaa te ECS a Des aoe 


art (+ Dat +---4 EEDE hare) qh—rtipr 4... 4 pet 
Dees 


The derivation of the middle, or (r + 1)th, term in the complete ex- 
pression which we have just obtained is somewhat involved. A more 
complete exposition of the steps required for the simplification of this 
term follows: 
tiers tye Ue Pe 2 eee), 

ga? Oimaae 7 1:2-:-(r—1) 
Combining, we have 
[k(k —1)---(kK—-r4+1)]4+r[kk—1)---&—-17+2)] 
if} ° 2 Oe 
Factoring, we transform the expression to 
[k(k—1)---(kK—r+2)][k—-—r+1) +7] 
i e 2 Sam 
Rearranging and simplifying, we reduce it to 
(k + 1)k(k —1)---(kK-~r+2). 
1 ° 2 +7 
This is the coefficient of the (r + 1)th term. 


Given 


. 
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It is immediately observed that the first two terms and the 
last one are in the form required by the rule of section 121, 
where n=k-+1. If in the formula for the (r+ 1)th term, 
n be replaced by (k + 1), we obtain the (r + 1)th term in the 
right-hand member above. That is, replacing k by (k + 1) in 

Une ANS Cae eT eas 
oes ae 
we get 
(kK+ Dkk —1)- aa Sia) r+1pr, 
1-2: 
Hence the rule of section apt which we have verified for 
small values of », holds for any positive integral value of n. 


EXERCISES 


Expand by means of the binomial theorem: 


aaa 


Pf 
Solution. oo get) C BYES) eSed ve) (-# ; 
y Va 
y 


(4) (-4)+ S524) (-4) 
6 


e ag ase ae a) PRED goa -5°-4-3 Ve\"/ Ge 
2-3-4-5 \y We 2°3°4-5-6 \y? Va 
fe G 6:5:4-3- 2(@ <2) -~) 48-16-54 3°2 -#y 
-4°5-6-7 Vy Vz] 2+8-4-5-6-7-8\ Vz 
= 2 Uy x ak y TPO yi y4 
Doe Shenae he Be ele 56 2 + 28% gH 4 e 
2 an 3a) Ss) 
x 
3) Bean): 
(VEEN D) (vm _2vp)" 
“lee uv) 5 3 
an, 9, (V8 _ V2Y 
Ae sh as 
y «= ‘ 
. (a 2a Za 10. (1 — Va)* — (1 + Va)‘. 
2b 11. (Wa — Vy)> + (Wa + Vy)* 
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12. Find the fifth term of (3 a — 2b)’. 
13. Find the eighth term of (« + atk 


14, Find the fourth term of S + = 


0 
15. Find the thirteenth term of ee Va one ‘ 
o a 


16. Find the tenth term of (3 aVy+ = =) 
3y Va 


3 aa \ 
17. Find the ninth term of (4 SY é 
Vy Wz 
18. Find the value of (.8)°, correct to three decimal places. 
Solution. (.8)> = (1 — .2)é 
= 15 — 5(1)4(.2) + 24 4)8(.2)2 — oa 2.23 
5:°4°3°-2 
see wie 
=1—1+410(.04) — 10(.008) + 5(.0016) — 
=1-—-1+ 4— .08+ .008 —-:-:- 
= 820: 


Further development of this expression would give no greater accuracy 
in the third decimal place. 


Find the value of the following expressions, correct to three 
significant figures: 
19 (12)7. 215.99) 23. (23)8. 25. (1.03)}5. 
20, (0). 22. (1.02)6. 24. (24)1?. 26; (9.0), 
27. In what term of the expansion of (a + b)!8 does a!° occur? 


28. What must be the characteristic of m in (a+ b)" so that a 
and b will have equal exponents in one term of the expansion? 


29. What must be true of n in (a+ 6)” so that there will be an 
even number of terms in the expansion ? 


30. Give the first three and the last two terms in the develop- 


8 13 
ment of ( \ e2y? — ) : 
aS 
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31. What will $300 invested at 4% interest amount to in 5 
years, if the interest is compounded annually ? 


Hint. An examination of the formulas in section 95 will show that this 
exercise involves merely a binomial expansion. The terms of the expan- 
sion may be simplified conveniently by the use of logarithms. 


32. How much will $1 amount to in 6 years at 6% interest 
compounded semiannually ? 

33. What will $1250 amount to in 3 years if it is invested at 
34% interest compounded quarterly ? 


34. What will $50 amount to in 1 year if it is invested at 3% 
interest compounded monthly ? 


CHAPTER XIV 
ARITHMETIC PROGRESSION 


124. Definitions. A series of numbers such that each number 
in the series is obtained by adding a fixed number to the pre- 
ceding one is called an arithmetic progression. 

The fixed number which is added to one term of the pro- 
gression to obtain the next following term is called the 
common difference. 

It should be noted that the common difference may be either a positive 
or a negative number. Hence the progression may be either an increas- 
ing or a decreasing series of numbers. 

Thus 2, 4, 6, 8,---is an arithmetic progression with the common dif- 


ference 2. The set of numbers 12, 6, 0, —6, —12,---is also an arith- 
metic progression with the common difference — 6. 


EXERCISES 


Determine whether the following series are in arithmetic pro- 
gression. If so, find the common difference. 


1. 7, 6h, 5fs + rae gees 
Sag) te Ree V3 V3 V3 
8. 12, 108, 9, «+. gees a8 el ee 

: 3 ae 8Veq ! 
oN eas 9.4,14,—1,--> 
EAN ONE 10 ee esha AS eS 
6. — 10, — 74, — 42,---. mat ge 2 A(/2 1) 


125. The nth term. The terms of an arithmetic progression 
in which a is the first term and d is the common difference are 


as follows: Onoda ee djaeea dea = 
163 
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The coefficient of d is seen to be 1 in the second term, 2 in 
the third term, and in general always one less than the num- 
ber of the term in which it appears. If we call / the nth term, 


we have l=a+(m—1)d. 
We may also write the series in which / is the nth term as fol- 
lows 4 Poy chek diate dee me de eone 


126. The sum of the series. We may obtain a formula for 
computing the sum of the first n terms of an arithmetic pro- 
gression by the following 

Theorem. The sum s of the first n terms of the arithmetic 
progression a,a+d,a+2d,---,l—d,lis 

= = (a+l). 

By definition, 

s=a-+(a+d)+(a+2d)+---4+(—2d)+(—d)+1. (1) 

Inverting the order of the terms of the right-hand member 
of (1), 

s=l+ (l—d)+ (—2d)+---+ (a+2d)+ (a+d)+a. (2) 

Adding (1) and (2) term by term, 
2s=(I+a)+(+a)+ U+a)+---+(+a)+ U+a)+ (+a) 

=n(l+a). 

Thus s=5 (a+). 


127. Arithmetic means. The terms of an arithmetic pro- 
gression between a given term and a subsequent term are 
called arithmetic means between those terms. By the arith- 
metic mean of two numbers is meant the number which is 
the second term of an arithmetic series in which the given 
numbers are considered the first and third terms. Thus the 


arithmetic mean of two numbers a and b is ae since 


the numbers a, % + b b are in arithmetic progression, with 
b—a 


the common difference 
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The two formulas 1=a+(n—1)d, (1) 
s= 5 (a +1) (II) 


contain the elements a, lJ, s, n, d. Evidently when any three 
are known, the remaining two may be found by solving the 
equations (I) and (II) simultaneously. 


EXERCISES 
1. Find the tenth term and the sum of the series 8, 6, 4, - + «. 
Solution. n=10,a=8, d=—2. 
l=a+(n—1)d=8 + (9)(—2) =—10. 
s=2n(a+D =5(8 — 10) = — 10. 
2 ee ee indadeandess 
2 C= ih, SHs0 = Op Baal UY eyeel i. 
Aa =—4,0—=7, t=12. Kind? and’s. 
5. d=i,1=4,s=4%. Finda and n. 
6.0 — 05s — — 6,1) = — 3. Bindimand as 
ts —10056— 1997 — 105 Hindea<and. ds 
Se 99 99 a — lee Hindessanduds 
Os 435) 715 aie ind andids 
10. 3=—15,07=5, d=. Finda and /. 
186 == 1 a = Sind 7and §, 
12. Find expressions for a and n in terms of d, I, and s. 
13. Find expressions for d and s in terms of a, n, and lI. 
14. Find expressions for / and n in terms of a, d, and s. 
15. Find expressions for a and s in terms of d, I, and n. 
16. Find expressions for d and n in terms of a, I, and s. 
17. Insert 4 arithmetic means between 2 and 12. 
IND a Oe nt 2 ee nad: 
18. Insert 5 arithmetic means between 3 and 45. 
19. Insert 3 arithmetic means between 12 and — 8. 


20. Insert 2 arithmetic means between se and ed ze 
21. Insert 3 arithmetic means between a : and 23 Me 
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22. Insert (n — 2) arithmetic means between a and l. 

Note. An exercise may often be solved more simply if, instead of 
assuming the series «4,2 +y,x+2y,°**,we assume x — y, x, x + y when 
three terms are required; or x—2y, x—y, &%, x+y, +2 y when five 
terms are required, etc. 

23. Find the fifth term and the sum of the series 3, 0, — 3,-->. 

24. Find the tenth term and the sum of the series 4, 7, 10, ---. 

25. Find the sixth term and the sum of the series 53, 42, 3,--: 

26. Find the sixth term and the sum of the series l, 
—5, -—ll,---. 

27. Find the twelfth term and the sum of the series 101, 
98, 95, «+>. 

28. Find the twenty-first term and the sum of the series 13, 
155, 18, ++. 

29. Find the fifth term and the sum of the series 

V3-I— je 1 fg 8 NB E42 
SEP UNA eNO ee te 
30. Find the eighth term and the sum of the series 


SP ORIG wALISV 2 gen 
N/ 2a eee 
31. Find the twelfth term and the sum of the series 
5 5 5 
32. Find the seventh term and the sum of the series 2 x, 52, 
age 
33. Find the eleventh term and the sum of the series a — 2 b, 
a—b,a,-->+. 
34, The sum of the first 3 terms of an arithmetic progression is 
6. The sum of the first 10 terms is 55. Find the series. 


35. The sum of the first 7 terms of an arithmetic progression is 
7, and the sum of the first 12 terms is 72. What are the first 3 
terms of the series? 


36. The sum of the first 4 terms of an arithmetic progression is 


16, and the sum of the squares of the same 4 terms is 84. Find the 
progression. 
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37. The velocity of a falling body at the end of each second since 
it started to fall may be considered as a term in an arithmetic 
progression. If the velocity at the end of the fifth second is 
160 feet per second, and the body started with no initial velocity, 
find the increase in velocity per second. (This increase in velocity 
is called the acceleration.) 


Hint. Velocity at the end of the first second is the second term of the 
progression. The acceleration is the common difference. 


38. If a body falls 89 feet per second at the end of the third 
second and 185 feet per second at the end of the sixth second, de- 
termine its initial velocity and its acceleration. 


39. A body moves upward with a velocity of 100 feet per second 
at the end of the fifth second, and downward with a velocity of 
20 feet per second at the end of the eighth second. Find the initial 
velocity and the acceleration. ~ 


Hint. If downward velocity is considered positive, upward velocity 
must be negative. 


40. A body is moving downward 218 feet per second at the end 
of the fourth second, and downward at a speed of 63 feet per sec- 
ond at the end of the second second. What is the acceleration 
and what was the initial velocity ? 


41. A body has an initial velocity of 35 feet per second. At the 
end of 3 seconds its velocity is 50 feet per second in the same direc- 
tion. What will be its velocity at the end of 15 seconds if the 
acceleration is constant? What is the acceleration? 


42. Two arithmetic progressions have the same first terms. 
The common differences are in the ratio of 2:3. Find a common 
difference and a first term for each series such that the third term 
of one series will be 13, while the fifth term of the other will be 29. 


43. The four digits of a number are in arithmetic progression. 
The sum of the digits is 24, and the last digit is 8 times the first 
digit. Find the number. 


CHAPTER XV 
GEOMETRIC PROGRESSION 


128. Definitions. A series of numbers such that each number 
in the series is obtained by multiplying the number imme- 
diately preceding by a constant factor is called a geometric 
progression. 

The constant factor by which each number of the series is 
multiplied to give the following number is called the ratio. 

It should be remembered that the ratio, like the common difference in 
arithmetic progressions, may be either a positive or a negative number. 


Likewise it may be either an integer or a fraction. 
The geometric series 1, 2, 4, 8, --- has the ratio 2. The geometric 


progression V3, 3 8 V3, 9, --- has the ratio V3. 


EXERCISES 


Determine which of the following series are in geometric pro- 
gression, and find the ratio: 


1S6n sea ee hy 3 
OMT TAT See te V2 2 2/2 
8.12, — 2, 3,0 gi el: mew i tee ge 08 
A eno ees eat V5 5.2 10N5. 
Bad NV oeN 2aN/ See Q0N/ be dot e/a ee 
S22 oe V5 
(6, A ore ° 10. $2, VF, V5, ++. 
il 1 7 > 
1 ee ee ae 
V24V5 3 | ) 3 t2Vi, . 


12. V8 +41, 2,2 V3 Some 
168 
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129. The nth term. The terms of a geometric progression 
in which a is the first term and r the ratio are as follows: 


a, ar, ar2, ar?,--- 
, ? ? ’ 


The power of r in the second term is 1, in the third term is 2, 
and in fact is always one less than the number of the term. 
If we call J the nth term, we have the following expression 
for the nth term: 

bar" 

130. The sum of the series. We obtain a formula for finding 
the sum of the first » terms of a geometric progression by 
the following 


Theorem. The sum s of the first n terms of the geometric pro- 


gression a, ar, ar?,--- 4s 
_a—rl 


— F0 
By definition, s=a-+ar+ar2+---+ar"7} 
Sad trprtpe+. prey) 


131. Geometric means. The (n—2) terms between the 
first and nth term of a geometric progression are called the 
geometric means between those terms. 

If one geometric mean is inserted between two numbers, 
it is called the geometric mean of those numbers. Thus the 
geometric mean between a and b is Vab. 

The two fundamental formulas 


1=arr-1 (1) 
—yr 7 
and s= a (I) 


contain the five elements a, J, r, n, s, any two of which may 
be found if the remaining three are given. 
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EXERCISES 


1. Find the tenth term and the sum of the progression 2, 6, 
Sees 
Solutionss@—2 41550) 


From (1), Li Zito 30,5005 
From (ID), g = 2S SUEO = 59,048. 


2. Find the fifth term and the sum of the progression 3, l, 


3. Find the eighth term and the sum of the progression 3, 9, 


DH 8 cp 
4, Find the seventh term and the sum of the progression 1, 2, 
Nac: hes 
5. Find the twelfth term and the sum of the progression 8, 4, 
ON oe 


6. Find the ninth term and the sum of the progression V2, Zs 
RM 

tle Find the eleventh term and the sum of the progression V9, 
3 V3, 9, - 

8. Find Fhe sixth term and the sum of the progression =! = qa 


bole 


9. Find the tenth term and the sum of the progression Noe 1k, 
AN Deer 

10. Find the fourth term and the sum of the progression » 
84+ V2 114+6V2 

@ 7 

11. Find the sixth term and the sum of the progression 4, 3 V2, 
1s: 
eae Find the fifth term and the sum of the progression } ik 

BR bs 


gun the seventh term and the sum of the progression V5, 
5 


14. Find the eighth term and the sum of the progression et 
2V3 2V6 Vi 
ee 
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15. Find the fifth term and the sum of the progression uB ’ Ne , 


16. Insert 2 geometric means between 3 and 81. 
17. Insert 3 geometric means between 1 and 16. 
18. Insert 6 geometric means between 3 and — 64. 
19. Insert 4 geometric means between 1 and sy 
20. Insert 5 geometric means between 1 and 2. 

21. Insert 1 geometric mean between 3 and 4. 

22. Insert 3 geometric means between 7 and 138. 
23. Insert 5 geometric means between 9 and ar 
24. Insert 2 geometric means between V2 and V5. 
25. Find the geometric mean between 138 and 18. 
26. Insert 2 geometric means between 2 and 4. 

27. Find the geometric mean between 7 and 35. 
28. Find the geometric mean between Va and Vy. 


29. Insert 2 geometric means between is and 2. 


2; 


a+b 


80. Find the geometric mean between ey and atl) 


b 

31. The first and third terms of a geometric progression are 4 
and 64. What is the progression ? 

82. The third and seventh terms of a geometric progression are 
25 and 5/;. Find the progression. 

33. The geometric mean of two numbers is 4, and their dif- 
ference is 6. Find the numbers. 

34. The second term of a geometric progression is 18, and the 
sixth term is 144. Find the first term and the ratio of the series. 

35. If the same number be added to each term of a geometric 
progression, is the result a geometric progression? 

36. If each term of a geometric progression be multiplied by 
the same constant, is the result a geometric progression? If so, 
what is the ratio? 

37. The sum of 3 numbers in geometric progression is 14, and 
the product of the first and second is 32. Find the numbers. 
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38. The sum of 4 numbers in geometric progression is 240. The 
sum of the first and fourth is 168. Find the numbers. 

39. If a man works for 1 cent the first day, 2 cents the soon 
day, and 4 cents the third day, how much will he receive on the 
thirtieth day? How much will he have received in all up to that 
time? 

40. A ball falling from a height of 4 feet rebounds 3 of the 
previous fall each time it strikes the ground. How far has it 
traveled at the time it strikes the ground the tenth time? How 
high will its next bounce be? 

41. A sound echoes across a valley in such a way that each echo 
is 2 as loud as the preceding one. What is the intensity of the 
fifth echo as compared with the original sound? 

42. Two numbers differ by 48. The geometric mean is 8 less 
than the arithmetic mean. Find the numbers. 

43. A sum of money invested at compound interest doubles 
itself every 13 years. What will $1 amount to at the end of 65 
years? 

44. A man owes $50. If each week he pays half the amount 
still due, how long before he will owe less than $1? 

45. The sum of the first and last of 4 numbers in geometric 
progression is 630. The sum of the second and third numbers is 
150. Find the numbers. 


132. Infinite series. When the number of terms of a geo- 
metric progression is unlimited it is called an infinite geometric 
series. 

In the series a, ar, ar?,---, when r >1, evidently each 
term is larger than the preceding term. The series is then 
called increasing. When r < 1, each term is smaller than the 
preceding term, and the series is called decreasing. 

Now in any case, 

UO 12) Ox ie 
ee ey 

When + >1, evidently r” becomes very large for large 
values of n. For this case, then, the sum of the first » terms 
becomes very large for large values of n. In fact, we can take 
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enough terms so that s will exceed any number we may choose. 
If, however, r <1, as n increases in value r” becomes smaller 
and smaller. In fact, we can choose n large enough to make r” 
as small as we may wish, or, as we say, approach 0 as a limit. 
But since r” may be made as small as we Aa ar” also ap- 


~ approaches 0 


proaches 0 as a limit, and consequently Te 


as a limit. But for any value of n, i g nett unchanged. 


Thus pads r <1 the value of the sum of the first n terms ap- 
proaches 


; as n becomes very great. This we express in 


is = 
other words - asserting that when r <1 the sum of the 
infinite series atartar2+--- 
is $= 2 

“  1-r 

EXERCISES 


Find the sum of the following infinite series: 
1..84+4+4+2+- 
Solution. a=8,r=3. 


S_ =~ = = = 16. 
1-r 4 
2841p + Ets 6 F+h4+ayte: 
a 

S718 64-2 4: - >, (ieee ota we 

1 8.7+3.54+1.75 +--.. 
4.i4 144.4... i vi 

9. V5+1+—+-::- 

5. totais + 00e 


10. (W3 +1) +2+2(V3—-1)+--- 


Find n so that the sum of » terms shall differ from s,, by less 
than .001. 


11.12+4+1}+--- 


Solution. a=12, r=#. 
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We must find n so that 7 7 is less than .001. 


ee (2751s 62 


ae 7 9.3n” Qn” Bn-2 


ake trial we see that ——> is less than .001 when n —2 =7, or n=9, 


= 
eee eeeredion| 
12.81+9+1+4+---. 15.21+7+214.--- 
13.1+4+4+4+---. 16.16+2+1+--- 
14.90+9+.9+---. 17.25+5+1+- 


Find the value of the following recurring decimal fractions: 
18. .3388 --- 
Solution. This expression may be written in the form 
to + rt0 + 100 1 
Here a= ,, f= 7a and 


Yo Tb a 
3s = — oo 
eel — a fio 
US, Q2RUTAO 8 0, PG OIL oo Pays AU Laysha lav lls) So 


20. .128128123---. 23. .1111---. 26. 3.78223223223 --- 
21. .656565 ---. 240990 *. 27. 15.2555 +++, 
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CHAPTER XVI 
COMPLEX NUMBERS 


133. The imaginary unit. When we approached the solution 
of quadratic equations (section 65) we saw that the equation 
x? = 2 was not solvable if we were at liberty to use only 
rational numbers, but that we must introduce an entirely 
new kind of number (in this case V2) if we wished to solve 
this equation. The excuse for introducing such numbers 
was not that we needed them as a means for more ac- 
curate measurement — the rational numbers are entirely 
adequate for all mechanical purposes — but that they are a 
mathematical necessity if we propose to solve equations of the 
type given. 

A similar situation demands the introduction of still other 
numbers. If we seek the solution of 


isl, (1) 


we observe that there is no rational number whose square is 
equal to —1. We may write the symbol V—1, but its 
meaning must be somewhat remote from that of V2, for in 
the latter case we have a process by which we can extract 
the square root and get a number whose square is as nearly 
equal to 2 as we may desire. This is not possible in the case 
of V—1. In fact this symbol differs from 1 or any real 
number not merely in degree but in kind. One cannot say 
that V—1 is greater or less than any particular real num- 
ber, any more than one can compare the magnitude of a 


quart and of an inch. 
175 
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The expression V— 1 is symbolized by 7 and is called the 
imaginary unit. The term “imaginary ’”’ is perhaps too firmly 
established in mathematical literature to warrant its dis- 
continuance. It should be kept in mind, however, that it is 
really no more and no less imaginary than the negative num- 
bers or the irrational numbers. So far as we have gone it is 
merely something which is found to satisfy equation (1). 
When, however, we have defined the various operations on 
it and ascribed to it the various characteristic properties of 
numbers, we shall be justified in calling it a number. 

Just as we built up from the unit 1 a system of real num- 
bers, so we build up from V—1=7 a system of imaginary 
numbers. The fact that we cannot measure V— 1 ona scale 
should cause no more confusion than our inability to measure 
\/2 with exactness ona scale. Just as we were able to operate 
with irrational numbers as readily as with integers when we 
had defined what we meant by the four operations on them, 
so will imaginaries become indeed numbers with which we 
can work when we have defined the corresponding operations 
on them. 

134. Addition and subtraction of imaginary numbers. In 
defining the operations with imaginaries we follow as far as 
possible the analogy of the corresponding operations on in- 
tegers and other real numbers. Thus we write 


Or OR: 
t+4= 24, 
t+iti=3i, 
and tt7tit+---ti=n. (I) 
ee gaaee ey 


n terms 


Thus in general we write a V— 1 = ai where a represents 
any real number. Consistently with section 75 we write 


tV—@?=4+Ve(—1 =4+VeV—-1=+4a. ID 
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We speak of a positive or negative imaginary according as 
the radical sign is preceded by a positive or a negative sign. 
We also define addition and subtraction of imaginaries as 


follows : ai + bi = (a+b), (III) 
where a and 0 are any real numbers. 
135. Multiplication and division of imaginaries. We have 


virtually defined the multiplication of imaginaries by real 
numbers in formula (I). Consistently with section 73, we 


a SA a a a ae ae 
Thus 
V—a-V—b=Va- Voi = (—1) Vab=— Vab. (1) 


The law of signs in the multiplication of imaginaries may 
be expressed verbally in the following 


Principle. The product of imaginaries with like signs before 
the radical is a negative real number. The product of imaginaries 
with unlike signs is a positive real number. 

For instance, 

—V—4-V—-9=-2:-3-#=6, 
We also note that V2 SI el (ROR. 
And in general, pintk — 4k where k = 0, 1, 2, 3. 


We define the division of imaginaries as follows: 


hl te Va-i a 

. Voi Nb 
In operating with imaginary numbers, a number of the 
form V— ashould always be written in the form Va 7 before 
the operation is performed. This avoids the temptation to 
make the following error, which would seem justified by 
section 74 unless we had defined the multiplication of 

imaginaries differently in (1) above. 


Va: V—b= V(—a)(— b) = Vab. 
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EXERCISES 

Simplify the following: 

hk WW Se yee 

Solution. W—3- V—27= V3-i- V27-i= V81-i2=9(-1) =—9. 

if 
en ar 
Nea hia Sohne es! 

Solution. ees G2 T Op 

3. 125, 1 Vane 17. ‘ 

4, 112. 12. V3 --V— 243. 

Bae, 18 oe 

135V—10- V5: Va 
iy WEE 
: 14. V—2-V=82. ae 
WN IG: Ce 
1 V— 72 

8.37-57%. 15. =: 

9 _ 76a 20. V— 72. 

5 WY ; i aN, 
16. 

10. V— 8 x2y4. : oP Dh aN ee ae 


136. Complex numbers. The solution of the quadratic equa- 
tion with negative discriminant (section 106) affords us an 
expression which consists of a real number connected with an 
imaginary number by a-++ ora — sign. Such an expression is 
called a complex number. It consists of two parts which are 
of different kinds, the real part and the imaginary part. 
Thus 6+ 47 means 6 1’s + 4 2’s. Obviously, to any pair of 
real numbers (x, y) corresponds the complex number x + “zy, 
and conversely. 

137. Graphical representation of complex numbers. We have 
represented all real numbers on a single straight line. When 
we wished to represent two numbers simultaneously (sec- 
tion 57), we made use of the plane, and assumed a one-to-one 
correspondence between the points on the plane and the 
pairs of numbers (x, y). The general complex number x + iy 
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depends on the values of the independent real numbers x and 
y, and may then be properly represented 
by a point on a plane. We represent real 
numbers on the x-axis, imaginary numbers 
on the y-axis, and the complex number 
x+y by the point (x, y) on the plane. 
Thus the complex numbers — 3+ 27, 
2+ 47,3—27,—3— 47 are represented by 
points on the plane as shown in the figure. 

138. Equality of complex numbers. We define the two com- 
plex numbers a+ 62 and c+ di to be equal when and only 
when a=c and b=d. 

Symbolically, atbi=c+a 
when and only when a=c and b=d. 

The definition seems reasonable, since 1 and 7 are different 
in kind, and we should not expect any real multiple of one to 
cancel any real multiple of the other. 

Similarly, if we took, not abstract expressions as 1 and 7 
for units, but concrete objects such as houses and streets, we 
should say that 

a houses +- b streets = c houses + d streets 
when and only when a = cand b = d. 


Principle. When two numeric expressions involving tmagina- 
ries are equal to each other, we may equate real parts and vm- 
aginary parts separately. 


The graphical interpretation of the definition of equality is that equal 
complex numbers are always represented by the same point on the plane. 


From the definition given we see that a + 6: = 0 when and 
only when a= b=0. 

139. Addition and subtraction. By applying the assumptions 
just made we obtain the following symbolic expression for the 
operations of addition and subtraction of any two complex 
numbers a+ 627 andc+di: 


atbit(et+d)=atc+i(b+d). 
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Rule. To add (subtract) complex numbers, add (subtract) the 
real and imaginary parts separately. 


140. Graphical representation of addition. We now proceed 
to give the graphical interpretation of the operations of addi- 
tion and subtraction. 

Theorem. The sum of two numbers A=a+biand B=c+di 
is represented by the fourth vertex of the parallelogram formed on 
OA and OB as sides. 

Let OASB be a paral- 
lelogram. 

Draw ES 1 OE, 

AH 1 ES, 
BD (=d) 1 OE. 

Then A AHS=A ODB, 
since their sides are par- 
allel, and OB = AS. 

‘ChuseD.B sis =, 


OD Are 
ES=EH+HS=b+d, 
and OE=OF+ FE=a-+e. 


Hence S has coédrdinates (a + c,b +d) and ee the sum 
of A and B, by section 139. 


EXERCISES 


1. Show that the difference A — B of two numbers A = a+ bi 
and B=c + di is represented by the extremity D of the line OD 
drawn from the origin parallel and equal to the diagonal BA of 
the parallelogram formed on OA and OB as sides. 


Represent graphically the following expressions: 
2.1+7. 4,71—8. 6.2431. 
3.3 — 21, 5. -7+ 42. 7% (@—-1)+(8+7). 
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Be — 1) — (4—27), 12. 4(7 — 5 7) + (6 +81). 
Qt) + 2) + @ — 3%). feng oA G1), 
10.119 —8 2) = 10 — 5 2). Tate ha 7. 
i t2 3 1) — 2th a) 15. 6 — 157) — (15 — 164). 


Solve the following for x and y by applying section 138: 
16.8%+2%y=15—1217. 
WW.e+8ywt2i1=i14+727—142. 

18. 3 iz —y=16—9i%. 
19.42+3 iy¥=12+4+ 181. 
20.22-—t1=Tx+2— (2y4+ 4). 
21.11 %7+3 7% —2=20—91. 

141. Multiplication of complex numbers. We multiply com- 

plex numbers as follows: 

Rule. To multiply the complex number a+ bi by c+ di, 
proceed as if they were real binomials, keeping in mind the 
laws for multiplying imaginaries. 

Thus a+ bi 

e+di 
ac + bei + adi + bdi2 = ac — bd + (bc + ad)i. 

142. Conjugate complex numbers. Complex numbers that 
differ only in the sign of their imaginary parts are called con- 
jugate complex numbers, or conjugate imaginaries. 

Theorem. The sum and the product of conjugate complex 
numbers are real numbers. 

Thus a+bita—bi=2a, 

(a + bi)(a — bi) = a2 + B. 

143. Division of complex numbers. The quotient of two 
complex numbers may now be expressed as a single com- 
plex number. 


Rule. To express the quotient oho 


rationalize the denominator, using as a rationalizing factor the 
conjugate of the denominator. 


in the form «+ yt, 
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at+bi_a+bi c—di 
c+di c+di c-—di 
_ ac + bd — i(ad — be) 


Thus 


ce? + d? 
ac+bd .ad—be 
-e4@ tata os 


The four operations of addition, subtraction, multiplica- 
tion, and division of complex numbers have been so defined 
that if the imaginary parts of the complex numbers vanish 
and the numbers become real, the expression defining any 
operation on the complex numbers reduces to one defining 


the same operation on the real part of the numbers. 
Thus in (1) above, if b= d=0, the expression reduces to 2 ses 
Cc 


EXERCISES 
Perform the indicated operations : 
WOE ONE VG WSL 
Solution. 842V—8= 84.27 V3 
5=$ V=2= 5= 332 
15+10iV3—-9i1V246V6 


ON ea GN/2 tN 5 
Solution. ee ee 12 Ne 
V2-iv5 (V2-ivV5)(V24+iV5) 
_1(V2 +i V5) 
245 
=V2+iVv5. 
3. (2+ 1)3. 8. (V2 NS) 
4. (14+2%)4, 9. (V3 +5 V—4)°. 
Hint. Develop by the Binomial 10. (¢x — y)°. 
Theorem. 11. (Vx — i)(Wx +7). 
5. (a + ib)3. 12. (V3 +4 V5)(V5 +7 V3). 
6. (8 — 7 i). 13. (Wz + iVy)(W2—ivy). 


7. (a — bi)8 14. (2V8—5iV3)(V24 2iv3). 
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15. =. si a7, V6 —iv2 VN, 
i 5 
16. ——- Phy ae ke 2+4+iv2 
1+2 7—5ivV3 wn. (22598) . 
1+7 8 
Ve = Ohh ee 2 Sac Eases c+td,c—di 
L—2 F . aE ee are ae 
: V8 —ive2 ce haath 
18, ———___—.- m—iv—3 2 
— 5 24,——-*=2. 39, —_*+ —. 
v8+V—-2 m+iv—8 9+iV—2 
(a + 2)? 2 
19. Gp 25. E a ) . 31. teh) ee 
Ee: 1+2V—3 
a0, (=EM2). 26 6, Voztv=4 eo ee 
1—iv3 SNe “(a+1)? (a—1)? 


So bee ee Sa tee oe 
Wagan ge V1 2 Ieee 


34. Find three roots of the equation x? — 8=0, and represent 
the roots as points on the plane. 


35. Find four roots of the equation x4 —16=0, and represent 
the roots as points on the plane. 


36. Find six roots of the equation x* — 64 = 0, and represent the 
roots as points on the plane. Show graphically that the sum of the 
six roots is zero. 

37. Find three roots of the equation x? — 27 = 0, and represent 
the roots as points on the plane. Show graphically that the sum 
of the three roots is zero. 


CHAPTER XVII 
THEORY OF EQUATIONS 


144. Equation of the nth degree. Any rational integral equa- 
tion in one variable in which the coefficients are rational 
numbers can be put in the form 


F(x) = aga” + ayx"-1 +--+ an =0, (1) 
where ao is positive and ao, - - -, Gn are all integers. 


The symbol f(x) is read ‘tf of x” and is merely an abbreviation for 
the right-hand member of the equation. Often we wish to replace x in 
the equation by some constant, as b, — 2, or 0. We may symbolize the 
result of this substitution by f(b), f(— 2), or f(0). 


Thus f(b) = aod” + a,b" + +++ + ay. 

We may symbolize other expressions similarly by F(x), Q(x), ete. 

When we speak of an equation in one variable, we assume 
that it is in the form of (1). This equation is also written in 


the form ant bem-1 +... +6, =—0, (2) 
where b= 4, bo = @,---, and & =o. 
Qo do (679) 
The b’s are integers when a, ---, d» are multiples of ao. 


In elementary algebra no general method for finding the 
roots of an equation of higher degree than the second has 
been given. By the method of factoring, a few equations of 
higher degree have been solved. For example, the roots of 
the equations t—1=0 and x? —1=0 may be found in 
this way. The present chapter is mainly devoted to the prob- 
lem of finding a method for obtaining the roots of any equa- 
tion of any degree, either exactly or to any desired accuracy, 
and to the discovery of a few of the less complex and more 


useful properties of equations. 
184 
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145. Remainder theorem. We now prove the following im- 
portant fact : 


Theorem. When f(x) is divided by x —c, the remainder ts 
f(x) with c substituted in place of the variable x. 


We may first illustrate this theorem by a numeric example. 
Let f(x) = xz? —3 2?+2+1, and let c=2. We will then 
show that when this expression of the third degree is divided 
by x — 2, the remainder of the division is 
f(2) = 28 —3(2)?+.2+1=-—1. 
Now 2—2\23—3 27+ 241[2?—2-1 
x3 — 2 x? 
— v4+er 
— +24 
—x+1 
—x+2 
—1 
Evidently the remainder is — 1. 

To preve the theorem in general terms we divide the equa- 
tion (1) by x—c. Let R be the remainder, which must 
(section 20) be of lower degree in x than the divisor; that 
is, in this case, since «—c, the divisor, is of degree one, 
R must be a constant and not involve z at all. Let the quo- 
tient, which is of degree n — 1 in x, be represented by Q(a). 


Then f(x) =Q(x)(x—c) + R. (1) 

Since this equation is an zdentity, it is always satisfied what- 
ever numeric value x may have (section 52). 

Let x=c. Then 

f(c) = aoe" + aye” 14+ --+>+an=Q(c)(c—c) +R. 

But, since c—c=0, Q(c)(ec—c) =0, 
and CG) = ae 

Corollary. If c is a root of f(x) = 0, then x —c 1s a factor of 
the left-hand member. 
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For, if ¢ is a root of the equation, it reduces the left-hand 
member to zero when substituted for x. That is, f(c) = 0. 
Thus by the previous theorem we have 

f(c) = aoe" + aye"-1+---+on=R=0. 

Hencefrom (1), f(x) =Q(#)(@—¢). 

146. Synthetic division. In order to graph by the method of 
section 57 the equation 

Yok Oe ts 
when the a’s are replaced by integers, we should be obliged to 
substitute laboriously for x successive integers and to find the 
corresponding values of y. For large values of n this would 
involve considerable computation. We can make use of the 
preceding theorem to lighten this labor. The object is to find, 
with the least possible computation, the values of y which 
correspond to the values of x which we wish to include in the 
graph. By the preceding theorem the value of f(x), when x is 
replaced by c, is the remainder obtained when the poly- 
nomial f(x) is divided by x —c. We are therefore seeking a 
convenient method of computing these remainders for various 
values of c. As an illustration, let 
f(x) =2e*-—323+2?-—2x—-9, andc=2. 
By long division, we have 
g—2|\204—3234 227— 2e— 9/293 ge eee 4 5 


22*—473 
1xz?+ 4? 
1 x? — 2 x? 
3 
38x227—62x 
5x— 9 
5a— 10 
+ 1 


Therefore the remainder, + 1, = f(2). 
We can abbreviate this process by observing the foliowing 
facts. Since x is here only the carrier of the coefficient, we 
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may omit writing it. Also we need not rewrite the first num- 
ber of the partial product, as it is only a repetition of the 
number directly above it in heavy type. Our process now 
assumes the form 


Teo err tg ae se 5 
=4 
+1 


— 10 
+ 1 
Since the minus sign of the 2 changes every sign in the 
partial product, if we replace — 2 by +2 we may add the 
partial product to the number in the dividend instead of sub- 
tracting. This is also desirable since the number which we 
are substituting for x is 2, not — 2. Thus, bringing all our 
figures on one line and placing the number substituted for 
x at the right hand, we have 


ees aan Bes Ty 
+44246+410 
2 een 


We observe that the figures in the lower line, 2, 1, 3, 5, up 
to the remainder are the coefficients of the quotient 


2e2°+27+32+45. 


Rule for synthetic division. Write the coefficients of the poly- 
nomial in order, supplying 0 when a coefficient vs lacking. 

Multiply the number to be substituted for x by the first coeffi- 
cient, and add (algebraically) the product to the next coefficient. 

Multiply this sum by the number to be substituted for x, add 
to the next coefficient, and proceed until all the coefficients are 
used. The last sum obtained is the remainder and also the value 
of the polynomial when the number is substituted for the variable. 
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EXERCISES 

Perform by synthetic division the following divisions: 
1.723—2627+17x-—6by 2-8. 
523—3822?-—x-—l1lbyr-l. 
.15 23 — 638 22+17x2-—20 by x—4. 
.203+3827?-—52+12 byxr+3. 
.2+e2-—1 by x—1. 

6.3 2t —8 23 — 50 a2? — 57 x—18 by x? -—52-6. 

Hint. «2? —52—6=(“%—6)(x +1). Hence divide first by (x — 6), 
and then divide the quotient by (x + 1). 

7.2°®—1 by 77+22+4+1. 

8.74 —222-—22—-—4 by x? -—x-2. 

9.05 —224—5234+1027+3827-—6 by x—2. 

10. 724 —17 73 —1727+19x—12 by x—3. 

11.2 24+ 138 234+ 31 7? + 882+ 24 by x? +527+4+ 6. 

12. 2 «4 — 2547+ 252-12 by x? + 2-12. 


147. Graphing of equations. We can now form the table of 
values necessary to graph an equation of the type 


aor” + ax”! 4+---+an,=yY. 


oP WO Dd 


EXAMPLE 
Plot 7? -—327?+2-4=y. 
Solution. 


a 
1-—3+1— 4/4 1-38+1-4[1 mH FEE 
+4444 20 rae ei a | tt 
1+14+5+4+16 1-2-1-5 A Rarimed 
1-3+4+1-4|8 1—3+1-4|-1 ear ele tape 
popes cette EEE 
1-2 0 eet 1—4+5-9 A 
1-3+1-4|2 1—-3+ 1— 4/-2 oon coon 
SO —2+10 —22 EGNSRERL 
1—1-1-6 1—5+11—26 aeuaoe 
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The x-value of the point on a curve where it crosses the x-axis is a 
value of x for which y is zero. Hence such values of x are the roots of 
the equation y = f(x) = 0. 

By an inspection of the graph, it appears that the curve intersects the 
x-axis in but one place. In this case the intersection corresponds to the 
one real root of the equation where y = 0; its value is about 3.1. As we 
shall see later, the constants of this equation can be changed so as to cause 
the graph to intersect the x-axis in three points, thus causing three roots 
of the equation to become real. 


148. Extent of the table of values. Since the object of plot- 
ting a curve is to obtain information regarding the roots of 
its equation, those parts of the curve beyond all crossings of 
the x-axis are of no interest for the present purpose. Hence 
it is desirable to know when a table of values has been formed 
extensive enough to afford a plot which includes all the real 
roots. If for all values of x greater than a certain number 
the curve lies wholly above the axis, there are no real roots 
greater than that value of x. 

By inspection of the preceding example it appears that if 
for a given value of x the signs of the partial remainders are 
all positive, thus affording a positive value of y, any greater 
value of x will afford only positive partial remainders and 
hence only positive values of y. 

Thus, when all the partial remainders are positive, no greater 
positive value of x need be substituted. 

Similarly, when the partial remainders alternate in sign, be- 
ginning with the coefficient of the highest power of x, no value 
of x, greater negatively, need be substituted. 

In plotting, if the table of values consists of values that 
are large or are so distributed that the plot would not be well 
proportioned if one space on the paper were taken for each 
unit, a scale should be chosen which will give a graph of good 
proportions, that is, so that all the portions of the curve be- 
tween the extreme roots will appear on the paper, and the 
curvatures shall not be too abrupt to form a graceful curve. 
This was done, for example, in the figure of section 147. 
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EXERCISES 


Plot and measure, to two significant figures, the values of the 
real roots of the following equations : 


lw+3e—-4=y. 10.2224+322?-—a“2+2=y. 

9.702 4+9227—5=y. I11.2*#—2277+%¢—2—y- 
$8.2+3824+14=y. 12.224-—822+27-—227%4+3=y. 
4,.222—-17e2—3=y. 18.1222?—152?+107+3=y. 

5.22? +22—12=y. 14.¢44+223-—277+3827-6=y. 

6. 722 —1074—3=y. 15.2e¢+23-—38277?+2-—12=y, 
7.08+13827+14=y. 16.-—a*+e¢3°-—274+3=y. 

8.23 —x1+6=y. 17. 138 «* + 212? —627—T2—-—10=% 
9.2¢+e2+2—5l=y. 18.6244+7734+82?-—10=y. 


149. Roots of an equation. In the case of the linear and 
quadratic equations we have been able to find an explicit 
value of the roots in terms of the coefficients. Such processes 
are practically impossible in the case of most equations of 
higher degree. In fact, the proof that any equation possesses 
a root lies beyond the scope of this book, and we must there- 
fore make the following 


Assumption. Every equation possesses at least one root. 


This is equivalent to the assumption that there is a num- 
ber, rational, irrational, or complex, which satisfies any given 
equation. 

150. Number of roots. We determine the exact number of 
roots of an equation by the following 


Theorem. Every equation of degree n has n roots. 

Given the equation f(x) = aox" + ayx"-14+---+a,=0, 
where the coefficients are real numbers. 

Let r; (see assumption) be a root of this equation. Then 
(section 145) x — 7; is a factor of the left-hand member, and 
the quotient of f(~) by x — 7; is a polynomial of degree n — 1. 
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Suppose that aox” + ayx”-1+---+an 
= do(% — 71) (a@"—~1 + bya"-2 +--+ B,-1). 


By our assumption the quotient, 
gr—1 +t bye"-2 + ---+b,-1=0, 


has at least one root, say 72, which corresponds to the factor 
x—r2. Thus 


F(z) = dole — 11) (@e — 72) ("2 + Cie" 3 + =~ + + tno). 


Proceeding in this way, we find successive roots and cor- 
responding linear factors as follows: 


f(x) = ao(% — 71) (@— 2) (%— 13) +--+ (@— Tn) =0, 
where the roots are 71, 2, 13, - ++, Tn 


REMARK. This theorem gives no information regarding how many 
of the roots may be real or imaginary. This depends on the particular 
values of the coefficients. 

Corollary. Any polynomial in x, of degree n, may be expressed 
as ao times the product of n linear factors of the form x —r, 
where r is a real or a complex number. 


It should be noted that the roots are not necessarily dis- 
tinct. Several of the roots and hence several of the factors 
may be identical. 

If f(x) is divisible by (4 — 7)?, that is, if 71 = re, we say 
that r; is a double root of the equation. Similarly, if f(x) is 
divisible by (x — ri)”, 71 is said to be a multiple root of the 
order p. When we say an equation has n roots we include 
each multiple root counted a number of times equal to its 
order. 


Theorem. An equation of degree n has no more than n dis- 
tinct roots. 


Let f(x) = aov" + ayx"-1+4+---+4n=0 have the roots 
11, T2, 73, °° °*, tn. Write the equation in the form 


ao(% — 11) +--+ (*%— In) = 0. 
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If ¢ is a root distinct from 71, ---, Tn, it must satisfy the 


equation and ao(é — 71) --+ (t—Tr) =0. 


Since this numeric expression vanishes, one of its factors 
must vanish (section 99). But ¢#7, hence t—71 +0. 
Similarly, no one of the binomial factors vanishes. Thus 
(section 99) do = 0, which contradicts the hypothesis that the 
equation is of degree n. 

This theorem may also be stated as follows: 

Corollary I. If an equation aoz" + aya"-1+---+a,=0 of 
degree n is satisfied by more than n values of x, all tts coeffi- 
cients vanish. 


The proof of the theorem shows that if the equation has 
n+ 1 roots, d = 0. We should then have remaining an equa- 
tion of degree n — 1, also satisfied by n + 1 values of x. Thus 
the coefficient of its highest power in x vanishes. Similarly, 
each of the coefficients vanishes. 


Corollary II. If two polynomials in one variable are equal to 
each other for every value of the variable, the coefficrents of like 
powers of the variable are equal. 

Let ax” + aya?! + - +--+ an = box"? + Dya*™-“1 4+ ---+ dy, 
for every value of x. 

Transposing, (do—bo)a"+---+an—bra=0. 

By Corollary I, a7 — bo) =0, or ao= bo, 

a, — b, = 0, or Cpe 


On—bna=0, or Gn= bn. 


151. Graphical interpretation. The graphical interpretation 
of the theorems of the preceding section is expressed in the 
statement that the graph of an equation of degree n cannot 
cross the x-axis more than n times. Since each crossing of 
the x-axis corresponds to a real root, there will be less than 
n crossings if the equation has imaginary roots. 
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152. Imaginary roots. We now show that imaginary roots 
occur in conjugate pairs. This we prove in the following 

Theorem. If a+ 7b is a root of an equation with real coeffi- 
cients, a — 2b 2s also a root of the equation. 

If a+7b is a root of the equation aox” + az"! +... 
+an=0, then x— (a+ 7b) is a factor (section 145). We 
wish to prove that x — (a—7b) is also a factor, or, what 
amounts to the same thing, that their product 


[x — (a+ 0b) ][a — (a — 1b) ] =[(@ — a) — 2b] [(@ — a) +26] 


=(@-a)? +b? 
is a factor of f(x). Dividing f(x) by (« — a)? + 62, we get 
f(x) = Q(z) [(@ — a)? + B7] + ka +k’, (1) 


where k and k’ are real numbers. This remainder, kx + k’, can 
be of no higher degree in x than the first, since the divisor, 
(x — a)? + b?, is only of the second degree (section 20). Now 
this equation (1), being an identity, is true whatever value is 
substituted for x, as, for instance, the root of f(x), a+ 7b. 
Substituting this value for x, we get 


f(a+1b) =0 =Q(a-+ 2b) [(a + 1b — a)? + B?] + k(a + 0b) + #, 
or (section 53 and section 5) 
0=0+ka+k’ + tkb, 


or (section 138) ka+k’=0 (2) 
and KO), (3) 
Since 6 + 0, ete 
Also from (2), biee=-(): 
Hence kee ke 0, 


Consequently there is no remainder to the division of f(x) 
by (x — a)2+ b?, and hence if a + 2 is a root of f(x), a — ab 
is also a root. 

Corollary. Every equation of odd degree with real coefficients 
has at least one real root. 
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The roots cannot all be imaginary, else the degree of the 
equation would be even, by the preceding theorem. 

153. Graphical interpretation of imaginary roots. When we 
plot the equations 


y=u?+4ne?—5 (1) y=ur?+4n?2-—2 (2) 


EREESUBERZSnRno 
Bere a Reene 


pen 
BSUa 


y=xe+4 x2 (8) y=or?+t4y4?4+2 (4) 
cry 
20 
10 
41-31 -21-1_0 Xe 
-10] 


we see that corresponding to the increase of the constant 
term is a proportional elevation of the curve with respect to 
the x-axis. In fact, in each case the curve is the same, but 
the value of y is increased. In (1) and (2) we have three real 
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roots, in (8) two of the roots coincide, and in (4) we have 
only one real root. As the elbow of the curve is raised and 
fails to intersect the x-axis a pair of roots cease to be real, 
and since a cubic equation always has three roots, a pair of 
roots become imaginary. Thus we have the 


Principle. Corresponding to every elbow of the curve that does 
not intersect the x-axis there is a pair of imaginary roots of 
the equation. 


The converse is not always true. It is not always possible 
to find as many elbows of the curve which do not meet the 
x-axis as there are pairs of imaginary roots. 


EXERCISES 


Construct the graphs of the following equations and determine 
from the graph how many roots are real: 


1 ee SS Sp 6.2 +322 —-—T=y. 
2.22°4+1=y. (lente? = 8) ae? > (an 3 7} 4p 
Sx —3 =. 8.224+3774+7x-2=y. 
4.e7-—2+3=y. 9.22°+5277?—32+1=y. 
5.2 2? +1 = y. 10.8334 382 —7=y4. 


154. Relation between roots and coefficients. If we write the 

expression (Corollary, p. 191) 
or + bye? 1 +--+ tb = (4 —11)(@ — 12) ++ + @— In) 
and multiply the factors, we obtain, by equating coefficients 
of like powers of «, relations between the roots and the coeffi- 
cients. Take, for example, n = 3. 
3 + bx? + box + b3 = (x — 11) (4 — 12) (4% — 73) 
= 23 — (ry + ro + 13) x? + (rire + rears + 1173)e — rivers = 0. 
Hence by = — (11 + 72 +73), 
be = rire + rer3 + 1113, 

and b3 = — T1fers. 
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This suggests the following 

Theorem. The coefficient of «"~1 is equal to the sum of the 
roots with their signs changed. 

The constant term is equal to the product of the roots with their 
signs changed. 

In general the coefficient of x"—* is equal to the sum of all 
possible products of the roots taken k at a time, their signs having 


been changed. 


REMARK. It is to be noted that in the rule the signs of the roots are 
always changed before any term is formed. This does not involve any 
change when k is an even number, but is included in the rule for the sake 
of uniformity. 


Corollary. Every root of an equation is a factor of rts constant 
term. 


155. Solution by trial. Since by the previous corollary every 
root of an equation is a factor of its constant term, we may 
in many cases test by synthetic division whether or not a 
given equation has integral roots. We are often able by this 
means to find all the roots of the equation. 

Thus the integral roots of the equation 

w¢+523+8e2+4"—-—15=0 5) 
must be factors of 15. 
We try — 3 by synthetic division: 


1+5+8+1-—15|/—3 
=3—6—6-+ 16 


14+2+2-5 
Thus — 3 isa root of the equation (1), and the quotient of the equation 
by x + 3 is v3 4+2024+22—-5=0. (2) 


If this equation has any integral root, it must be a factor of 5. We try 
+ 5 by synthetic division: 
D2 2 95)5 
+5+35 +4185 
1+7+37+180 


Thus 5 is not a root. We try + 1: 
Tee ci 
+14+345 
143465 
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Thus +1 is a root, and the remaining roots of (1) are the roots of 
w+32+5=0, 


that is, —384V=-11, 

Hence the roots of (1) are — 3, + 1, and Se 

EXERCISES 

Solve by trial: 

1.2? —9x—10=0. 11. x3? —3 27 —-—8x-—-10=0. 
2.2°4+327—-—4=0. 12. 74+ 7273 +9 22-16 x2—28=0. 
3.23-—147+8=0. 13. 2¢-—3273-—1927?+327+18=0. 
4.23 -—17x+26=0. 14. x*—18 724+ 2127+ 852+ 50=0. 
5. x? — 317+ 30=0. 15. 24+ 728 — 7x?-— 554—42=0. 
6.27 — 27 = 0. 16. 7* —827+927—2=0. 

7.23 —2?-10x%-—8=0. 17.24*-223-—72?+82x44+12=0. 
8.273 +5274+107+8=0. 18. 2*-—17x?+ 3627 —20=0. 
33 —21 2+ 20—0. 19. ct — x3 —15 4?+ 40 x%—28=0. 
10. 737+102?+17x—28=0. 20. c*-—423—-—9x?+162+20=0. 


156. Formation of equations. If we know all the roots of an 
equation, we may form the equation in either one of two 
ways (see sections 104 and 154). 


First method. If 11, r2,---+, Tn are the given roots, multiply 
together the factors (x —11) +--+: ("#—Tn). 

Second method. From the given roots form the coefficients by 
the theorem of section 154. 


If the equation and all but one of its roots are known, 
that root can be found by the solution of a linear equation 
obtained from the coefficient of the second or the last term. 
If all but two of its roots are known, the unknown roots may 
be found by the solution of a pair of simultaneous equations 
formed from the same coefficients. 

In the solution of the following exercises use is made of the 
theorem of section 154 and the various relations between the 
roots and the coefficients. 
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EXERCISES 


Form equations having the following roots, by both methods 
of section 156: 
152; — yd: 
Solution. 
First method. (x —2)(@ +1)(@ —8) =x? —4%”?+2%+4+6=0. 
Second method. Let the equation be 
x3 + bx? + box + 63 = 0. 


Then, by section 154, 6b; = — (2-143) =—4, 
b=—-2+6-3=1,- 

and bs = (— 2) 1 (— 38) = 6. 

The equation thenis x2?—4x”?+2+6=0. 

Op eee Hh Terie oe On. 1252 tae 

3. 8, 8,8, 3. 8.8, + V2, 3. 1$ 23, ON oe 
47, 6,1, 0. OLE V224 V35 9142 ee eae 
5.53) 0,510. NG, Sh SB Iie Vor 
62250 10 109u me linea eels i6sl, 2 a 
17. 3, 2,14, —1. plea S eNO 
18. + V2, ti v2. : 2 
Ms Si, 8 ew. yah a Se NSE 
My duce 28.1,—2, 2328 


In Exercises 24 to 29 results should be obtained without fac- 


toring the equations. 


24. The equation #4 — 5x23 —19 224+ 29x+42=0 has two 
roots, — 3 and + 2. Find the remaining roots. 


Solution. Let the unknown roots be a and b. 
Then, by section 154, -a—b+38—2=—5, 
and — 6ab = 42. 


Solving for a and 6, we obtain 


CS Tf Oe = ik, 
and b=—1or7. 
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25. The equation x? — 19 x — 30 = 0 has the roots 5 and — 8. 
Find the remaining roots. 


26. The equation x? — 7x —6=0 has the root 3. What are the 
remaining roots? 


27. One of the roots of the equation #3 + 722+ 7x—15=0is 
the number 1. Find the remaining roots. 


28. The numbers 1 and 2 are roots of xt —5 a3 +572?+52—-—6 
= (0. What are the other roots? 


29. The equation x? — 12 22+ 442—48=0 has its roots in 
arithmetic progression. What are the roots? 


30. The equations x? —-3x%—2=0and24+3 223-222-122 
— 8 =0 have some of their roots in common. Plot both equations 
on the same axes and determine their common roots. 


31. Find the middle term of the equation whose roots are 1, — 2, 
5, and — 4 without determining any other term. 


82. What is the last term of the equation whose roots are 3, 
+2,andi1+V-2? 


88. One root of c*—422?+3277+2x—-6=0is1+72. Find 
the remaining roots. 


34. The equation #* —47°+227?+20x2+18=0 has as one 
root, 3 — 27. What are the other roots? 
Plot the following equations, determine all integral roots, and 


find the remaining roots by solving: 


85.24—82?—-—42+3=0. 


Solution. 


Since two of the roots of this equation are seen from the graph to be 
+3 and —1, the corresponding factors of the left side of the original 
equation are (x — 3) and (x +1). The other two roots of this equation 
are found by solving the equation formed by dividing the left-hand mem- 
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ber of the original equation successively by the factors (x — 3) and (x + Dye 
This equation is found as follows: 
1+0-—8-—4+3|3 
+34+94+3-3 
1+3+4+1-1 0O|-1l 
—1-241 
“142-1 0 

Thus the quotient is 

w+2e—-1=0. 

The roots of this equation are 
=— [+ V2 and 1— V2. These re- 
maining roots might also be found by 
the method illustrated in Exercise 24. 


86. 72 — 7? -—9274+9=0. 40. 2° + 272 —2227+8=0. 
87.22 —27—-—4=0. 41.2723 +322-—2=0. 
88.72 +422-—9=0. 42.74 +5273+627?+2—-1=0. 


39. x? — v2? -1727+ 20=0. 43. 7¢ -2e3—2277+38274+2=0. 

44.74 +23 -—1022?-—72+15=0. 

45. How many complex roots can an equation of the seventh 
degree have? 

46. The equation x? + ax? — bx +c=0 has two equal roots. 
What is the third root? What are the two equal roots? 

47. The equation «x? + «2 + x + ¢ = 0 has one root which is the 
reciprocal of another. What are the roots? 


48. The equation x3 + 2 x? — bx +c=0 has two roots whose 
sum is zero. Find 6 and c. 


49. The equation x3 +3 22—2x+c=0 has two equal roots. 
Find the value of c. 


157. To multiply the roots by a constant. It has been stated 
frequently that the equation 


F(@) = don” + mx"-14---+a,=0 (1) 
is not solvable by elementary methods when n is greater 
than 2. It often happens, however, that by changing its form 
we may obtain an equation whose roots we ean find. We 


shall see that if an equation has rational roots we may find 
them if we change the equation as follows. 
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We seek to form from (1) an equation whose roots are equal 
to the roots of (1) multiplied by a constant factor k. Thus the 
equation we seek must have the roots kr, kre, kr3, ++ +, kin. 
We carry out the proof, which is perfectly general, on the 
equation of the third order, 


f(x) = aor? + ayx? + agx + a3 = 0, 
whose roots are 71, 72, and r3. The equation that we seek must 
have roots kri, kr2, and kr3. Since now (section 52) f(x) = 0 
is satisfied by r, where r stands for any of the roots, that is, 
since f(r) =0, evidently f (2) = 0 is satisfied by kr, that is, 


er at 
i(=) Soest 
Hence we obtain an equation that is satisfied by kr, kro, 


and kr3 if in f(x) we let x = a 


The required equation is then 
3 2 
f(2)=SE 4 ME 4 Bt we =0, 
or, multiplying by k?, 
Aoz? aa kayz? + haz oe k3ag eA}: 

This affords the following general 

Rule. To multiply the roots of an equation by a constant k, 
multiply the successive coefficients, beginning with the coefficient 
of x"—1, by k, k?, -- -, k”, respectively. 

In performing this operation, the lacking powers of x should 
be supplied with zero coefficients. 


EXAMPLE 
Multiply the roots of 4 7? -132+6=0 by 3. 
Solution. Multiply the coefficients in accordance with the rule above: 
4”3+0-322?—13:94%+6-:27=0. 
Simplifying, 423 —117%+162=0. 
When an equation, in the form (2), section 144, has frac- 
tional coefficients, an equation may be formed whose roots 
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are a properly chosen multiple of the roots of the original 
equation and whose coefficients are integers. 

Corollary I. When k is a fraction, this method serves to divide 
the roots of an equation by a given number. 

Corollary II. When k =—1, this method serves to form an 
equation whose roots are equal to the roots of the original equa- 
tion but opposite in sign. This is equivalent to the statement that 
f(—2z) =0 has roots equal but opposite in sign to those of 
F(x) = 0. 

EXERCISES 


1. Form the equation whose roots are three times the roots of 
vt—h5xe?+e—5=0. 

Solution. Supplying the missing term in the equation, we have 

v¢—§e2 +002? +27—-—5=0. 
Since k = 3, we have, by the rule, 
v*—3-52723+9-027?4+27x4—81-5=0, 

or v*— 15423 +27%" —405=0. 

2. Form the equation whose roots are twice the roots of 
e+a2—3824+2=0. 

3. Find an equation whose roots are one half the roots of 
wé+3e°-—5a7+2x-6=0. 

4, Find an equation whose roots are three quarters as great as 
the roots of 47+ 722+3=0. ; 

By what may the roots of the following equations be multiplied 
so that in the resulting equation the coefficient of the highest 
power of x is unity and the remaining coefficients are integers? 
Form the equations. 

5.242 — 7 42-5 = 0. 


Solution. An inspection of the given equation shows us that if we can 
produce an equation all of whose coefficients are divisible by 2, we have 
satisfied the conditions of the problem. 


Let k =2. Then, by the rule, 
22°>—2-Ta?+4-02+8-5=0 
is the required equation. 
Simplifying, v3 — 742+ 20=0. 
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6.28 +h2?-Le+1=0. 9.%¢+403-—A2+1=0. 


7.23 — 1 = 0. 10.3 x? —52?-224+10=0. 
11.574+32?+2-—3=0. 

SUR es a ee 
aS a aa ee ao ieee Peary 


13. 15 a*-—323+32?+32—-9=0. 
Form equations whose roots are the negatives of the roots of 
the following equations: 
14.73-—327+2=0. 
Solution. Supplying the missing term, 
v+0%7?-—38244+2=0. 
Changing signs by Corollary II, 
x?—O0x?-—32-—2=0, 
or w—3x2—-2=0. 
1b. 2? —3 27+42—-—1=0. 
16. 7*+3274+2=0. 
17. c¢4+-322 —2?+2-—-1=0. 
18. 227+ 722?—527+2=0. 
19. 27*4+-327°+907+277—-—1=0. 


20. What effect does changing the sign of every term of the 
equation which involves an odd power of x have on the graph of 
the equation? 


21. What is the graphical meaning of the transformation which 
changes the signs of the roots of an equation ; that is, what relation 
does the graph of the equation before transformation bear to the 
graph of the equation after transformation, (a) when the degree 
is an even number? (b) when the degree is an odd number? 


22. If 2 +4 23 —322-—10x2+8=0 has as two of its roots, 
— 2 and 1, find all the roots of c* —4 23 —3274+107+8=0. 

93. If one root of #3? + 3 x2 —162+ 12 =0 is 2, find the roots 
of <2 —3 22-—167—12=0. 


24, If two roots of xt + 2 73 —17 x? —18 x+72=0 are 2 and 
8, find the roots of x — 2 73 —17 224+ 1824+ 72=0. 
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158. Descartes’s rule of signs. A pair of successive like signs 
in the terms of an equation is called a continuation of sign. 
A pair of successive unlike signs is called a change of sign. 

In the equation 2 x! — 3 x? + 2 4? + 24 — 3=0 there are one continu- 
ation of sign and three changes of sign. This may be seen more clearly 
by writing merely the signs, + —++-. 

Let us now inquire what effect, if any, is noted on the num- 
ber of changes of sign if an equation is multiplied by a factor 
of the form x — c, when c is positive, that is, when the num- 
ber of positive roots of the equation is increased by one. Let 
us multiply the equation 2 #*-—34°+227+2xz7—3=0 by 
x — 2. We have then 

2e¢—38229+277?+227 —8 (1) 
x —2 
20° —8at4+2224+227-—32 
—47'+6272-—47?—427+6 
22—Ta*+ 8x2? —227?—-—Tx+6 


In this last expression the succession of signs is-+—+——-+, 
in which there are four changes of sign, that is, one more 
change of sign than in (1). If an increase in the number of 
positive roots always brings about at least an equal increase 
in the number of changes of sign, there must be as many 
changes of sign in an equation as there are positive roots, 
and perhaps more. This is the fact, as we now prove. 


Descartes’s rule of signs. An equation f(x) = 0 has no more 
positive real roots than f(x) has changes of sign. 


Illustration. In the equation of degree one, x —2=0, there is one 
change of sign and one positive root. In the case of a linear equation 
there is no possibility of more than one change of sign, since the only 
changes of sign are + — and — +. 

In the quadratic equation x?+22x+1=0 there is no change of 
sign, and also no positive root, since for positive values of x the expres- 
sion 7? + 22+ 1 is always positive and hence never zero. In the equa- 
tion x? + 2“ —3=0 we have one change of sign and one positive root, 
+1. Ina quadratic equation the only possible successions of sign dis- 
tinct from each other are +++, +-+-—,+-—-—, and + —-+. Since the 
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constant term is the product of the roots, the pach term can be nega- 


roots are réal. Hence we have the following Sane Succession. fresh 

has no positive root; successions + + — and + — — have no more than 

one positive root; succession + — + may have two positive roots. Com- 

plex roots may occur with either of the successions + + + or + — +. 
We now prove this rule in general. 


Proof of Descartes’s rule. We have just seen that the rule 
holds for equations of degrees one and two. 

Assume that the rule holds for an equation of degree m, 
and prove that its validity for an equation of degree m+ 1 
follows. We shall show that if we multiply an equation of 
degree m by x —c, where ¢ is positive, thus forming an equa- 
tion of degree m+ 1, the number of changes of sign in the 
new equation always exceeds the number of changes of sign 
in the original equation by at least one. That is, the number 
of changes of sign increases at least as rapidly as the increase 
in the number of positive roots when such multiplication is 
made. 

Let f(z) = 0 represent any particular equation of the nth 
degree. The first sign of f(x) is always +. The remaining 
signs occur in successive groups of + or of — signs, which may 
contain as few as one sign in each group. If any term is lack- 
ing, its sign is taken to be the same as an adjacent sign. Thus 
the most general way in which the signs of f(~) may occur is 
represented in the following table, in which the dots represent 
an indefinite number of signs. The multiplication of f(x) by 
x — cis represented schematically, only the signs being given. 


+ Group | — Group | + Group | — GROUP eh — GROUP 
6 + — 
Gots) fpee-t]—— eee | Heer | Hee fpeeet]——-e-— 
—c-f(x) —---— | —f-e- +] +—---— — ferret] f—eree— — feet 
(co—e)f(@)| Fae b| —bek| tek | meet Fae] oe et 


206 ADVANCED ALGEBRA 


The + sign indicates that either the + or the — sign may 
occur, according to the value of the coefficients and of c. 
The vertical lines denote where changes of sign occur in f(z). 
Assuming that all the ambiguous signs are taken so as to 
afford the least possible number of changes of sign, even then 
in (x — c)f(x) there is a change of sign at each or between 
each pair of the vertical lines, and in addition, one to the 
right of all the vertical lines. Thus we have increased the 
number of positive roots by one, and we have simultane- 
ously increased the number of changes of sign by not less 
than one. In fact we may increase the number of changes 
of sign by more than one in any case where the original equa- 
tion had more changes of sign than it had positive roots. 

The only possible variation that could occur in the succes- 
sion of groups of signs in f(x), namely, when the last group is | 
a group of + signs, does not alter the validity of the theorem. 

We may illustrate the foregoing proof by the following 


EXAMPLE 


Let f(z) =7°+ 321-723 —6272+2 4 —1, and let c=3. 
Multiply #®°+324— 7x3— 6224+ 2x — 1(8 changes) 
by Co 
w84+38e5-— Tet— 6234+ 222-— 
—3e°— 9444 21234+18272?—62743 
x +005 —- 16274 +15 x3 + 20 x2? —7x+3 (4 changes) 


159. Negative roots. Since f(— x) has roots opposite in sign 
to those of f(x) (section 157), we can state 


Descartes’s rule of signs for negative roots. The expression 
f(x) has no more negative real roots than there are changes of 
sign in f(— 2). 


If by Descartes’s rule it appears that there cannot be more 
than a positive roots and b negative roots, and if a+b <n, 
the degree of the equation, then there must be imaginary 
roots, at least nm — (a + b) in number. 
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EXERCISES 


Find the maximum number of positive and negative roots, and 
any possible information about imaginary roots in the following 
equations: 

12° —3 + 2=0- 

Solution. Supplying missing terms, 

we+0e?-—382%+2=0. 

Writing signs only, + + — +, we see that there cannot be more than 
two positive roots. 

Writing the signs of f(— x), — + + +, wesee that there can be no more 


than one negative root. Since there are only three roots to this equation, 
there may be no complex roots whatever. 


Qa — k=, 6.07+80°+223-1=0. 
Sate 2 i— 0: 7.02 —52?+247+3=0. 
4.24 +23-—827-—2=0. 8.25 — 23+ 277-—x7-1=0. 
5.2*+2—1=0. 9.24+322—522?+7Tx—-—8=0. 


10.¢7+3805-—2744+322?-x+2=0. 
ll. 26+ —224+3273-T2e?+27-1=0. 
160. Integral roots. In finding the rational roots of an equa- 
tion, we make use of the following 
Theorem. If the equation 
x” + aye" 1+---+On=0 
(where the a’s are integers) has any rational root, such root must 
be an tnteger. 


Suppose - to be a fraction reduced to its lowest terms 


which satisfies the equation. 
nm a1 
Hence ae Tae Peas Te 


Ti 


is an identity. 
Then, clearing of fractions and transposing, 


p” = — gap") +++ ++ ang"). 
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Thus some factor of q is a factor of p”, that is, of p (sec- 
tion 65), which contradicts the hypothesis that P is reduced 
to the lowest terms. q 

Thus all the rational roots of the equation are integers, 
which, as we know (section 154), are factors of dn. 

161. Rational roots. If we seek the rational roots of the 
general equation having the form 

aor" +---+a,=0, 
where ao + 1, we can multiply the roots by a properly chosen 
constant (section 157) and obtain an equation of the form 
given in the theorem of section 160, whose integral roots may 
easily be found by synthetic division. 


EXAMPLE 


What rational roots, if any, has 
9x3 —622-—19x—10=0? (1) 
Solution. Multiplying the roots by 3, 
9x3 — 18 x? —171 x —270=0. 
Dividing this equation by 9, 
x3 —242?-19x—-—30=0. (2) 


Since by Descartes’s rule equation (1) has only one positive root and 
may have two negative roots, we must test for the existence of all three 
roots. Form a table of values for (2) by synthetic division. We need try 
only the factors of 30 (section 154). 


ap | Sah \r4 |) sab) 1 2 3 Sas) 


y |—18] —8 |—14| —380|—50|—68|—78|—50| 0 


Thus (2) has the root 6. Hence the original equation (1) has the root 
6+3=2. 

Rule. To find all the rational roots of any equation, transform 
the equation so that the first coefficient ts + 1. 

Find the maximum number of positive and negative roots by 
Descartes’s rule of signs. 
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Find the integral roots of this equation by trial, and the roots 
of the original equation by dividing the integral roots found by 
the constant by which the roots were multiplied. 


By the theorem in section 160 we are assured that all the 
rational roots can be found in this way. 
EXERCISES 


Find all the rational roots of the following equations: 


Seine esney om aa he 8. 722? +1722+1127+10=0. 
.e4+572+52r7-—-2=—0. 9.443 —4 4? — 2574+ 25=0. 
.e+e7+227-—4=0. 10. 223? —727+122-—7=0. 


-62°+13277+42-—3=0. 11.6273 +522?—162—15=0. 
623+ 27?-—157+4=0. 12. 12 4°+ 20 27-—697+18=0. 
.374+423—622?—38274+2=0. 18.2273 4+322?-l1lx—6=0. 
443412277418 ¢47+6=0. 14.427234+1627+1llx—38=0. 

15. 2723 +18 77 -—62—4=0. 

16. 224+3 23 —2422?-—13827+12=0. 

17.32*+1123-—8272?-—147+8=0. 

18.4274+ 823-17 27?-—-1627+21=0. 

19. 18 +4 + 83 23 +17277+82+6=0. 

20.824-—4273 -—67?+274+1=0. 

2b et 22 2 — 2022 — i e200: 

292360 0 —ils a 4 0; 

23.3 24 +17 224+ 33 4? +38724+30=0. 


TO on POND 


162. Irrational roots of an equation. In the preceding sec- 
tions we have solved completely the problem of finding the 
rational roots of an equation. We now pass to the problem 
of finding the approximate values of the irrational roots of 
an equation. 

For most purposes two or three significant figures are ac- 
curate enough in computing the value of the irrational roots 
of an equation. When no greater degree of exactness than 
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this is required the roots may be found approximately by the 
graphical method given in the next section. If it is desired 
to make use of a numeric method which is capable of locating 
the root with any desired degree of accuracy, the method de- 
vised by the English schoolmaster, William George Horner 
(1786-1837), is most commonly employed. This method is 
given in section 166. 

163. Location principle. If when graphing the equation 
y = f(x) the value x = 21 gives, as a corresponding value of y, 
a positive number equal to y1, while the value x = %2 gives 
the corresponding value of y 
negative, say equal to — y, 
then the point on the curve 
x=, y=Yyi is above the 
x-axis, and the point on the 
curve x = 22, y = — y2 1s below 
the x-axis. If our curve is 
unbroken, it must cross the 
x-axis at least once between 
the values x = x; and x= %o, 
and hence the equation must 
have a root between those values of x. The shorter we can 
make this interval x; to x2, the more accurately we can find 
the root of the equation. This property of unbrokenness or 
continuity of the graph of 


Y = Mot” + a" 1 ++ +++ On 
we assume. We assume, then, the following 


Location principle. When for two real unequal values of x, 
say x = x, and x = x2, the value of y = f(x) has opposite signs, 
the equation f(x) = 0 has a real root between x; and xe.’ 

Illustration. The equation f(x) = x3 + 32 —5 =0 has a root between 
1 and 2, since f(1) = — 1 and f(2) = 9. 

If one constructs a graph of the equation in the vicinity 
of the root desired, one can read from the curve an approxi- 
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mate value of the root. The value so obtained will probably 
not be exact because of the difficulty of drawing an absolutely 
accurate graph of the equation. If the value found is not 
accurate enough for the purposes in hand, one can obtain a 
still closer approximation by going through the same steps, 
using a graph on a larger scale in the immediate vicinity of 
the point of crossing. Just as the tenths between which the 
root lies were determined by synthetic division, so, taking the 
approximate location of the point as found above as a start- 
ing point, the hundredths between which the root lies may be 
found. Thus an enlarged scale may be employed to deter- 
mine the value of the root to one more place of decimals. 

Before beginning the search for the value of a particular 
root it is desirable to graph the entire curve so as to get a 
general idea of its behavior as it approaches the point where 
it crosses the z-axis. 


EXAMPLE 
By the graphical method find the value to two decimal places 
of the smallest positive root of the equation 
23 —Tx?+16x—8=9. 


Solution. From Descartes’s rule it appears 
that there are no negative roots for this 
equation. ‘ 

From the graph of the equation, 


y=u? —7T2x2+ 162-8, 


it appears that there is a root near + = .8. 

In order to determine with certainty be- 
tween what tenths the root lies, the follow- 
ing computations suffice: 


fT, ts" 8 88 
+0.8— 4.96 + 8.832 
1 — 6.2 + 11.04 + 0.832 
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This result shows that the root is less than .8 and that at that value of 
x the value of y is .832. 
17, lowe ome 
+0.7 — 4.41 + 8.113 
1 —6.8 + 11.59 + 0.113 


This result shows that the root is less than .7 and that for that value 
of x the value of y is .113. 
1-7 +16 —-—8 |.6 
+0.6— 3.84 + 7.296 
1—6.4 + 12.16 — 0.704 
This result shows that the root is greater than .6 and the value of y for 
this value of x is — .704. , 
If these results are graphed on a large scale, an inspection of the graph 
shows that the root is about x = .69. 


EXERCISES 


Find the value of the real roots of the following equations to two 
decimal places, using the graphical method: 


1.28 —2e?-—427+6=0. 6. x? +102+ 30=0. 


2.%7-—22—12=0. 7. 22?+247-—107—18=0. 
3.27-—2x2x—-—6=0. 8. 7? —44274+22+6=0. 
AeA ea O eee oats 9. x* — 33 x? + 29x%+60=0. 
5.27+62—104=0. 10. 274-322 +3 2?—227+1=0. 


164. Diminishing the roots of an equation. In order to find 
the roots of an equation by Horner’s method, it is necessary 
to be able to form an equation whose roots are equal respec- 
tively to the roots of the original equation, each diminished 
by a constant. 
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Let F(x) = aoe" + aye"-1+4---+an=0, (1) 
whose roots are 71, f2, ---, Tn. Let ¢ be any constant. We 
seek an equation whose roots are 11 —¢, re —C, - ++, Yn —C. 

If we let r stand for any of the roots of (1), since f(r) = 
(section 145) we see that f(z+c) =0 is satisfied by r—e, 


pais, f(r —e +c) = f(r) =0. 


Thus to form the desired equation, replace x by z+c. We 
then obtain 


f(x) =f(z+ce) =ao(z+e)"+a(¢+c)"-14+---+ar=0. 


Developing each term by the binomial theorem and col- 

lecting like powers of z, we get an equation of the form 

f(x) = F(z) = Aoz™ + Arz™14---+ An =0, (2) 
where the A’s involve the a’s and c. This is the equation 
desired. 

We now seek a convenient method of finding the values of 
the coefficients Ao, Ai, ---, An when ao, a1, ---, Gn and ¢ are 
given numerically. Now A, is the remainder from the divi- 
sion of F(z) by z. But since F(z) = f(x), and z=x-—c, the 
remainder from dividing F(z) by z is identical with the re- 
mainder from dividing f(x) byx—c. Thus A, is the remainder 
from dividing f(x) by x —c. Furthermore, since An_; is the 


F(z)—A 


remainder from dividing ” by z, it is also the re- 


mainder from dividing f ans te A by «—c. The process is 


continued for finding the rive A’s. We may then diminish 
the roots of an equation by c, observing the following 

Rule. The constant term of the new equation is the remainder 
from dividing f(x) by x —c. 

The coefficient An_1 in the new equation ts the remainder from 
dividing the quotient just obtained by x — c. 

The coefficients An—2, An—3, +++, A2, A1, Ao are the remain- 
ders from dividing the successive quotients by x — ¢. 
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EXAMPLE 


Form an equation whose roots are 3 less than the roots of 
v¢—322+502+7x-—12=0. 


Solution. Performing the required division synthetically, we find that 
our work arranges itself as follows: 


i 


hee oy ey Se ES 

io BE OMe eI ee 6 
One eo 54 
ee. 4G 
ase + 64 
~ 3a 
Facieemse 
03 

9 


1 


+ 


The desired equation is 


vt +923 + 32 o? + 642 + 54 =0. 


165. Graphical interpretation of decreasing roots. If an equa- 
tion has roots c units less than those of another equation, 
and if c is positive, its intersections with the x-axis or with 
any line parallel to the x-axis are c units to the left of the 
corresponding intersections of the first equation. It is, in 
fact, the same curve, except that the y-axis is moved c¢ units 
to the right. If c is negative in sign, the y-axis is moved 
c units to the left. 


EXERCISES 


Plot, decrease the roots by c units, state the new equation, and 
locate the new axes. 


l.z*#4+323 —70?+22¢+1=0,c=2., 


Solution. 


—5 | —4 | —3 | —2] -1 


66 | — 55| —68 | —39| —10 
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1 + : - 4s eee ee oe A tile aieveeeeeeee 
ae ae + 6 + #16 
+2 + 10 + pee 
+ 2 + - \ 
ett ce + vel rage wis 
+ 2 4+ PE TA H-H 
ee es Hc e 
= HH 
1 + il BBL Bae. 
Thus the required equation is oan HH 
vt + 1123+ 352774 422%+17=0. HH |_| FEE 
The axes for this equation have been [TT] / (W111 4 SHH 
located on the adjacent graph. Baa 
Jeet ol 4), — Ooo? 0 —s ee) esi 
SC — ley 6.39 — 9 a -— 3 0c =3) 


fe t — t= 0) 6-2. 7. 629+ 11 929 241 = 0 es, 
8.3 x? + 29 27 + 602+ 28=0, c=— 2. 
9.2°+327—42—12=0,c=2. 
10. «7? —627—7x7+60=0,c=4.5. 
Leo i 4 er Oe — 105 
12°39 2 ? — 52 —6=0,c=— <3. 
13392 ee ue — 24 of 908 a=; 
14,3 97-27 22 +3 27 —3 o—2=0,c=1. 
15. 72? —622—36274+5=0,c=-—2. 
1657? 2a? — 12.42 -- 3a — 4— 0; c= 15 
17222 — 3397+ 3e7+-L=0,¢c=1. 
18. 7*-—122734+327+72-—5=0,c=3. 
19. From an inspection of the results of Exercises 15-18 deter- 
mine by how much it would be necessary to increase the roots of 


the equation 2” + a;z"~!+---+a,=0 so that the coefficient of 
x1 will be lacking in the transformed equation. 

20. Without actually solving the equation, show whether it 
would be possible to increase or diminish the roots of the equation 
x” + a, = 0 by a number which would cause the constant term of 
the transformed equation to vanish. 
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166. Approximate calculation of roots by Horner’s method. 
We are now in a position to compute to any desired degree 
of accuracy the real roots of an equation. Consider, for ex- 
ample, the equation 

28+902+15x2%—26=0. (1) 

Form the table for plotting the equation 

v?+922+15x—26=y. 


ats ea bee EE ae ag 


OP eet | \iaeee t | —=§ = 17 tr — 28 | 35 | — 20 


By the location theorem we find 
that a root lies between + 1 and + 2. 
To find more precisely the position 
of the root, we might estimate from 
the graph the position of the root 
and substitute, say, 1.1 or 1.2 and so 
on, until we found two values be- 
tween which the root lies. We can 
obtain the same result with much 
less computation if we first diminish ore 
the roots of the equation so that the SE aaaae 
origin is at the lesser of the two in- 
tegral values between. which the root lies. Here we decrease 
the roots of (1) by 1, 


a) 


eee oe il 
ees ait Oe 
+ 10 + 
+ 1 4 
+ 11 [+ 
-- 


1 + 12 
The equation whose roots are decreased by 1 is 
v3 +12224+ 362—1=0. (2) 
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We know that (2) has a root between 0 and 1, since equa- 
tion (1) has a root between 1 and 2. From the graph we can 
estimate the position of the root. Having made an estimate, 
say .1, it is necessary to verify the estimate and determine by 
synthetic division precisely between which tenths the root 
lies. Thus, trying .1, we obtain 

14+12 +36-—-—1 (el 
+ 0.1 + 1.21 + 3.721 
1 + 12.1 + 37.21 + 2.721 


which shows that the curve lies above the x-axis at the point 
x= .1. Since the value of y for x = 0 is — 1, we know that 
the curve lies below the z-axis at the point x = 0. We con- 
sequently know that the root of (2) lies between 0 and .1. 
In other words, equation (1) has a root lying between 1.0 
and 1.1. Since the remainder from dividing (2) by 0 is — 1, 
and the remainder from dividing by .1 is + 2.721, we are safe 
in assuming that the root of (1) lies closer to 1.0 than to 1.1. 

To find the root correct to two decimal places, we should 
ordinarily move the origin again, this time moving it to the 
lesser of the two numbers between which the root of (2) lies. 
Since the lesser of these two numbers is zero, in this case we 
shall not need to move the origin at all. 

Since the equation (2) has a root between 0 and .1, the 
value of z?, and also of x?, will be extremely small, and may 
without serious error be omitted in computing an approxi- 
mate value of the next decimal place. This step leaves us 
with the following linear equation whose root is the approxi- 
mate root of (2): Ea eG Pe 


Thus Ga eo: 

This suggestion must be verified by synthetic division to 
determine between what hundredths a root of (2) actually lies. 
14+:12 + 36 — 1 | .03 

+ 0.03 + 0.3609 + 1.090827 
1 + 12.03 + 36.3609 + 0.090827 
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Since the remainder is + .090827, we know that the curve 
is above the z-axis at this point, and therefore the root is less 
than .03. Trying .02 as a possible value, we obtain 


1c?) 86 ai |.02 
+ 0.02 + 0.2404 + 0.724808 
1 + 12.02 + 36.2404 — .275192 


which indicates that the curve is below the z-axis at the 
point .02. A comparison of the remainders from these two 
divisions shows that the root is closer to .03 than to .02. We 
now know that the root of equation (1) lies between 1.02 and 
1.03 and is nearer to 1.03. If a greater degree of precision is 
desired, this process may be continued indefinitely, and the 
root found correct to any required number of decimal places. 
The foregoing process affords the following 


Rule. Plot the equation. Apply the location principle to de- 
termine between what consecutive positive rntegral values a root 
lies. 

Decrease the roots of the equation by the lesser of the two in- 
tegral values between which the root les. 

Estimate from the graph the nearest tenth to which the root of 
the new equation les, and determine by synthetic division pre- 
cisely the successive tenths between which the root lies. 

Decrease the roots of this equation by the lesser of the two 
tenths between which the root lies, and estimate the root to the 
nearest hundredth by solving the last two terms as a linear 
equation. 

Determine by synthetic division precisely the hundredths in- 
terval in which the root lies. 

Proceed similarly to find the root correct to as many decimal 
places as may be desired. 

The sum of the integral, tenths, hundredths, and succeeding 
values neat less than the root in the various processes is the ap- 
proximate value of the root. 
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To find the negative roots of an equation f(x) = 0, find the 
positive roots of f(— x) = 0 and change their signs. 


When all the roots are real, a check on the accuracy of the 
computation may be found by adding the roots together. 
The result should approximately equal the coefficient of the 
second term of the original equation. 


EXERCISES 


Find the values of the real roots of the following equations, 
correct to three decimal places: 

loa? + 8 a? -F 2 a + 25. = 0: (1) 

Solution. Descartes’s rule shows that there are no positive roots. We 
will form f( — x) = 0 and seek its positive roots. 

Thus vw? —84?+21x¢%—25=0. (2) 


Plot the equation (2) set equal to y. In the figure it may be seen that 
there is a root at approximately 4.6. 


Decrease the roots of (2) by 4: 
1 — 8 + 21 — 25[4 
+ 4 — 16 + 20 
—- 4 + 5 
+ 4 + 
+ O0/+ 
+ 4 
ia 4 A 
a 
a 


The equation is 7? +427?+52—5=0. (3) 
Verify .6 and .7 as roots of (3): 
1+ 4 + 5 — 5 | .6 
ae + 2.76 + 4.656 
ise + 7.76 —  .3844 
1 +4 +4 5 — 65 ey 
+ 0.7 + 3.29 + 5.803 
1 + 4.7 +:.8:29 + .803 


Thus the root is determined between .6 and .7. 
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Decrease the roots of (3) by .6: 


1 4 Se Oe ee ee 
+ 06 + 2.76 + 4.656 
sF de 
+ ae 
= ia 
+... 
1 + 5.8 
The equation is «3 + 5.8 #2 + 10.88 7 — .344=0. (4) 
Estimate the root of (4) atx = a = .03, and verify: 
1 + 5.80 + 10.8800 — _ .344000 | .03 
+ 03 + 1749 + .331647 
1 + 5.838 + 11.0549 — .012353 
1 + 5.80 + 10.8800 — _ .344000 | .04 
+ 04 + .23386 + .444544 
1 + 5.84 + 11.1186 + .100544 
Reduce the roots of (4) by .03: 
1 + 5.80 + 10.8800 — .344000 | .03 
+ 03 + 1749 + .331647 
+ aF .012353 
af SE 1758 
ar + 11.2307 
ap 8 
i se leeteh’) 
The equation is x3 + 5.89 x? + 11.2307 « — .012353 = 0. (5) 
Estimate the root of (5) at x = 012353 _ .001, and verify: 


11.2307 


1 + 5.890 + 11.230700 — .012353000 | .001 
+ .001+ .005891 + .011236591 
1 + 5.891 + 11.236591 — .001116409 


1 + 5.890 + 11.230700 — .012353000 | .002 
+ .002 + .011784 + .022484968 
1 + 5.892 + 11.242484 + .010131968 


Thus the root of equation (1), correct to three decimal places, is — 4.631. 
2.09 — 27 = 0, 5. 7 x* + 3 23 + 3 = 0: 

Gh = ans IY. Ge SSE a LAD). 

£o —18'= 0; 7.23 —x—10=0. 
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Sate 1) 15.223 +27+2—-—99=0. 

Oe a 4 do: Ob 16.23 —52?-—38274+1=0. 

10. 74+ 5272 +72?+2e-—2=0. 17. 24-23 +72?-—27+4+66=0. 
Ti ee oe = 1385: 18. 74+12%3+6272-—382+4+2=0. 
12.235—2x2+3=0. 19.02 +527+62—11=0. 
13.223 4+32-—5=0. 20.2234+42?+27-—-2=0. 
14.77 4+227-—827-—2=0. 21.324 +2224+ 27-274+3=0 


22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 


22*—172734+162?-—1027+4+5=0. 
9x°+3e7+27-5=0. 
v¢+323-—Tx?+2xe-—-1=0. 

10 x3 + 30 x2? -—10x7+1=0. 

3 — tn 
20°+32!4+3822—5272?-—5244+2=0. 
2443 —2272-—17x—-—5=0. 

36 23 +9 2? —227+5=0. 
s¢—3823+274+1=0. 


CHAPTER XVIII 
PERMUTATIONS, COMBINATIONS, AND PROBABILITY 


167. Introduction. Before dealing directly with the subject 
of the chapter, we must answer the question In how many 
distinct ways may two successive acts be performed, if the 
first may be performed in p ways and the second may be 
performed in q ways? Suppose, for example, that I can leave 
a certain house by any one of four doors, and can enter 
another house by any one of five doors, in how many ways 
can I pass from one house to the other? If I leave the first 
house by a certain door, I have the choice of all five doors 
by which to enter the second house. Since, however, I might 
have left the first house by any one of its four doors, there 
will be 4 - 5 = 20 ways in which I may pass from one house 
to the other. This fact suggests the following 


Theorem. If a certain act may be performed in p ways, and 
after this act 1s performed a second act may be performed in q 
ways, then the total number of ways in which the two acts may 
be performed is p- q. 

With each of the p possible ways of performing the first 
act correspond q ways of performing the second act. Thus 
with all the p possible ways of performing the first act must 
correspond q times as many ways of performing the second 
act. That is, the two acts may be performed in p - ¢ ways. 

Unless the contrary is stated, it will be assumed that the 
acts referred to are independent of each other. This means 
that in whatever way one act is performed there is perfect 
freedom to select any of the possible ways of performing the 


second act. In the example mentioned above it is assumed 
2o9 
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that the door by which the first house is left does not affect 
the choice of doors by which one would enter the second house. 

In the following exercises, as in all the exercises of this 
chapter, one should not appeal to the formula as a substitute 
for thinking through the conditions of the problem. In every 
case one should approach the idea of the problem directly, 
often making no use of the formula except to verify or to put 
in more elegant form the result that may have been reached. 


PROBLEMS 


1. A man eating in a restaurant has a choice of 3 meats and 4 
desserts. How many meals can he order with this choice? 
Solution. With each of the meat courses he may select any one of 4 


desserts. This allows him 4 times as many meals as the number of meats 
he may select. He will accordingly be able to form 12 meals. 


2. If a man has a choice of 4 railroads between Chicago and 
New York, and the choice of 6 steamers between New York and 
Liverpool, in how many ways could he travel from Chicago to 
Liverpool? 

3. In how many ways can 2 men stop at 3 hotels so that both 
men do not stay at the same hotel? 

4. In how many ways can 2 men stop at 4 hotels so that both 
men do not stay at the same hotel? 

5. In how many ways can 4 men stay at 4 hotels so that no 2 
men stay at the same hotel? 

6. A man has 4 overcoats and 3 hats. How many combinations 
can he form? 

7. In traveling from Boston to New York I have a choice of 6 
means of transportation. In how many ways can I make the 
round trip so that I return by a different means from that used 
when I went? 

g. An actor has 10 suits, 6 hats, and 4 ways of making up his 
face. How many different appearances has he at his disposal? 

9. How many meals could a man choose if he had a choice of 
2 soups, 5 meat courses, 3 salads, and 4 desserts? 
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168. Permutations. Each different arrangement either of 
all or of a part of a number of things is called a permutation. 

Thus the digits 1 and 2 have two possible permutations, 
taken both at a time, namely, 12 and 21. 

The digits 1, 2, and 3 have six different permutations when 
two are taken at a time; namely, 12, 18, 21, 23, 31, and 32. 
For if we take 1 for the first place, we have a choice of 2 or 3 
for the second place, and we get 12 and 13. If 2 is chosen 
for the first place, we get 21 and 23. Similarly, we get 31 
and 32. In this process it will be noticed that we can fill the 
first of the two places in any one of three ways; the second 
place can be filled in each case in only two ways. Thus, by 
the theorem, section 167, we expect 3 -2=6 permutations 
of three things taken two at a time. We observe that this 
product 8 - 2 has, as its first factor, 3, which is the total num- 
ber of things considered. The number of factors is equal to 
the number of things taken at a time, that is, two. This 
leads to the general 


Theorem. The number of permutations of n objects taken r 
at a teme 2s n(n —1)--= (n—1 +14). (I) 


This is symbolized by »P,. 

This expression is easily remembered if one observes that 
the first factor is n, the total number of objects considered, 
and that the number of factors is 7, the number of objects 
taken at atime. Thus 7P3=7-6- 5. 

To prove this theorem, first let r =1. There are evidently 
only n different arrangements of n objects, taking one at a 
time, since there is only one way of arranging a single object. 

Next take two objects at a time; that is, let r= 2. Since 
there are n objects, we have n ways of filling the first of the 
two places. When that is filled there are n — 1 objects left, 
and any one may be used in filling the second place. Thus, 
by the theorem, section 167, there are, for r= 2, n(n —1) 
different permutations. This verifies Formula (1) when r = 2. 
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We now assume the form (I) for r= m where m < 8, and 
prove it forr=m+1. 


atime te — 1) (nt 1). (1) 


We can fill the first m places in ,P,, different ways, since 
there are ,P,, permutations of » things taken m at a time. 
This constitutes the first act (section 167). The second act 
consists in filling the (m+ 1)th place, which may be done in 
n — m Ways by using any one of the remaining n — m objects. 
This can be done in ;,P,,(n — m) ways. Thus the number of 
permutations of n things taken m+ 1 at a time is 

Pmt = alain — Mm) 
=n(n—1)(n—2)---(n—m+1)(n—™m), 
which is the form that (1) assumes on replacing m by m + 1. 


Corollary. The number of permutations of n things taken all 
at a time is 
wen SN 1) ee el (II) 


Taking r = n in (1), we get (II). 


PROBLEMS 


1. In how many ways may one arrange three books taken from 
a shelf containing twenty books? 

Solution. There are 20 choices for the first position, 19 choices for the 
second position, and 18 for the third position. By section 167 this affords 
a total number of arrangements equal to 20 - 19 - 18 = 6840 permutations. 

2. In how many different ways can six books be arranged on 
a shelf? 

3. How many five-letter code words can be formed from the 
alphabet of twenty-six letters? 

4. How many three-letter code words may be formed if only 
twenty-four letters of the alphabet can be used ? 

5. In how many ways can the letters of the word publisher be 
arranged ? 


* The symbol n! stands for1-2:3-+4---+ (m2 —1)nand is read factorial n. 
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6. How many two-digit numbers may be formed from the 
numerals 1 to 5, inclusive, if repetitions are not allowed? 

7. How many signals may be set on a straight line, using seven 
signal-flags, if there are 15 flags to choose from? 

8. In how many different ways may four different makes of 
tires be placed on an automobile if there are twenty makes of tires 
available? 

9. I have ten books on science and five books of literature. In 
how many different ways can these books be placed on two shelves 
so that all the scientific books are on one shelf, and all the litera- 
ture is on the other shelf? 


Hint. See corollary, section 168, and theorem, section 167. 


10. I have six sea pictures and eight landscapes. These must be 
hung in two rooms so that all the sea pictures are in a row in one 
room and all the landscapes are in a row in the other room. In 
how many different ways can this be done? 


169. Combinations. Any group of things that is independ- 
ent of the order of the constituents of the group is called a 
combination. 

The committee of men Jones, Smith, and Jackson is the 
same as the committee Jackson, Jones, and Smith. In gen- 
eral, a question involving the number of groups of objects 
that may be formed, where the character of any group is un- 
altered by any change of order among its constituent parts, 
is a question in combinations. 

Suppose, for example, that we ask how many committees of 
three men can be selected from six men. Ifthe men are called 
A, B, C, D, E, and F, there are, by section 168, 6-5-4=120 
different arrangements or permutations of the six men in 
groups of three each. But while the permutations A, B, C; 
A, C, B; B, A, C, ete., are all distinct, the committees con- 
sisting of A, B, and C are identical. According to the corol- 
lary on page 225, there are 3!= 6 permutations of three things 
taken all at a time. Hence all 6 of these permutations of the 
men A, B, and C afford the same committee. This is true 
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for every distinct set of three men that we could select; that 
is, for the six different permutations of any three men there 
is only one committee. Hence the number of committees is 
one sixth of the total number of permutations, or 


6P3 


3! 
This leads to the general 
Theorem. The number of combinations (,,C,) of n things taken 


Bie inal) eps heat 1) ) 


nor= r! 
Since the numerator of (I) is »P,, we have 


ip 
nCr = LEED. 
r! 


Thus there arer! times asmany permutations as combinations. 

This formula is easily remembered if one observes that 
there is the same number of factors in the numerator as in 
the denominator. Thus 


= 10H 9 26 
ee: ga 
Corollary. nCr=nCn—r- 


Multiplying the numerator and denominator of (I) by 
(n a r) 2 


—_n(n—1)-+-(n—r+1(nm—7r)::-2-1 
= ri(n—r)! 

n! 

—rlin—r)! 

Ded A 
aoe (n—r)! 

_nn—1)---[n—(n—7r) +1) 

7 (n—r)! 


This corollary saves computation in some cases. For example, if we 
19-18 
iow 


wish to compute i9Ci7, it is more convenient to write 19Co = 
= 171 than the expression for 19C17. 
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PROBLEMS 


1. I have ten horses from which to select a team of four. 
Three of the ten horses are suitable to be chosen for the two 
leaders but cannot be used in the other positions. How many 
teams can I choose from these horses ? 

Solution. The solution of the problem involves two distinct steps: 
First, the selection of two horses out of a group of three. In this case 
there are three combinations. Second, we must pick two horses from the 
remainder of the group which contains seven horses. There are twenty- 
one ways of doing this. By section 167, sixty-three possible teams may 
be formed. 

2. I have twenty men and three coxswains on my rowing 
squad. How many eight-oared crews can I form from this squad? 


3. I have a choice of five used tires and four new tires with 
which to fit out my automobile. The used tires cannot be used on 
the rear wheels, and the new tires may not be used on the front 
wheels. In how many ways may I equip the four wheels of my car? 


4. How many straight lines can be drawn through fifteen points 
no three of which are in a straight line? 


5. How many triangles can be formed with twenty-three 
points no three of which are in the same straight line? 


6. How many sounds can be made from the thirteen notes of 
an octave on a piano if three notes must be struck simultaneously 
for each sound? 


7. Ten people meet and wish to shake hands. How many 
handshakes are exchanged when everyone has shaken hands with 
everyone else? 


8. In how many ways may p points no three of which are in 
the same straight line be connected by straight lines? 


9. How many triangles can be formed from p points no three 
of which are in the same straight line? 


10. In how many ways may the product r-s-t-w-x-y-zbe 
broken up into three factors two of which contain two letters 
while the third contains three letters? 


11. A crew consists of eight men of whom two can row only on 
the right side, while one man can row only on the left side. How 
many arrangements can be made with the men in this crew? 
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12. How many baseball nines can be formed from eighteen men 
of whom three can pitch and play no other position, five can only 
catch, and the rest can play any other position? 

13. Two college buildings face each other across the campus. 
One building has four doors, while the other has five doors. Each 
door in one building is connected by a path to each door in the 
other building. How many paths are there? 

14. From twenty consonants and six vowels, how many four- 
letter words can be formed, using one and only one vowel in each 
word? 

15. From a pack of fifty-two cards, how many different hands 
of five cards may be dealt? 


170. Circular permutations. By circular permutations we 
mean the various orders of things arranged in a circle. 


Theorem. The number of orders in which n things may be 
arranged in a circle is (n — 1)!. 

Suppose A is at the point where we begin to arrange the 
digits 1, 2, 3, ---, n. Suppose we start our arrangement of 
digits at A with a given digit a. We have 
then n —1 places to fill with the remaining 
n —1digits. Thus when aislocatedat A , 
we have (n—1)! arrangements. If we 
locate a at some other point, such as B, 
the arrangements which we then get 
about the point B must be identical with 
the arrangements which we previously 
got about the point A. Thus the only distinct orders in which 
the n digits can be arranged in a circle are the (n — 1)! permu- 
tations we obtained by placing a at A. 


A 


PROBLEMS 


1. In how many ways may 5 men sit about a circular table? 
Solution. Heren=5 andn—1=4. 

41=4-3-2-1=24 ways. 
9. In how many ways can 10 men sit about a round table? 
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3. I have 15 plants. In how many ways can they be planted in 
a circular bed? 

4, In how many ways may 5 ladies and 5 gentlemen be seated 
at a round dining table so that a lady is seated between each pair 
of men? 

5. In how many ways may 5 men and their wives be seated 
around the table at dinner so that no man will sit next his wife, 
but so that the men and women will sit alternately? 

6. In how many ways may the letters of the word Portland be 
arranged in a circle? 

7. In how many ways can 15 different flags, of which there are 
5 red, 5 white, and 5 blue, be arranged in a circle so that there are 
no two flags of the same color adjacent to each other? 


8. In how many ways may 12 different kinds of red flowers and 


4 different kinds of white flowers be placed about a circle so that 
there will be 3 and only 3 red flowers next to each other? 


171. Permutations involving duplicates. In the case where 
we have a number of objects some of which are identical 
with each other, we make use of the 


Theorem. The number of permutations of n things of which 


p are alike, taken all together, is as 
p! 

If all the things were different, we should have n ! permuta- 
tions, but since p of the n things are alike, any rearrangement 
of those p like things among themselves will not affect the 
permutation. For any fixed arrangement of the n things 
there are p! different arrangements of the p like things. 
Thus s of the n! permutations are identical, and there 


yy ae p 
are only ne distinct permutations of the » things p of which 
are alike. 
Corollary. If of n things p are of He kind, q of another kind, 


r of another, etc., then there are 


ee permutations of the 
n things taken all at a time. ian 


pigigi 
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PROBLEMS 


1. How many distinct arrangements of the letters of the word 
minimum are possible? 

Solution. Here n = 7, p = 38, and q =2. 

7! _7-6-5-4 
3!2! 2 

2. How many distinct arrangements of the letters of the word 
permutations are possible? 

3. I have 10 signal-flags, 5 red, 2 blue, and 3 white. How many . 
signals may I make if I must fly all the flags at one time? 

4. How many signals may I make with the flags of Exercise 3 
if the top flag and the bottom flag must both be red? 

5. Would 3 dots, 2 long dashes, and 2 short dashes furnish 
enough material for a telegraphic code to cover the 26 letters, 
10 digits, and 6 punctuation marks? 

6. There are 5 ways of going down-town, and 10 different 
errands which I can do when I arrive there. In how many dif- 
ferent ways may I go down-town, do one errand, and return? 

7. Using the data of Problem 6, find in how many ways I can 
spend the afternoon if I go down-town, do any or all of the 10 
errands, and return. 

8. A corporation runs 15 hotels, and has 20 men who are eli- 
gible to be managers of these hotels. In how many ways may the 
company appoint these men to the positions? 

9. In how many ways can I run my dining room with 6 
waiters, if I have 10 men of whom 2 are able to be head waiter or 
can fill in as regular waiters? 

10. How many five-digit numbers can I form from the numerals 
1 to 7, inclusive, if I am allowed to repeat numerals at will? 

11. I have 100 books. In how many different ways can I fill a 
shelf holding 5 books, provided the arrangement on the shelf is of 
no consequence? 

12. Lstill have the 100 books. If the arrangement on the shelf is 
considered, in how many ways can I fill the shelf holding 5 books? 

13. Six men sit on a straight bench. In how many orders can 
they arrange themselves? 

14. In how many orders can 6 men sit about a round table? 


Hence there are 


= 420 arrangements. 
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15. I have 100 men on the football squad. Of these, 5 are 
quarterbacks, 30 play elsewhere in the backfield, 25 are ends, and 
the remainder play in the line. If there are 4 backs, 2 ends, and 
5 men in the line, how many teams may I form from this squad? 


172. Probability. The mathematical theory of probability 
has received wider application than most of the topics con- 
sidered in this text. The theories of life insurance and of in- 
vestments, the modern developments of physics, zodlogy, and 
chemistry, as well as various industries make frequent use 
of this subject. 

In considering the application of the subject of probability 
it is not within the scope of this chapter to deal with any but 
the simplest applications of the theory; as, for example, the 
operation of drawing lots, of throwing dice, or of selecting 
cards at random from a pack. The only factors which enter 
into the latter case are the total number of cards and the 
number of varieties of cards. 

Instances of the application of the more advanced theory 
of probability may be drawn from the field of industry. Ina 
certain telephone exchange, calls are made at the average rate 
of, let us say, 5000 calls per hour during the day. It is often 
important to know the probability of two calls’ being made 
within a tenth of a second of each other. The solution of this 
problem is too involved for this text, although it is perfectly 
possible to solve it by means of an extension of the methods 
which will be developed here. 

173. Illustration. Ifa bag contains 3 white balls and 4 black 
balls, and if 1 ball is taken out at random, what is the chance 
that the ball drawn will be white? 

This question may be answered as follows: There are 
7 balls in the bag and we are as likely to get one as another. 
Thus a ball may be drawn in 7 different ways. Of these 
7 possible ways 3 will produce a white ball. Thus the chance 
that the ball drawn will be white is 3 to 7, or #4. The chance 
that a black ball will be drawn is + 
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174. General statement. It is plain that we may generalize 
this illustration as follows: If an event may happen in p ways 
and fail in q ways, each way being equally probable, the 
chance or probability that it will happen in one of the p 
ways is 


Pp 
gall Es ye 
p+q a) 
The chance that it will fail is 
qd 
=k bags » 
D0 Me 


The sum of the chances of the event’s happening and fail- 
ing is 1, as we observe by adding (1) and (2). 

The odds in favor of the event are the ratio of the chance 
of happening to the chance of failure. In this case the odds 
in favor are p 


P. (3) 
q | 


The odds against the event are 
q 


Pp 


PROBLEMS 


1. From a pack of 52 cards a-single card is drawn. What is the 
probability that the card is an ace? 

Solution. Since there are 52 cards in the pack, the probability that 
the card drawn will be any given card is ;},. There are, however, 4 aces 
in the pack. This means that there will be 4 times the probability that 
the card will be one of the 4 aces. The probability is, therefore, ;45 = 7g. 


2. I have three hats and two caps. If I pick up one of them at 
random, what is the chance that I will pick a cap? a hat? What 
are the odds in favor of picking a hat? 

3. What is the chance of getting a six with a single throw of 
two dice? 

Hint. There are 36 ways two dice can fall. How many of these give 
a six? 


234 ADVANCED ALGEBRA 


4. A man has a choice of four meats and two desserts. If he 
chooses one dish at random, what is the probability that it will 
be a meat? a dessert? What are the odds in favor of the dessert ? 


5. A man has five suits of clothes consisting of coat, trousers, 
and vest. If he dresses in the dark, what is the chance that his 
clothes match? 

Hint. How many combinations can he make from the five suits? 


175. Probability of successive choices. We have seen (sec- 
tion 167) that if one act may be performed in p ways and a 
second act may be performed in q ways, the total number of 
ways in which the two can be performed together is p - q. 
The same reasoning applied to probability leads us to the 
conclusion that if we have two or more events for which the 
probability of the first is, let us say, 3, and that of the second 
event is 3, then the probability that the two events will occur 
together is the product of their individual probabilities, or 
3.4 =2. This\fact furnishes us with an illustration of the 
manner in which the reasoning which we have applied to the 
subject of permutations and combinations may be extended 
to include the theory of probability. The fact stated above 
may be generalized in the following 


Theorem. If ina series of events the individual probabilities 
arem,n,T,-- -, the probability of all the events’ occurring together 
1S -h-T >=, 


PROBLEMS 


1. What is the probability that I will get three sixes in one 
throw with three dice? 


: Solution. Since the chance of getting one six with one throw of one 
die is 4 we may say that the probability of getting three sixes with three 


dice is () (3) (4) = ste- 
2. A man has four suits of clothes consisting of coat, trousers, 
and vest. If he dresses at random, what is the chance that he will 


have on garments that match? What is the chance that the gar- 
ments will be from only two suits? 
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3. From a pack of cards two ecards are drawn in succession and 
held. What is the chance that they are both of the same suit? 

4. I have a bag containing 6 red, 8 blue, 7 green, and 10 white 
balls. If I draw three balls in succession, without returning the 
balls I have drawn, what is the chance that they will all be white? 

5. If in Problem 4 the balls are returned after each drawing, 
what is the chance that all three will be white? 


6. I have a bag holding 2 white, 4 black, and 1 red ball. What 
is the chance of drawing 1 red and 1 black ball in two successive 
draws if the balls are not returned after each draw? if they are 
returned ? 


7. From a pack of 58 cards five cards are drawn. What is the 
chance that one of the cards is the joker, one an ace, and the other 
a king of the same suit? 


8. What is the probability of an event that is certain to hap- 
pen? certain not to happen? 
9. In throwing two dice, what is the chance that the throw 
will be six? seven? twelve? ten? 
10. What is the most likely number to throw with two dice? 
11. I toss a coin five times. What is the likelihood that it will 
fall heads every time? 
12. The chance that an event will happen is 3. What are the 
odds in its favor? against it? 
13. What is the chance of drawing 4 aces from a pack of 52 
cards in 4 tries? 


14. I toss a coin six times. What is the probability that I will 
get six tails? 


CHAPTER XIX 


DETERMINANTS 


176. Solution of two linear equations. We have already 
treated the solution of two linear equations in two variables 
and given (section 64) a method of solving three or more lin- 
ear equations in three or more variables. This latter proc- 
ess is rather laborious and can be very much abridged and 
also developed more symmetrically by the considerations of 


the present chapter. 
Let us solve the equations 


axe + by =a, 
and 2X + boy = Co. 
Multiplying (1) by bo and (2) by bi, we obtain 
aybox + byboy = beci 


and Qebyx 4 biboy = bice 
Subtracting, (a1b2 — a2b1)x = bec, — dice, 
or, if (ajb2 — a2b;) #0, 
bocy = bic 
SS aS 
abe = dob, 
and y= C2 — AeC1 A 
aybe = dob, 


(1) 
(2) 


(3) 
(4) 


We note that the denominators of the expressions for x 
and y are the same. This denominator we will denote sym- 


bolically by the following notation : 


Ay by 


aibe = dob; => 
de bs 


236 


(5) 
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The symbol in the right-hand member is called a deter- 
minant. Since there are two rows and two columns, this 
determinant is said to be of the second order, and the left- 
hand member of the equation is called the development of the 
determinant. The symbols a, 61, a2, and be are called ele- 
ments of the determinant, while the elements a and be are 
said to comprise its principal diagonal. 

The numerators in (3) and (4) may also be written as 
determinants of the second order, thus: 


Coo 
boc, — bycg = s “hs 
¢2 be 
a c 
and a1C2 — AeC; = 1 1 e 
a2 C€92 


Rule. The development of any determinant of the second 
order 1s obtained by subtracting from the product of the elements 
on the principal diagonal the product of the elements on the 
other diagonal. 


Thus M1 1 
X2 Y2 


Evidently each term of the development contains one and 
only one element of each row and each column; that is, for 
example, the letter x and the subscript 1 appear in each term 
once and only once. 

We can now rewrite the solution (8) and (4) of equations 
(1) and (2) in determinant form : 


=2L1Y2 — X21; fe 3|=10-12=—2. 


Cy bi an C1 
C2 bo a2 C2 
2 = ; y= l@ @), (6) 
a, by a by 
a2 be a2 be 


It is noted that the numerator of the expression for x is 
formed from the denominator by replacing the column which 
contains the coefficients of x, a, and ae, by the constant 
terms ¢; and cz. Similarly, in the numerator of the expression 
for y, 6; and bz of the denominator are replaced by c; and Cs. 
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One should keep in mind that the determinant is merely 
a symbolic form of expression for its development. In the 
ease of determinants of the second order the introduction of 
the new notation is hardly necessary, as the development 
itself is simple; just as we would scarcely need to introduce 
the exponential notation if we had to consider only the 
squares of numbers. It turns out, however, as we shall see, 
that we are able to denote by determinants with more than 
two rows and columns, expressions with which it would be 
very laborious to operate directly. 

177. Solution of three linear equations. Let us solve the 
equations 


ae+ by +az= dh, (1) 
ax + boy + coz = do, (2) 
and asx + bsy + c3z = d3. (3) 


Eliminating y from (1) and (2) and (1) and (8), we obtain 
(abe — agby)x + (boc, — bic2)z = dib2 — dabi, 
and (agb) — aybs)a + (bic3 — b3c1)z = d3b1 — dbs. 
Eliminating z, 
[(a1b2 — aeb1) (e361 — b3¢1) — (ashi — aids) (boc, — bi¢2) |x 
= (d1b2 — d2b) (e3b1 — b3¢1) — (d3b1 — dibs) (bec; — bi¢2). 


Developing, canceling, and dividing by 61, we obtain 


ie dibec3 + debsc1 + dsbice — dib3c2 — d3bec1 — d2b1c3 
aib2c3 + dabsC1 + agbic2 — a1b3¢2 — agbec) — a2bic3. 


(4) 


Following the analogy of the last section, we write the 


denominator 
ay by Cy 


a2 bo C2 
a3 b3 C3 


a b2¢3-+ dabsc1+ a3b1c2— a1b3¢2— a3bec;— a2b1¢3 = 


. (5) 


The right-hand member of this equation we call a determi- 
nant of the third order, and the left-hand member is its de- 
velopment. As in the determinant of the second order, the 
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elements a1, 62, and c3 comprise the principal diagonal ; each 
term of the development contains one and only one element 
of each row and each column, and all possible terms so con- 
structed are included in the development. The signs of the 
terms of the determinant of the third order may be kept in 
mind by the following device. 

Rewrite the first and second columns to the right of the 
determinant as follows: 


db ala bi 
a2 bs €2 | Ae be ° 
a3 bs c¢3|a3 bg 


The positive terms are found on the diagonals running 
down from left to right, the negative terms on the diagonals 
running up from left to right. 

The numerator of the fraction (4) expressed in determi- 
nant notation is 


dy by C1 
dz be ¢2|. 
dz b3 C3 


We can find similarly the values of y and z that satisfy 
equations (1), (2), and (3). The complete solution in determi- 
nant notation of the equations (1), (2), and (8) is as follows: 


dy bi G4 hh dv Cy a b dy 
de be C2 a2 ds C2 (0) be ds 
dz bg ¢ a3 d3 ¢3 az b3 dg 
a Ae Agere amv “0 
ay by C1 ay by (Gil Ay bi Cy 
a2 be C2 az bo e dz be Ce 
az bs ¢3 a3 bs ¢3 az 63 3 


The principle observed on page 237 for forming the de- 
terminants in the numerators of the expressions for x and y 
may be followed here. The determinant in the numerator 
of the expression for 2, y, or z is found from that in the de- 
nominator by replacing the column that contains the coeffi- 
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cients of the variable in question by a column consisting of 
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constant terms. Thus, to obtain the numerator of the ex- 
pression for z, we replace the column of coefficients of z as 
it appears in the denominator by a column composed of the 
constant terms of the equations. That is, the numerator is 
just like the denominator except that di, dz, ds have replaced 


C1, C2, C3. 


Find the value of the following determinants: 


i al 
ie Ae Zh De 
OR Lt 

Solution. 
my AL 
Pay eh PA ale 
OF 
te OO 
Be iho 2b All. 
5 (Q) ak 
a of al 
AS Ve Omer: 
OMpcmeal: 


ah Al 
2 4 6 
Oe ah al 


EXERCISES 


Rage GS RorrFD 


12 \ 
} 


1) ee ; 
1|.—*_ 88: 
9 a 4 
Cc 

0}. 9. 
a 

c 

a|. 10. 
b 


l mats 


wd 


=o) 0-2 6 = 6 a0 a 


Lee 

Me Ae y 
3 — 12 
—2 Ome Our 
0 i gl 
3 456 

Oc— peas 
7—5 0 

1-1-1 
2 0 —1). 
38 -1 0 


Solve the following equations using determinants. Check each 


Solution. Using the expressions (6), section 176, as formulas, we obtain 


result. 
ll.2+2y=0, 
38x2—-—y=T. 
0 2 
7-1 
ip 
38-1 


0 
ery Siren S 


|: 


Check. 2 +2(—1)=0; 6-(-1) =7. 


0 
Oe 


U= |iuee| alee 
a= 


eset eye 


Ps dz 2 9 FHif ar 


if . et aS ese, 
# 93 
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12.82—Ty=-—T7, 14.5x-—9y=—4, 16.%—3y=—1, 
2e-P3 ys 2. 2%+y=8. se+y= 
18.2—y=3, 15.3yt+2e2=—6, 17.1l2—Ty=27, 
3e+3y=3. 8x+y=20. —8e2+5y=5. 
18.23—37.+2=7, i cn | seh] = 
x+y =0, “0 3 2} <r Seg) on 
8y—Te=—-17. “= p=3 it iF ie 


bo a 
Solution. Rearranging so that the terms in the same vatiabid are ina 
column, and supplying the zero coefticients, we get 
2x%—sy+12=7, 
le+ly+0z=0, 
0Or+38y—-—Tz=-17. 
By (6), section 177, 


eee) 
0-1 0 
te ee Ae 0+ ON SO eee 
oe S304 —144+3+0-0-21-0 —382 ~’ 
Leite ¢ 
p37 
2 fi if 
erly 0 
= PE S40 17 — 0-04-19. 82 
2-3 1 — 82 Gee 
etd 
pms. 7 
oa.) 3, 
ivasie a0 
pa aE Fd 0 0 0 BL 8d 
pale as Ol — 32 = 828) 
ie 0 ; 
0 3-7 


Check. 2—3(—1) +2=7; 1-1=0; —3-—14=~—17. 


19,22—s3y=— 1, 2l.zt+ty—2=-2, 


32+22=5, c+2—y=6, 
2y+32=5. y—x+2=0. 
20.42—iy=0, PP) 3 fi PA 4 Sy 
t2+42=2, Ta+5y=74, 
42+ ¢4=1. Ay+z=28. 
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23.c2¢+y—z=-l, 26.x2+5y=-— 17, 
24—8y+42=-6, xz—Tz=-—5l, 
x—-2y+42=0. 2y¥1+32=15. 

24.cr+2y—z2=0, Q7. lxa— .2y+ .22=-—2, 
yt22—xr=s, 82+ .ly—4z2=—-4, 
e+2x2—-y=—1. 5by+.62=8. 

25.2 —-2y—382=83, 28. ax + by — cz = 2 ab, 


by + cz — ax = 2 be, 
cz + ax — by = 2 ae. 


178. Inversion. In order to find the development of de- 
terminants with more than three rows and columns, the idea 
of an inversion is necessary. If in a series of positive integers 
a greater integer precedes a lesser, there is said to be an 
inversion. Thus in the series 1 2 8 4 there is no inversion, 
but in the series 1 2 4 3 there is one inversion, since 4 pre- 
cedes 3. In 1 4 2 8 there are two inversions, as 4 precedes 
both 2 and 38; while in 1 4 3 2 there are three inversions, 
since 4 precedes 2 and 3, and 3 precedes 2. 


EXERCISES 


How many inversions are there in each of the following series? 
eT al 8. Solegosonceste Bn oe. 
Pagan Pa IN A. 4 eae. 6.254513; 


179. Development of the determinant. In the development 
of the determinant of order three we have 
ay bi Cy 
dz be ¢2|=a1bec3 + aeb3e1 + abe = agboc; — a2b1¢3 — ay b3ce. (1) 
a3 b3 C3 

If we keep the order of the letters in each term the same 
as their order in the principal diagonal (as we have done in 
the development above), it is observed that the subscripts in 
the various terms take on all possible permutations of the 
three digits 1, 2, and 8. The permutations that occur in 
the positive terms are 123, 231, and 312, in which occur re- 
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spectively 0, 2, and 2 inversions. The permutations that 
occur in the subscripts of the negative terms are 321, 213, 
and 132, in which occur respectively 3, 1, and 1 inversions. 

Thus in the subscripts of the positive terms an even num- 
ber of inversions occur, while in the subscripts of the nega- 
tive terms an odd number of inversions occur. This means of 
determining the sign of a term of the development we shall 
assume in general. 

A determinant having ” rows and n columns is called a 
determinant of the nth order. When the terms are expressed 
and arranged after the fashion of (1) the development of 
such a determinant is defined by the following 


Rule. The development of a determinant of the nth order ts 
equal to the algebraic sum of the terms consisting of letters fol- 
lowing each other in the same order in which they are found in 
the principal diagonal but in which the subscripts take on all 
possible permutations. A term has the positive or negative sign 
according as there is an even or an odd number of inversions in 
the subscripts. 


This rule for the development of a determinant is useful 
in practice only when the elements of the determinant are 
letters with subscripts. When the elements are numbers we 
shall find the value of the determinant by a more convenient 
method. At the same time the proof of many properties of 
determinants can be worked out most conveniently when 
letters with subscripts are used. 

The determinants of order 4 and 5 are 


Oi by cy “dt “en 
Qe bo (9) dz é2 
and |d3 63 ¢3 ds . é3|. 
4 bs C4 da 4 
a5 bs C5 ds é5 


a by Cy dy 
a2 be C2 dz 
ag b3 ¢3 d3\’ 
Qa th & 


The student may well wonder what right we have to decide 
on the details of the development of the determinant of the 
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nth order in so summary a manner. It must be realized that 
the determinant is not a concept forced upon us by the laws 
of mathematical operation, as was the case with irrational 
and imaginary numbers (V2 and V—3). It is merely a 
convenient’ device for denoting in compact form certain al- 
gebraic expressions that would otherwise be cumbersome to 
deal with. The rule for the development of the determinant 
has been agreed upon by mathematicians as a useful one, and 
from that scheme of development many properties of this 
form of notation follow which render the determinant one 
of the most powerful existing devices for furthering algebraic 
investigation. 

In the rule given above it is assumed that the number of 
inversions in the subscripts of the principal diagonal is zero. 
If this number of inversions is not zero, the sign of any term 
is + or — according as the number of inversions in its sub- 
scripts differs from the number in the subscripts of the prin- 
cipal diagonal by an even or an odd number. 

Since each term contains every letter a, b, -- -, k, and also 
every subscript 1, 2,- - -,n, one element of each row and column 
occurs in each term. 

EXERCISES 


If we consider a fourth-order determinant employing letters 
a, b, c, d and subscripts 1, 2, 8, 4, what sign should precede each of 
the following terms of the development? 


1. aybscad2. 2. aibecads. 3. dabocids. 4. asbicod4. 

Do terms of the following form appear in the development of 
the fourth-order determinant? 

5. dibecsda. 7. docsbady. 9. aicsboc4. 

6. aiceb3d4. 8. deasbecs. 10. aecsbsaz. 


Given a fifth-order determinant, using the letters a, b, c, d, € 
and the subscripts 1, 2, 3, 4, 5, what sign should precede the 
following terms in the development of such a determinant? 


ith Asbacd3éo. IP. dabscody es. 13. dabecsdzey. 14, ay bacgdseo. 
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180. Number of terms. We apply the theorem of permuta- 
tions to prove the following 


Theorem. A determinant of the nth order has n! terms in 
its development. 


Since the number of terms is the same as the number of 
permutations of the m subscripts taken all at a time, the theo- 
rem follows immediately from the corollary in section 168. 

From this theorem it appears that the determinant of the 
third order has six terms. This is consistent with the result 
given on page 242. ‘ 

The device shown on page 239 for obtaining these terms 
from the various diagonals of the array is applicable only for 
the determinant of the third order. If one attempts to ob- 
tain the development of the determinant of the fourth order 
from the diagonals of an array similar to the special arrange- 
ment on page 239, only eight terms would be obtained, whereas 
the theorem just proved calls for twenty-four terms. 

181. Multiplication by a constant. In this and the following 
sections we shall give a number of theorems on determinants 
which greatly facilitate their evaluation and which make a 
proof for the solution of any number of linear equations in an 
equal number of variables a simple matter. 

Theorem. If every element of a row or column is multiplied 
by m, the value of the determinant 1s multiplied by m. 

Suppose that every element of the first row of a determi- 
nant is multiplied by m. Since each term of the develop- 
ment contains one and only one element from the first row, 
every term is multiplied by m; that is, the determinant is 
multiplied by m. 


Illustration. 


may, by Cy 
maz be ¢2|= maybecez + Masb3e1 + Magbil2 — MA3bec, — mazbic3 — maybs3Cce 
maz 63 ¢3 a bt 
= M| a2 bs C2)|. 
a3 bs C3 
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By 3 2 3-2 By Be 8 
Similarly, 1 2 A210 2a 2a 2h ee 
i kb By apo Sy al al 


182. Interchange of rows and columns. We now prove the 
following 

Theorem. The value of a determinant is not changed if the 
columns and rows are interchanged. 

Take for instance the determinant of order four. We must 
prove that 


Ay bi Cj dy Ma a2 ag 
a2 be C2 de ine by bo b3 ba : 
a3 b3 C3 d3 Gi ~¢€2 3 C4 


4. ba C4 ds dy ds ds d4 


In each of these determinants the principal diagonal is the 
same, and hence the developments derived according to the 
statement on page 243 will be the same for each determinant, 
since the terms will be identical except for their order. The 
same reasoning is valid for a determinant of any order. 

183. Interchange of rows or columns. We now prove the 
following . 

Theorem. If two columns or two rows are interchanged, the 
sign of the determinant is changed. 

Again let us take for example the determinant of order 


four and fix our attention on the first and second rows. We 
must prove that 


an by C1 dy a2 be C2 ds 
d2 bo C2 de na Gi, ys Claes 
a3 b3 C3 ds hole a3 b3 C3 ds : 
4. by C4 ds 4 ba C4 ds 


In the first determinant the principal diagonal is a,bse3d4, 
while in the second the principal diagonal, azbic3d4, is ob- 
tained from the principal diagonal of the first determinant 
by one inversion of the subscripts. Hence this term is found 
among the negative terms of the first determinant. 
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Since the only difference between the second determinant 
and the first is the interchange of the subscripts 1 and 2, 
evidently any term of the second is obtained from some term 
of the first by a single inversion. Thus if a single inversion 
is carried out in every term of the first determinant, the va- 
rious terms of the second are obtained. But since this proc- 
ess changes the sign of every term of the first determinant 
(page 243), the second determinant must equal the negative 
of the first. Similar reasoning may be applied to the inter- 
change of any two consecutive rows or columns. 

Consider now the effect of interchanging any two rows 
which are separated, we will say, by k intermediate rows. To - 
bring the lower of the two rows in question to a position next 
below the upper one by successive interchanges of adjacent 
rows, we must make k such interchanges. To bring similarly 
the upper of the two rows to the position previously occupied 
by the other requires k + 1 further interchanges of adjacent 
rows. Hence the interchange of the two rows is equivalent 
to 2k-+1 interchanges of adjacent rows, the effect of which 
is to change the sign of the determinant, since 2k+1 is 
always an odd number. 

184. Identical rows and columns. This leads to the following 
important 

Theorem. If a determinant has two rows or two columns 
identical, its value is zero. 

Suppose that the first and the second rows of a determi- 
nant are identical. Suppose that the value of the determinant 
is the number D. By section 183, if we interchange the first 
and second rows, the value of the resulting determinant is 
— D. But since the interchange of the first two rows, which 
are identical, does not affect the value of the determinant at 


all, we have D=—D, 2D=0; that is, D=0. 


Corollary. If any row (or column) is m times any other row 
(or column), the value of the determinant is zero. 
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By section 181, the determinant may be considered as the 
product of m and a determinant which has two rows (or 
columns) identical. Hence this product is equal to zero. 


EXERCISES 


What is the relation between the pairs of determinants given 
below? (Find the relationship without evaluating.) 


PAN haste Ray v- dire. 
TAG Cee He eoO ais 651) AOS 2 Oa 
10. 71/33 beans Bee ew h Eat es 
1MOPAS LORS —3 -1 -2 Bee 
2° Queer 0) ue ees aon. Te OO ad ees 0 eae 
Saelaes 3 3 3 bi Ge ot 5 6-11 
5 0.291 A 1| —1-2-3]/ |2 1 4 
85/23 = Lee, Oe th S16. 2° Sis 41 e Tee 
Fs 8 eS he. Py I 1. 0° Fl) Sioa 
31-3 43 Pes art iby hive S| 3 0 3 
AON De. BO a ae eee Bs me Pe RSs & 2 Oo 
ikoak al Reece 6! (ee: —7-1 0 
2yate 2 ube Bey) 1 3 4] |-4-5-8 
Dal Oe on 41.210 ee eta 1051 7 259 7 6 Fe 
ti ee iy eal 8 4 6] |-8-—7—-1 
What is the value of the following determinants? 
Ze oto C240 AU SO 
112 eal 15 Berea fe 
20 Me Paces ets 
a: ee are 21 eB lapet 
123) aad) eens Bees oy ee 
2 0 3 1 3 3 3 3 
AR Gs 0 1 2 sae 
3 0° es 
13.:)3) 97 os6u= 
20 3 PGP ore 
2 2  Gued 
Sor 17; |4° 3 12 Se 
14. 720 S0O OF arise ued 
LOG eae 3) AL 2 ATO 
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185. Development by minors. In the development of the 
determinant of the third order, page 238, we may combine 
the terms as follows: 


ay by Cy 
d2 be col=a (b2e3 — b3¢2) _ a2 (byes _ bs¢1) 4- a3 (b1C2 — bec1) 
a3 hg C3 a be C2 ‘e bi Cl by C1 

Te b3 C3 Pe bs C3 + a3 be C2 : @) 


We observe that the coefficient of a; is the determinant 
that we obtain by erasing the row and the column in which 
a; lies. A similar fact holds for the coefficients of az and az. 

The determinant obtained by erasing the row and the col- 
umn in which a given element lies is called the minor of that 


element. Thus i Hi 
b3 C3 


We notice that in the above development by minors (1) 
the sign of a given term isa-+ ora -—, according as the sum of 
the number of the row and the number of the column of the 
element in that term is even or odd. Thus in the first term 
a, is in the first row and the first column, and since 1+ 1 = 2, 
the statement is verified for that case. Similarly, a2 is in the 
first column and the second row, and since 1+ 2 = 8, an odd 
number, the sign is minus and the law holds here. The last 
term is positive, which we would expect since az is in the first 
column and the third row, and 1+8=4. The proof for the 
general validity of this law of signs follows in the next section. 

The elements of any row or column other than the first 
may be taken and the development given in terms of the 
minors with respect to such elements. For instance, take the 
development with respect to the elements of the second row, 


is the minor of av. 


ia Ut oC 
: 7 . by Cy Mm C1 ay by 
d2 be Co|=— de + be a 17) ba |" 
bz 63 a3 «3 a3 3 
a3 bs C3 


The rule of signs is the same as given above; that is, for 
instance, the last term is negative, as C2 is in the third column 
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and the second row, and 2+3=5. By generalizing these 
considerations we may find the development of a determinant 
by minors by the following 


Rule. Write in succession the elements of any row or column, 
each multiplied by its minor. 

Give each term a + or a— sign, according as the sum of the 
number of the row and the number of the column of the element 
in that term is even or odd. 

Develop the determinant in each term by a similar process 
until the value of the development can be determined directly by 
multiplication. 

EXAMPLE 


Develop the following determinant by minors: 


3 2b) 
1 OCR 
ey 3 
Oe eee) 
Solution. When a determinant is to be developed by minors, it is often 
a considerable saving in labor to select the column or row which has the 
greatest number of zeros and 1’s. In the present case the third column 
seems to satisfy these conditions best. 
Developing by minors using the elements of the third column, 


ibe x eb Ph 
rub ech ec basis lc 
ee ion oe 10 2 5 
3 ei4e8 9 3.4 9 

ec ides he for 

10 2.5 916 


ey tan See 391 1s 69 
=) ( a ape tte 51 I9 3\) 
me 3 9 
+2/ A s(t O=2 le Al 


ae Oh. eyes 

( lq g|+0 ti al 
[4(— 15) + 75 — 126] + 2(20 + 102) 
(osha 


— 60 + 75 — 126 + 40 + 204 + 24 ~ 51 
= 106. 


ll 
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186. Proof for development by minors. On referring to the 
rule of section 185 we observe that in order to show that the 
development by minors is the same as the development ob- 
tained by the definition on page 243, we must prove the two 
following statements. 


I, The coefficient of any element in the development of a de- 
terminant is the minor of that element (apart from the sign). 

II, Each element times its minor should have a + or a — sign 
according as the sum of the number of the row and the column 
of the element is even or odd. 


Consider the element a. 

Hach term that contains a, must contain every letter other 
than a, and the subscripts of these letters must take on all 
permutations of the numbers 2, 3, -- -, n. This coefficient of 
a, contains, then, by section 179, all the terms of its minor. 

Since q; is in the first place in each term, the only inversions 
in the subscripts are those among the numbers 2, 3, ---, 7. 
Hence the sign of each term in the coefficient of a, is posi- 
tive or negative according to the number of inversions in its 
subscripts. Hence the coefficient of a; in the development 
of the determinant by the rule of section 179 is exactly its 
minor, and our theorem is established for the element aj. 

Consider now any element, as ds, which occurs in the fifth 
row and the fourth column. Interchange adjacent rows and 
columns until d; is brought into the leading position in the 
principal diagonal. This requires, in all, seven interchanges, 
three to get the d; in the first column, and then four to get 
it into the first row. This changes the sign of the determinant 
seven times, leaving it the negative of its original value. By 
the reasoning just given in the case of a, the coefficient of ds 
(now in the position first held by a1) in the original deter- 
minant would be the minor of ds, except that the signs would 
all be changed. Hence the term consisting of ds times its 
minor has the — sign, and the theorem is proved for this case. 
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In general, to bring a term in the 7th row and the kth col- 
umn to the leading position requires? —-1+k—1=i1+k—2 
interchanges of adjacent rows or columns. This involves 
1+k— 2, or what amounts to the same thing, 7 + k changes of 
sign. Hence a positive or a negative sign should be given to 
the element times its minor according as the sum 7+k is 


even or odd. 
EXERCISES 


Find the value of the following determinants, using the develop- 
ment of minors. (See Example, p. 250.) 


ey si [our aed & 0 eae 
ee Up gab App injec: to 
33 BS We =| 7G Ome 
oe 207 6 S.-i ne 
2.13 4 2 Le DORE 
28-1 g 
i {enero ies] ae 
De wa |betene| Ome Omens | Soe 
Su = Oe rs Togs ual 
Sabie 0 : oa 
Ne Sik a e 
Btls ie ie Loe aa come Ol: 
iE es ane iemie oot S6)c a 06 0 
ok zy 000 
a 0 Oty 200 
5.la 0 el. tie heel 18.10 0 x y O|. 
0 be 12. eed 0-0) 0 ay 
O 2 a @ Omad) % 
a0 6 ty 010 A vee 
Gal cma amily 130 e200 
On 6 S70: eal eee TU 
19,183,202 17e mo 
eo Moy ie Fi 
Boel tee 
eas har 87210080 200 One 
g. {5 9 1°01, 110) 0a) i200] Sar oun mens 
369400 4 8:0 29ted 2.0 50a 
Dey ah A rake ay cece ye eyo 
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187. Sum of determinants. We now prove the fact that 
under certain conditions the sum of two determinants may 
be written in determinant form. The fact that the product 
of two determinants is always a determinant is extremely 
important for certain more advanced topics in mathematics, 
but the proof lies beyond the scope of this chapter. 


Theorem. If each of the elements of any row or column con- 
sists of the sum of two numbers, the determinant may be written 
as the sum of two determinants. 


For example, we shall prove that 


Mita; bh «a a b G4 Oi br ci 
dzta’e be col]=|d2 be ce]+]a’2 be col. 
ag3+a’3 b3 ¢3 a3 63 ¢3 a’; b3 


Develop the first determinant by minors with respect to 
the first column, where we symbolize the minors of a; + a’, 
d2+a’2, a3 +a’3 by Ai, Ao, As, respectively. 

We have 


a + a’; by Cy 
de+a’s bo Cl= (ay “+ ay) Ay — (a2 + a's) Ag + (a3 =P a's) Ag 


ag+a’3 63 ¢3 
= 0 Ai —d2A2+03A3+¢0'1 Ai —@'2A2+ 3 A3 


ay by Cy (hel by C1 
= | de be C2 + a's be C2 |. 
a3 63 C3 a's bg 63 


The method of proof given is applicable to the case of any 
row or column of a determinant of order n. 

188. Vanishing of a determinant. For the solution of sys- 
tems of linear equations we shall make use of the 


Theorem. If in the development of a determinant in terms of 
the minors with respect to a certain column (or row) the elements 
of that column (or row) are replaced by another column (or row), 
the resulting development equals zero. 
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For example, we have 
(Cal by Cy dy 
az be ¢2 do} _ ajA1—asAs 4+ asda — oA 
a3 63 ¢3 ds 
as bs Ca dy 


where A, represents the minor of a1. We have to prove that 
if we replace the a’s, for example, by the b’s, the result equals 
zero; that is, that 


bi Ay — be Ag a 63A3 = b4A4 ob (2) 


This expression (2), when written in determinant form, 
evidently would have the same form as the left-hand mem- 
ber of (1), except that the first column would consist of 61, 
bo, b3, and bs. We should then have two identical columns 
of the determinant, which would equal zero (section 184). 
Thus the development in (2) vanishes identically. This 
method of proof is valid for the general case. 


Corollary. The value of the determinant 1s unchanged if the 
elements of any row (or column) are replaced by the elements of 
that row (or column) increased by a multiple of the elements of 
another row (or column). 


The proof follows directly from sections 184, 187, and the 
preceding theorem. 


Thus, for example, 


aq b m+n bh Gn Oy @ nh, bi G4 
a2 be C2|}=|de+nbe be co|=|d2 be col+|nbo be Ce 
a3 b3 ¢3 a3+nbz bs ¢s ag bs ¢3 nbz b3 ¢3 

a b G4 bi bi G4 Mm b GC 

=l/d2 be col +n bo be C2) |\Gombs C2 

az bs ¢3 bs bs Cs a3 bs Cs 


189. Practical directions for evaluating determinants. In 
finding the value of a numeric determinant, the object is to 
form one in which as many as possible of the elements of some 
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row or column are zero. One should ask oneself the following 
questions before attempting to evaluate a determinant : 

I. Is any row (or column) equal to any other row (or 
column)? If so, apply section 184. 

II. Are the elements of any row (or column) multiples of 
any other row (or column)? If so, apply section 184. 

III. If we add (or subtract) a multiple of the elements of 
one row (or column) to the elements of another, will an ele- 
ment become zero? If so, apply section 185. 


EXERCISES 
Evaluate the following determinants: 


er lee: Rane & 


Solution. Subtracting the first column from the third, and the fourth 
column from the second, 


= (i), 


RP Ob wo 
ell eileen 


if 
4 
1 
2 


Re Re 


© i a OO 
Nor & 
SOAHO 
Ep we 


Solution. Subtracting twice the fourth column from the first column, 
and developing, 


8 


4 6 4| 10 4 6 4 
Th oe ea Mee ook tes Pea ec 

= =| tei 
Pie A ae ie Sa & 
Pere Ord eee Saeed 


Subtracting the first column from the second column, 


4 6 4 42 4 
ey \\ab ah ie a AY salle 
by 62 iy i) A 
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256 


Subtracting one half the first row from the third row, and developing, 


ON Oo oD oO 
° med YH 
oo = a OON ky Ow 
SS Al Sb 
Ne) Ge GO =) | = Ga Ga GOS as STO 83 SHSB Bovoyewe tems 
Sal 
Soto Ss Or-nn wo Sisto SirSorS oe XD Oot 8S OD 
OO rH Nonoaorn 
mr st 10 Oo © xt OO OO i=) nD) 6. "SS. Ormond & 
Rap 
ri OO WHS OS NOON OO Ss SS S$ Ss Ss S Ss S°S-s s So oOo x 
ro) a ro) 0 i 


eee OE 
ee EEE 


A qc“e i  ___ 
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190. Solution of linear equations. Suppose that we have 
given n linear equations in n variables. We seek the form of 
the solution of the equations in terms of determinants. For 
simplicity let nm = 4. Given 


artbytaz+ dw =f, (1) 
aor + boy + coz + dow = fo, (2) 
asx + bsy + c3z + dsw = fs, (3) 
and asx + bay + cre + daw = fi. (4) 


The coefficients of the variables taken in the order in which 
they are written may be taken as forming a determinant D, 
which we call the determinant of the system. Thus 

ay by C1 dy 

a2 be (6) de 

ag 63 ¢3 ds 

4 be C4 ds 
We assume for the present that D + 0. 

Symbolize by Aj, Ae, etc. the minors of ay, dz, etc. in this 
determinant. Multiply (1), (2), (8), (4), respectively, by 
Ai, — Az, As, — As. We obtain 

Ajax + Aybyy — A1C1Z —_ Ayd\w = Afi, 
— Aotax — Aoboy — A2lez — Aod2w = — Aofs, 
Azagzt + Azbsy + Azcsz + Asd3w = Asfs, 
and == A4a4x = Aabsy = A4C4z — Asdaw =— Aafi. 

If we add these equations, the coefficient of x is the de- 
terminant D, while the coefficients of y, z, and w are zero 
(section 188). The right-hand member of the equation is the 
determinant D except that the elements of the first column 
are replaced by fi, fe, fz, and fs respectively. Hence 


= D. 


fi bi C1 d 1 
fo bs C2 de 
f: 3 b3 63 d3 


lke: bs 4 dy |. 


os D 
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In a similar manner we may obtain, as values of y, z, and w, 
the following: 


of a dh m bi fi dh a br fi 
a2 fo C2 dz d2 be fo de az be ce fe 
a3 fz ¢3 ds az b3 fz d3 az bs ¢3 fs 
jaa fa co da} aa 04 fa da], _|a4 bs ca fal 
Les) a soa) pe aT) 


It must be observed that we have tacitly assumed in the 
very writing down of theabove equations, (1), (2), (3), and (4), 
that there is a set of values that satisfy them. The foregoing 
procedure merely shows that any set of values of x, y, <z, 
and w which satisfy the equations must necessarily have the 
forms derived. In order to verify the fact that these values 
do actually satisfy the equations it is necessary to substitute 
them for the variables, in the same manner that the work is 
usually checked. This process is virtually reversing the order 
of the procedure by which the results were derived, and will 
not be performed here. In each exercise the work should be 
carefully checked. 

When a system of equations has a solution the equations 
are said to be consistent. 


EXAMPLE ~ 


Solve for x: r+ty—z+w=0, 
2e+2z2—w=6, 
syt2+2w=3, 
8x—y+te+uw=0. 

Solution. Supplying zero coefficients, 

le+ly—lz+lw=0d, 
22+0y+22-1lw=6, 
0%~+38y4+124+2w=83, 
3x—ly+1z+1lw=0. 
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B21 6) 


= —36 = 1, 
poe eae 


When D = 0, we cannot find a solution for the equations 
unless all the numerators in the foregoing expressions also 
vanish. This case is considered in the next section. 

191. Systems whose determinants equal zero. If the de- 
terminant of any system of equations vanishes, there is no 
solution for the system unless all the numerators of the 
expressions for the variables (as given on page 257) also 
vanish, thus affording apparent solutions of the form a. 


As an illustration let us consider the system 
xr+3y=2, 
2x+6y=4. 

, and in the formal solutions the numera- 


(1) 


1 °3 
Here D =|, 6 


tors for both x and y are zero. Thus x =¢ and 7 = > An 


inspection of the equations shows, however, that there is 
not merely one set of values that satisfy the two equations, 
but that apart from a constant factor, 2, the equations are 
identical, and hence every pair of values that satisfies one 
of them satisfies the other also. If, however, the constant 
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term of the second equation had been 3 instead of 4, there 
would have been no values that satisfied both equations. 

A complete discussion of the situation when D = 0 is too 
complex for consideration here. One case, however, where 
we have three or four equations in three or four variables, 
when at least one minor of the determinant of the system 
does not vanish, will be considered. 


Bae ae + by + z+ diw = fi, (2) 
ax + boy + coz + dow = fe, (3) 

agx + bsy + c3z + d3w = fs, (4) 

and aa + bay + crz + daw = fa, (5) 


where D=0, A; £0, and the numerator of the expression 
for each of the variables vanishes. 
The minor A; is the determinant of the system 


boy + coz + dew = fe — aor, 
bsy + c3z + dsw = fs — Aagv, 
bay + cqz + daw == he — A4v. 


Hence, if this system has any solution, the value of y must be 


(fe =e d2x) C2 dz fo C2 dz a2 C2 dz 
(fg — a3) ¢3 ds fs cg d3|—x\|a3 c3 ds 
y= (fa — a4) C4 d4 i fs C4 d4 Op Cr On , (6) 
bo (6) dz Aj 

b3 C3 dz 
bg C4 d4 


where x may have any arbitrary value. An inspection of (6) 
shows us, at once, that since the expression for y involves 
the variable x there are as many values of y as there are 
of x. In other words, for each value of x which we substi- 
tute in the expression for y, we will have a separate and 
distinct value of y. This is the same situation we found in 
equations (1). 
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In order to obtain one set of values it is convenient to let 
x=0(. We have, then, as values for y, z, and w which will 
satisfy equations (3), (4), and (5), the following values: 


fo C2 de bo fo de bo ¢2 fe 
fs ¢3 ds b3 fz ds bs ¢3 fs 
y= fs cs dg ap ps bs fa ds Se OL Cz ap “ 
Aj ‘ Ai re Al 


That these values also satisfy (2) appears from the fact that, 
when substituted for the values of y, z, and win (2), the result 
is the numerator of the value of x in section 190, which is 
zero under our present hypothesis. 

As a practical matter, if one must find solutions of systems 
of equations whose determinant is zero, one may proceed 
as follows: 

If not only the determinant of the system but also all the 
numerators of the expressions for the variables in section 190 
vanish, there may be solutions for the system. 

If any minor of any element in the determinant is not zero, 
solve the system in n — 1 variables of which this minor is 
the system, allowing the remaining variable to take any con- 
venient value, usually zero. 

By allowing the remaining variable to take on various 
values, as many sets of values satisfying the system may be 
found as are desired. 

EXERCISES 

Find a solution of the followihg systems by determinants: 

122+y—-—z-—w=6, 

x—-2y+22+3w=-7, 
82—2z2+w=-83, 
82-—y+2+2w=-1. 


Solution. 
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All remaining fourth-order determinants of this system are zero. We 
must therefore solve the following system as shown in section 191. 
—2y+22+3w=-7-2, 
+0y—-22+1lw=-3-838z7, 
—lyt+12+2w=-1-3¢2. 


Whence —7T 2 , 
—3 -2 —10 4 
Py _|2aiele ete = 
Pia Si aaa mame aaa °; 
0-2 1 —1 2 
—1 LZ, 
—-2 -T7 3 
OR 8° 1) l= oer 
ek | eee 
2 2 
—2 2 -—7 
0-2 -3 =| 0 =| 
-—1 1 -1 —2 -3 a 
w= 
2 Z, 
2.27+38y-—z2z=-83, 4.x+yt+2=2, 
x—-2y+2=6, x—y—z=0, 
8x2+y=83. Yi teaae ae 
8.52+2y—2=8, by NE PSE Ss a Sok 
Set c= 0) 210i —20; 
a0 +2Y — 22 o. 22x+6y+32=38. 


6.8¢e—5y+22-—6w=-7, 
ct+t2y+7w=14, 
8y+8w=21, 
e+t5y+15w=835. 


192. Solution of homogeneous linear equations. The equa- 
tions considered in section 190 become homogeneous (p. 147) 
if fi = fo = fa i= 0. We have then 

ar + by + a2+diw=0, 
aor + boy + coz + dow = 0, 
asx + bsy + c3z + dgw = 0, 
a4x + bay + coz + daw = 0. 


(I) 
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These equations have evidently the solution 
gy 16 = 1) 


This we call the zero solution. If we carry out the method of 
section 191, we observe that the determinant equals zero in 
the numerator of every fraction giving the value of one of the 
variables, since all the f’s are equal to zero. Thus if D is not 
equal to zero, the only solution of the above equations is the 
zero solution. This gives us the following 


Rule. A system of n linear homogeneous equations in n vari- 
ables has a solution distinct from the zero solution only when the 
determinant of the system vanishes. 


We seek the condition that the coefficients must fulfill in 
order that other solutions may also exist. Whether a solu- 
tion distinct from the zero solution always exists when the 
determinant of the system equals zero we shall not determine, 
as a complete discussion of this question would be beyond 
the scope of this chapter. If, however, any solution apart 
from the zero solution exists, there are countless other solu- 
tions. This follows from the following 


Theorem. If x1, yi, 21, Wi 18 a solution of equation (1) and 
k is any number, then kx, ky, kz1, kw is also a solution. 


The proof for this theorem is evident on substituting ka; 
etc. in equations (I) and observing that the number k is a 
factor of each equation. Thus if a system of linear homo- 
geneous equations has any solution distinct from the zero 
solution it has an infinite number of solutions. 

If the determinant of this system equals zero, but if there 
is any minor of the determinant which is not zero, follow- 
ing the method given in section 191 the system in n— 1 
variables of which this minor is the determinant may be 
solved, giving the remaining variable any convenient arbi- 
trary value. 
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EXAMPLE 
Solve by determinants: 
r+38y—22+4w=0, 
2xer+y+2-2w=)0, 
y+t3z2—w=0, 
82+4y—2+2w=0. 


Solution. 1 3 =2 4 
Del 1 1-2 = 
th ah sh Su! . 

38 4-1 % 


Following the method of section 191, 
lytiz-2w=-2z, 
ly+3z2-l1w=0, 


and 4y—1z2+2w=-—8z. 
Be a hese, a ae 
~ 0 30 |i) er} Ome ed ~52| Smad 
oy ee ee Lal | 12 ee 
u rig a 5) 8-1 | 2 =) 
[hae = ie 2 iro 
rein 
1° —23—2 
zil 0 —1 Pl eg et 
Be oil teeta he ES eis i se 
ss Sgets 5/221) ob ae oe 
De 2 ak S 2 
ie 12 
api a 3 0 
ae 4-1-8 eZee ae 
25 OT AG 


A convenient number to substitute for x is 5. Thus we find that when 
A= Oy, Ph SB}, CHO ee 


EXERCISES 
Use determinants to solve the following linear systems: 
lzvt+y+22=0, 2e2+2y4y+32=18, 
2x%+3y+32=0, 2e+ty+2z2=7, 


22+4y4+22=0. 8%4+4y+32=21. 
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38.2¢%¢+4y—32=8, 1.2%—38y+4z2=1, 
8x2—8y+62=1, 8yt22-—3w=2, 
5a—-—4y+32=4. —2=Twti2s«=—-1, 
82z+w=4, 
Soe ee ae 8.8e%+2y=18, 
Syt52+3w=5. oY ee 1; 
ZW 2 
§.382—4y+22=1, w—-3y=-—17. 
5a—b5yt42=7, 
22—y+22=6. 92—y+t2=2, 
6.2+2y+2=1, y—2+w=3, 
2u—y—22=-4Y, z—-w+2=0, 
8e—-—yt42=8. w—-xty=bd. 


10.20+32+2y-—z24+w=8, 
8v—8y+2w=-8, 
v—w+r=2, 
wt«e-y=d0, 
38w+20—-Tx=—10. 


CHAPTER XX 


PARTIAL FRACTIONS 
193. Introduction. For various purposes it is convenient to 
express a rational algebraic expression a section 11, as the 


gum of several fractions called partial fractions, which have 
the several factors of F(x) as denominators and which have 
constants for numerators. If we write 


F(z) = («—a)@—b)---(@—n), 


we seek a means of determining constants A, B,---, N such 
that for every value of x 
fe) A Ea : 
F(@) Pa ona Soar fe 


If the degree of f(x) is equal to or greater than that of 

F(x), we can write res ee 
be) 1(X) 
F(a) = Q(x) + F(a)’ (2) 

where Q(x) is the quotient and f;(x) the remainder from divid- 
ing f(z) by F(x), and where the degree of f(x) is less than 
that of F(z). In what follows we shall assume that the degree 
of f(x) is less than that of F(x). In problems where this is 
not the case one should carry out the long division indicated 
by (2) and apply the principles developed in this chapter to 
the expression corresponding to the last term in (2). 

194. Development when F(x) = 0 has no multiple roots. Let 
us consider the particular case 


AhED = cot Li 
F(z) (—1)@—2)(%— 3) 
266 
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We indicate the development required in form (1) of the 
last- section, 1 i B C 


PaCS wre oe rea 


where A, B, and C represent constants which we are to 
determine if possible. The question arises immediately, 
Are we at liberty to make this assumption? Are we not 
assuming the essence of what we wish to prove, that is, 
the form of the expansion? To this we may answer, We 
have written the expansion in form (1) tentatively. We 
have not proved it and are not certain of its validity. If, 
however, we are able to find numerical values of A, B, 
and C which satisfy (1), we can then actually write down the 
development of the fraction in the form of an identity. 

If, on the other hand, we can show that no such numbers 
A, B, C satisfying (1) exist, then the development is not 
possible. 

Clear (1) of fractions: 


gt1= A(x4—2)(x—38)4+ Bix -1)\(@#—8)+Ca@—1)(@—-2) 
=(A+B+C)x?—(GAt4B+4+30C)21+6A13B42C. 
Since we seek values of A, B, and C for which (1) is identi- 


cally true for all values of x, equate coefficients of like powers 
of x in the last equation (Corollary II, p. 192). We obtain 


A+B+C=0, (2) 
—5A—4B-—3C=$1, (3) 
and 6A+3B+2C=1. (4) 
Add (4) to (3) and we obtain 
A—B—C=2 (5) 
A+B+C=0 (2) 
' Adding, we obtain VAN a 
ON Ae 


From (3) and (4) we obtain 
B=—3, and C=2. 
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aoe ee Se eee Lee ee 
(2—1)\(x—2)(@—3) 2-1 x-2 2x-3 

As a check we might clear of fractions and simplify. If 
equations (2), (8), and (4) had been incompatible, we should 
have concluded that we could not develop the fraction in 
form (1). 

We assume now for the general case that 
F(x) = (x—a)(@@—6)--- (e—n), 


and that the n roots a, b,---, are all distinct from each other. 
Let us consider the expression 


Thus 


JAC) ES As eB eee ee 6 

TOE ET ar © 

where A, B, ---, N are constants. ae us assume for the 
(x) 


moment the possibility of expressing in terms of these 


F(x 
partial fractions. We shall now attempt to determine actual 


values A, B, ---, N which satisfy such an identity. If we 
multiply both sides of the identity by 
F(x) = (@—a)(x—b)---(@—n), 
we obtain 
f@) = A@—b) ++ (@—n) + B@—a)-+-(@—n) t+ 
+ N(w@—a)(x%—b)---. 


f(x) is of degree not greater than m — 1, and consequently 
when written in the form of (1), p. 184, has not more than 
n terms. If we multiply out the right-hand member and col- 
lect powers of x, we have an expression in x of degree n — 1. 
By Corollary II, p. 192, this equation will be an identity 
if we can determine values of A, B, ---, N which make the 
coefficients of « on both sides of the equation equal to each 
other. Hence we equate coefficients of like powers of x and 
obtain n equations linear in A, B, - - -, N which we can treat 
as variables. These equations have in general one and only 
one solution, which we can easily determine. The values of 
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A, B,---, N obtained by solving these equations we can sub- 
stitute for the numerators of the partial fractions in (6). 
After making this substitution we can actually clear of frac- 
tions the right-hand member of (6) and check our work by 
showing its identity with the left-hand member. 

There is no general criterion that we have applied to (6) to 
determine whether the n linear equations obtained by equat- 
ing coefficients of x have any solution or not. Hence in this 
general discussion it should be distinctly understood that 
assumption (6) holds when and only when these equations 
are solvable. In any particular case we can find out im- 
mediately whether the equations are solvable by attempting 
to solve them. If the numbers A, B, ---, N do not exist, the 
fact will appear by our inability to solve the linear equations. 
As a matter of fact, one and only one solution always exists 
under the assumption of this section. 


If in (6) we assume that several of the symbols A, B,--+-, N stand for 
expressions linear in x, as, for instance, ax + 6, we should then have a 
larger number of variables to determine than there are equations. Under 
these circumstances there is an infinite number of solutions of the equa- 


tions. Thus if we should seek to express = as the sum of partial frac- 


tions where the numerators are not constants but functions of x, we could 
get any number of such developments. 


We have the following 

Rule. Factor F(x) into linear factors, as 
(x—a)(x—b)---(a—n). 

Write the expression 


fe A B ae Nie 
Hele peer te ea 
Multiply both sides of the expression by F(x), equate coeffi- 
cients of like powers of x, and solve the resulting linear equations 
for A, B,--+, N. 
Replace A, B,---, N by these values and check by substituting 
for x some number distinct from a, b, +++, N. 
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EXERCISES 


Separate into partial fractions: 
x? — 2 
(a —1)(a —2)x 


Solution. Assume 


1; 


x? —2 Pages! #8 B C. 
(e—-l)(@—2)e wx-1 “x-2 @& 


Multiplying by (x — 1) (a — 2)z, 
“w?—2=A(e—2)xa+ Bie —1)x + C(x — 1) (a — 2) 
=(A+B4+C)e?-(2A4+B4+3C0)44+2C. 


Equating coefficients of like powers of z, 
A+B+4+C=1, 
2A+B+3C=0, 


and AO Oy 
Hence C= =i 
Solving A+B=2 

and 2A+B=8 

we obtain A=1 
Hence iB ily, 
Thus Reet ett Aa) ane 2? bi One 


or 


(s—1)(@—2)e 2-1 x-—2 ¢ 


Check. Let x = —1. 


Re ee —1 1 1 1 
Substitut: 1), —=—4—-—-—, 
ubstituting in (1) a, =p bss a 
Lele see 
6 ee ee eae ae 
x-—1 é 6 4 x? 
22 8a 8 "(2 —4)(e@—1) 
Pee iE”, . 2a? 1 
20°7—5¢—3 ' (a? +3 24 2)(@—1) 
4. 1 . 8 x?7—3x+1 . 
322—-27—-—8 “@-1I@—2)@—8) 
5 I : x?7+4 


a year GG. DG aie 


(1) 
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195. Development when F(x) = 0 has imaginary roots. In 
the preceding section no mention has been made of any dis- 
tinction between real and imaginary values of a, b, ---, 7. 
In fact the method given is valid whether they are real or 
imaginary. It is, however, desirable to obtain a development 
in which only real numbers appear. 

Let us assume the development 


Se 


, 


F@) 2-—a’ x—0 r—-mM xL—N 


where let us suppose that m and n are the only pair of con- 
jugate imaginary roots of F(x), M and N being conjugate 
complex numbers. 
Let m=pt+ir, n=p—m. 
Then, adding the corresponding terms of (1), we obtain 
M N 
x—-p-iwr xex-—p+ir 
— “(M+ N)—~pM+N), ; r(M — N) ; (2) 
G—piaT 7) lee 
Since m and 7 are the only imaginary roots of F(x) = 0, the 
last term of (2) is real, as is also the entire right-hand mem- 
ber (section 142). Hence, letting the numerator 


a(M + N)—p(M+N)+ir(M—N)=Pr+R, 
we have the development 
it) oA B a Px+R 9 
F(x) aE se eee eye (8) 
By complete induction we can establish this form of nu- 
merator where there is any number of pairs of imaginary 
roots of F(z) = 0. We have proved the form (8) where there 
is one pair of imaginary roots. Assuming the form where 
there are k pairs, we can prove it similarly where there are 
k +1 pairs. Hence we have the 
Theorem. If F(x) is factorable into distinct linear and quad- 
ratic factors, but the quadratic factors are not further reducible 
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into real* factors, then L(x) is separable into partial fractions 
F(x) 
of the form 


any B Pipi Pe+R 


“g—a x—b x?+me+n 
where 22 + mz +n is an irreducible quadratic factor of F(x). 


This theorem is of course true only under the condition that 
the linear equations obtained in the process of determining 
the constants are solvable. It turns out, however, that in this 
case, as in section 194, the linear equations obtained always 
have one and only one solution provided that the roots are 
all distinct. 

EXERCISES 
Separate into partial fractions: 
v+1 . 
(ie — 1) Gera +1) 


Solution. Assume 


il 
v+1 pene Sy Be4+C~ 
(e—-1)(@?+e+1) ew-1 w+241 
Multiplying by (2 — 1)(x2+2+1), 
v?+1=A(e?+2%+4+1)+ (Br+C)(e—1). 
Collecting like powers of x, 
w+i=(A+B)'+(A-B+C)x+A-C. 


Equating coefficients of zx, A+B=1, (1) 
A-B+C=0, (2) 
A= C=, (3) 
Adding (2) and (8), and solving with (1), 
2A—B=1 
A+B=1 
Al = 
or A=, 
Substituting in (1), 24+B=1, 
or Bas 


*A real factor is one whose coefficients are all real numbers. 
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Substituting in (8), 2-C=1, 
or C=— 4. 


(w~—1)@?+2+4+1) 8(@—1) 327+32+3 


Check. Let x=—1. 


oh ae 2 2 —2 
Sub = pee oe 
ubstituting, pat oh 2S SasSice 

. rh. 
Red = tae oe 
educing, al 63 ig 
2 Sek eee 6 PL ee . 
° +4a "(a+ 3)(202-—a2—4) 
att a an tel Na 
“gt+a2+1 “23 +322-—22—16 
4 xe?+4 : HINT. Factor by syn- 
*o3 —2724327—2 thetic division. 

5x? —1 A 8 2 Le ° 
“gt+6277+8 “(e—1)(8 22+ 2+ 6) 


196. Development when F(x)=(x—a)". In this case the 
method given in the previous sections fails, as the equations 
for determining the values of the numerators are incompat- 
ible. If we let 

Fa) pee a ae et in (1) 
F(x) (2 — a)” 
we can separate into partial fractions as follows. 

Let s —a= y, that is, x = y + a, and substitute in (1). We 

obtain, after collecting powers of y, 


Aoy”—1 + Aiy”=7+:: (+ An-1_ Ao, Ary, ; . 4 Ant 
y” y y? nr 
where the A’s are constants. Replacing y by x — a, we have 
the following development : 


f(x) =_ Ao se Ai ae As “1 7s ae An-1 


(c—a)” “x—a (e—a)? (e—a) (x — a)" 


’ 
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EXERCISES 
Separate into partial fractions: 


eli Al 
(= 3)7 


Solution. Assume 


it: 


i ar SC hel ey na! B C. ; 1 
(a — 3)3 roa GE een (1) 


Multiplying by (a — 3)3, 
g2?+2x%—-1=A(e?—-—62+9)+Bee—3)4+C 
=Azx?+(B—6A)x+9A-—83B4+C. 


Equating coefficients of x, 


/a\ Al, 
B-6A=2, 
and 9A 3) BC = ae 
Solving, (5 = Syand tOi——a4e 
er 2e—1_ 1 8 14 


H ain a Se LS Se eee 
eros Gud! io) =e eee 


Check. Let x = 1. 


Substituting in (1), Sosa ti -H=-5+2-| 
or ciel eg 
4 4 
2, —__——_-- 4, ———_- f eee ESE 
(x — 2)8 @—43 Cama 
3. ay F 5 ees eet tl 207% +3 Sede 
(2%+1)? "(2x2—1)4 . @8%—2)3 


197. General case. When F(x) = 0 has real, complex, and 
multiple roots, we may use all the previous methods simul- 
taneously. Hence for this case we assume the expansion 


ud Ga 

(x —a)--- (la?+mxe+n)--- (a —it) 

SS aa ee Pet kR Set re V 
=a i sneeenee STs Ber 
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EXERCISES 


Separate into partial fractions: 
vt++222+18 2-18 


1h, Se ee 
(x —1)(@?+2+1)(@ — 2)? 
Solution. 
zwt+2a”7+18%-18 _ A Bau +C D E 


(2 —1)(z?+2+1)@—2)2? 2-1 x2 +241 Sens ea 


Clearing of fractions, 
xt+227+182—18 =A(a?+2%+41)(e — 2)? + (Bx + C) (a4 — 2)2(@ — 1) 
Oe Ge 2) Gr* ee od) 
+ E(@ —1)(a? +2”+1) 
=(A+B+4+D)x!'+ (-83A—-—5B4+C—2 D+ E)x3 
+(A+8B—50C)x2?+ (-4B4+8C—D)z 
+(4A-—-4C+4+2D-—-E). 


Equating coefficients of like powers of x, 


A+B+D=1, (1) 
—3A-—-5B+C-2D+£E=0, (2) 
A+8B-5C=2, (3) 
—-4B+8C-—-D=18, (4) 
4A—4C0+2D—-EH=-18. (8) 

Adding (2) and (5), (1) and (4), we have, together with (8), 
A-5B-—-3C=-18, (6) 
A-3B+8C=19, (7) 
and A+8B-5C=2. (3) 


Adding all three equations, we find 
DrAt is Olea 
Substituting in (3) and (7), and solving, we find C=3 and B=2. 
Substituting in (1), we find D = — 2. Similarly, from (5), # = 6. 
Thus 
tea 20 + 18 7 — 18 1 25 Clio pee 4 6 


(ct —1)(2?+24+1)(2—2)2 «—1 e+e+l «-2 (2 — 2)2° 
Check. Letx=-—1. 


Substituting, Sa ee = 


or 44 = 2} 
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9 ec belize 8 x—1 > 
“a(x — 1) * x(a? + 4) “(a+ 1)?(x + 2) 
4x2) g 2a ret3, 9. eee 
“1-21 " (@2 + 1)? * ot— 16 
4 ee t2er 41, 7 480-11, 10 Jl 
—ae@—1)3 * 30(a? — 1) “(a2 — 1)(x + 2) 
ye tbe 8, r34+202—30+1_ 
“ 28 —4g "(a@+ 8)(a? —42+4+ 5) 
12 t= 0 V ae 16 30 2 —17 
"(@ — 8)(e@ — 9) ‘@a—3)(622—52+1) 
1p ere er ee Sw 17 _ ba 
@+a+3)224+) "(@?—3 2 + 2)(@ — 8) 
207-382-383 5-2 


14 


"(@—1)(@—22+5) 


ei (x? +22+1) (@—1) 


CHAPTER XXI 


CONTINUED FRACTIONS 
198. Definitions. A fraction in the form 


a+ Y a 

e+ oy 

g = es as 
where a, b, ---, g, --- are real numbers, is called a continued 
fraction. We shall consider only those continued fractions in 
which the numerators }, d, f, etc. are equal to unity and in 
which the letters represent integers, as, for example, 


2s aaa oe it 

phn eet written aj--— sos = 

dg+ 1 Dupe meray’ >, 
4 aL rey 

When the number of quotients dz, a3, a4, - - - is finite the 


fraction is said to be terminating. When the fraction is not 
terminating it is infinite. We shall see that the character of 
the numbers represented by terminating fractions differs 
widely from that of the numbers represented by infinite 
continued fractions. We shall find, in fact, that any root of 
a linear equation in one variable, that is, any rational num- 
ber, may be represented by a terminating continued fraction, 
and conversely; furthermore, that any real irrational root 
of a quadratic equation may be represented by the simplest 
type of infinite continued fractions, and conversely. 

199. Terminating continued fractions. If we have a termi- 
nating continued fraction, where a, dz, - - - are integers, it is 


evident that by reducing it to its simplest form we obtain a 
277 
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rational number. The converse is also true, as we can prove 
in the following 

Theorem. Any rational number may be expressed as a termi- 
nating fraction. 


Let represent a rational number. Divide a by 6, and let 


a be the quotient and c (less than b) the remainder. Then 


ta +o =a +4. 


¢ 
Divide b by ¢, letting az be the quotient and d (which must 
be less than c) the remainder. Then 
a } 
be ae 
e , 
Continuing this process, the maximum limit of the re- 
mainders in the successive divisions becomes smaller as we 
go on, until finally the remainder is zero. Hence the fraction 
is terminating. It is noted that the successive quotients are 
the denominators in the continued fraction. 


EXERCISES 
Convert the following into continued fractions: 
1. o'r 
Solution. 247|77|0 
T1|247|3 
231 


16) 77 [4 
64 


13]16|1 
18 
3) 13/4 
12 


1)3|3 


olw w 
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The continued fraction is 


ioe ter ie ORS pals 
247° 844144438 
2.44 5. 444. a. 4485. 
3. 437: 6. 33- 9. 193. 
4. 334. 7. 2365 10. 1337. 
Express the following continued fractions as rational fractions. 
jie a i aeie ks 1 eo eee 
20 ee 13. = oe ee 
ao Ce a+b Gl ier 
i Ps | iat Lea 
als ye, bey ot es 
via eh 4853 ods 
Peedpred oe to 9T igi Aelete nl ieee 
2+44+24442 "14243414243 


200. Convergents. The value obtained by taking only the 
first n — 1 quotients in a continued fraction is called the nth 
convergent of the fraction. 

iu al al 
Thus in the fraction 1 + ; race rir 
1 is the first convergent, 


eG is the second convergent, 


1+ 
toe 10: 


1 +1 = =i +7 is the third convergent, etc. 


24+3 
When there is no whole number preceding the fractional part of the 
continued fraction the first convergent is zero. Thus in 
Dr Ae oh 
2+3+5 
3 is called the second convergent. 


In the continued fraction 
1 1 1 
sad ertin tious 


let 21, 22, P3,--- represent the successive convergents ex- 
M1 2 
pressed as rational fractions. 
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Then for the first convergent we have 


a =, or pi = 1, ip ee be 
1 


For the second convergent we have 
oy pb = BUtl _ , or p= a9 +1=a2p: +1, 
a2 a2 q2 do = de = Oeq. 
For the third convergent we have 


aie a3 _ d3(ded1 +1) +41 _ ps 
aa ee asd2 + 1 dzd2 + 1 q3 
or 3 = A3(d2d, + 1) + a1 = Aspe + Pi, 


93 = Azd2 + 1 = asqo2 + MH. 
This indicates that the form of the nth convergent is 
Pn =< AnPn—1 ae Pn—2, (1) 
In AnQn—1 + Qn-2 
This is in fact the case, as we proceed to show by complete 
induction. 
We have already established form (1) for n = 2 and n= 3. 
We assume it for n = m, and will show that its validity for 
n=m-+1 follows. The (m+1)th convergent differs from 


the mth only in the fact that a,, + . appears in the con- 


m +i 


tinued fraction in place of a,,. In (1) replace n by m, and an 
DY Om + 5 : 


m-+1 


(4 a5 =| Pm-1 + Pm—2 
Pm+1 — Gm +1 


Qn+1 (mn ae fel Qm-1 = Qm—2 
Am+1 


, and we have 


— (bm418m + 1) Pm—1 + O41 9m —2 
(Qin1%m + 1)Gm—1 + Om+19m—2 

= Grail (Gm aan + Dm—2) se Dei 
Om +1(AmYm—1 +. Qm—2) ss Qm—1 


— Im+1Pm + Pm—1 which is form (1). 
Am +19m = Qm—1 
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EXERCISES 


Express the following as continued fractions, and find the con- 
vergents : 


1.49 
Solution. By the method already explained, we find that 
SUSE Oe pers 


41 14241424142 


Herevar— 05a, — 1, 0; = 29, da — 1, Gs —2) de = an 2) 
The first convergent is evidently 0, the second is 1, and the third is 
1 Zz 


14+3 3 
The fourth convergent is 24 = Gaps + pe 1-2+1_ 3) 
Qs Gsg3tgq. 1°-3+1 4 


The fifth convergent is 22 = Usps T Ps — oo SEU Se, 


The sixth convergent is 2¢ — %Ps+ps1_ 1°8+3 _ 11, 


Q Qds+qs 1:°:114+4 15 


_ G7po+ps _ 2°11+8 _ 30 
Qz G7¢6+Q@ 2:°15+4+11 ei 


6 5_ =) 100 241 20508 

* 352° 4 121 6 137 8 1760 10 3361 
5 5 Sie yen 56 212 

3. 89° 5 BiG Aly 7 194 9. 457 11 a Loe 


Find the value of the following by finding the successive con- 
vergents : 


Pere tiet 1 pyihlhe, SIS Eni 
"24142+14+2 “54+8414+1+34+5 
pets LL lbp boebercr tr 
°34+24+34+2+43 °“14+34+54+5+841 
pia: mash oy ME Maep serene e Sil 
°24+384+14+143-42 “(@-1)+a+4+ («#4+1) 
tte Et ieeiaet 
°*34+3434+34+34+83 ectoten 


201. Recurring continued fractions. We have seen that every 
terminating continued fraction represents a rational number, 
and conversely. We now discuss the character of the num- 
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bers represented by the simplest infinite continued fractions. 
A recurring continued fraction is one in which from a certain 
point on, a group of denominators is repeated in the same 
order. oh ae 
ae 3 paseo ge) oe? 
na ete Fe el ib te 
14+24+3414+2+4+3+4 
are recurring continued fractions if the denominators are assumed to 
repeat indefinitely as indicated. 


That a repeating continued fraction actually represents a 
number we shall establish in section 203. Unless this fact is 
proven, one runs the risk of dealing with symbols which have 
no meaning. If for certain continued fractions the successive 
convergents increase without limit, or take on erratic values 
that approach no limit, it is important to discover the fact: 
All the fractions that we discuss actually represent numbers, 
as we shall see. 

We shall consider only continued fractions in which every 
denominator has a positive sign. 

Theorem. Every recurring continued fraction is the root of a 
quadratic equation. 

Let, for instance, 

ole loelye1) gla 
@+b+e+a+b6+04- © 

Evidently the part of the fraction after the first denomi- 

nator c may be represented by x, and we have thus virtually 


the terminating fraction 
ih il 


Rash ete 
The second convergent is 1. 
a 


The third convergent is 
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The fourth convergent, or x, gives us 
op = D4 — Gaps + Po _ (ea )0- 
q@ Qgtq (c+2)(ab+1)+a 

Simplifying, we get 

(ab + 1)x?+ [c(ab +1) +a— b]x— be—1=0, 
which is a quadratic equation whose root is x, the value of 
the continued fraction. 

Since this equation has a negative number for its constant 
term, it has one positive and one negative root. The continued 
fraction must represent the positive root, since we assume that 
the letters a, b, c represent positive integers. The quadratic 
equation whose root is a recurring continued fraction with 
positive denominators will always have one positive and one 
negative root. The equation will be quadratic, however, what- 
ever the signs of the denominators may be. 

The proof may be extended to the case where there are any 
number of recurring denominators or any number of de- 
nominators before the recurrence sets in. Since every real 
irrational root of a quadratic equation is a surd, our result is 
equivalent to the statement that every recurring continued 
fraction may be expressed as a surd. 


EXERCISES 


Of what quadratic equations are the following roots? Express 
the continued fraction as a surd. 


Se i Pe! 


Pea a4 = ners 

24+3424+3+4+ 

a te 
Solution. Let De 

Lee Sent 
oe Ce Fase ene Be Led 
or 227+62%—3=0. 
Solving this equation, we get 
_—3+Vv15 ee bow V 155 


or 2 


wi 2 are 
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Since wz is negative, x; must be the surd that is represented by the con- 
tinued fraction. 


Thus ie ae te ears AT) 
* Bb SO ee oe 3 
Lael 2 Le Pees il 
= alee fei ae eecperar era pre 7p 
Heupaigioe 9 (te ee 
Pay Ta car eT Hint. Ifv=245) 7 ag 
i pak Goth a th a rn 
TO. 8 sions h 8 al Se 
Tee Gatien ar then x oe 
tele) tat rae 
ARR dust Ie andc=2td to 
shee SIR a 
eee eee 
Lot esl Ail 
Pe Sareea. 
esse wala tly mak ee 
a eg ee eae 
jul: Te Leese 
Oe res 


202. Expression of a surd as a recurring continued fraction. 
This is the converse of the problem discussed in the last sec- 
tion, and shows that recurring continued fractions and quad- 
ratic equations are related in the same intimate way that 
terminating fractions and rational numbers (that is, the roots 
of linear equations) are connected. We seek to express an ir- 
rational number, as, for instance, V2, as a continued fraction. 
This we may do as follows. 

Since 1 is the largest integer in 2, we may write 


Vi=1+ (v2-1)=14¥2o1. 


Rationalizing the numerator, we have 


4/2 ee 
pect 
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Since 2 is the largest integer in V2 + 1, we may write this 
expression as follows 


V2=1+ : 


1 

et ee 

Pen 21) | Nees 
1 


Rationalizing the numerator V2 — 1, we obtain the follow- 
ing expression : 
VE=145 1s el Sl 
W/O 2+ (V2—-1). 


By continuing this process we continually get the denomi- 
nator 2. Thus 


NIle 


Ne see 
5 43 
This process consists of the successive application of two 
operations, and affords the following 


Rule. Express the surd as the sum of two numbers the first of 
which is the largest integer that rt contains. 

Rationalize the numerator of the fraction whose numerator is 
the second of these numbers. Repeat these operations until a 
recurrence of denominators 1s observed. 


This process may be applied to any surd, and a contin- 
ued fraction which is recurring will always be obtained. We 
shall content ourselves with a statement of this fact with- 
out proof. 

If this surd is of the form a — Vb, a continued fraction may 
be derived for + Vb and its sign changed. Since the real roots 
of any quadratic equation x? + 2 ayxz + a2 = 0 are surds of the 
form a + Vb, where a and b are integers, it appears that the 
roots of any such equation may be expressed as recurring 
continued fractions. It can be shown that the real roots of 
the general quadratic equation aor? + ax + a2 = 0 may also 
be so expressed. 
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EXERCISES 
Express the following surds as recurrent continued fractions. 
oN 
Solution. 
eee erase ae Sos (1) 
38-1 Zs 
1 V8 44 
1 1 
z ie et a es 
2 2 
3—1 il 1 ee 
= 3 eS 3 =— — 3 = = as 
= +9(V3 +1) rk Say arse 1+2+(V3—-1) 
1 


But since V3 — 1 is the same number that we have in (1), this fraction 
repeats from this point on, and we have 


2 Ve 3 eee eee 


12 te 


2. V5. 6. V14. 10. V62. 14. V22. 
aay iy. 0 VE 11. V79. 15. V45. 
4, V65. 8. V34. 12. V98. 16. V59. 
5. VAT. 9. V19. 13. V88. 17 (Ole 
1827 ie 1958-53: 20. 3 — V23. 


Express as a continued fraction the roots of the following 
equations: 


Q21.277-—Tx—3=0. 
22.27 +2x2—6=0. 


23. 0" ae Do Us 
24. 27—427—4=0. 


203. Properties of convergents. The law of formation of con- 
vergents given in section 200 is valid whether the continued 
fraction is terminating or infinite. We should expect that in 
the case of an infinite fraction the successive convergents 
would give us an increasingly close approximation to the 
value of the fraction. This is indeed the fact, as we shall see. 


CONTINUED FRACTIONS 287 


Theorem. The difference between the nth and (n+ 1)st con- 
(jal) 
QnQn+1 
We prove this theorem by mathematical induction. 
Let the continued fraction be 
As | eas 
eT ape GE hae I, Saar 
7 dz + a3 + da + 


Then the first and second convergents are, respectively, 


vergents vs 


Pi _ p2 a2 +1 
wa. and a ne 
Po Pi dat +1 oy Ls 
Ae q2 = a a2 he a2 
Since qi: = 1, gg = a2, 
4 . — | n+1 
Paeige Ps ely eles ae 


we have = ———_ 
Qn+1 Tn QnAn+1 


We assume that the theorem holds for n = m; that is, 
Pm+1 Pm _ PmYm+1 ~ ImPmsi _ (~1)™*, (1) 


fait a Am Gm-+1 Gm Om-+1 
We must prove that it holds forn = m+ 1. 
Now since 
Pm+2 Pm+1 ae Pm+19m+2 — Pm+24m+1 | 
Om+2 = Caen i Ym+19m+2 


our theorem reduces to proving that the numerator 


(2) 


DPm+19m+2 — DPm+29m+1 = = Le 


In the left-hand member of (2), set 
Om +29m+1 + Gn = Im+2s 


: and Om+42Pm+1 + Pm = Pm+2- 


Then 
Dine Cmn 20m-42 + Un) — (Om+2Pm+1 + Dm) Um-+1 


= Dn+19m — PmOn+1 = — (DmQm+1 =y Pn +19m) 
= — (—1)"*1 = (— 1)™*2, 


By (1) 
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Corollary I. The difference between the successive convergents 
of a continued fraction with positive denominators approaches 
zero as a lamit. 

Since gn =OnIn—-1 + %Mr—2, evidently q, increases without 
limit when v is increased, since to obtain g, we add together 
positive numbers neither one of which can vanish. 

Thus we can find a value of n large enough so that —, and 


Tee 
hence , will be smaller than any assigned number, which 


QnQn+1 
is another way of stating that as n increases 


zero as a limit. 


approaches 


QnAn+1 


Corollary II. The even convergents decrease, while the odd 
convergents increase, as n increases. 
We must show that 
Pm+2 me Pm 
Qm+2 Ym 


is negative or positive according as m is even or odd. Adding 


and subtracting = we have 
m+] 


Pm+2 Dm (Ens? ae (Bex ner Pe) 
Ym+-2 Im 


TEES et Gavilan 
e (—1)"t2 (- ie 


Qm+29m+1 Qm+14m 


By Corollary I, the denominator of the first fraction exceeds 
that of the second. Hence when m is odd the sum in the last 
member of the equation is positive, and when m is even the 
sum is negative. 

We now see that any recurring fraction of the type con- 
sidered in section 201 actually represents a number in the 
sense of section 70. We have seen that the successive odd 
convergents continually increase, while the even convergents 
continually decrease, until the difference between a pair of 
them is very small. Such sequences of numbers we have seen 
(section 69 ff.) define real numbers. 
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204. Limit of error. We are now in a position to state a 
maximum value for the error made in taking any convergent 
of a continued fraction for the fraction itself. 


Theorem. The maximum limit of error in taking the nth con- 
vergent for the continued fraction is less than 


QnIn+1 
Since by the theorem of the last section the value of the 
fraction is between any pair of consecutive convergents, it 
must differ from either of these convergents by less than they 


differ from each other, that is, by less than 


Qndn steel 
EXERCISES 


Find a convergent that differs by less than .001 from each of the 
following : 


1. V6. 
Solution. , 
Veet (V6 —2) 2245 a 
ae V6 +2 
2 
=2+} (S- 2) =2 ail ues 
HOw 
1 6 —A4 1 i ak 
94 os aoe ed 
Seas) a 24/6 oO 2+4+(V6-2). 


Since the last surd repeats the one in the first equation, we have 


2 

5 _ 49. ps_4-49422 218 
2 20’ g 4:20+9 89 
1 


gene 


SR a < .001, 
gigs 20-89 1780 


Since 


we see by section 204 that $9 satisfies the condition of the problem. 


2. V7. 5. V19. 8. V61. 11. V99. 
3. V46. 6. V35. 9. V55. 12. V41. 


Ay N/3; 7, V32. 16. Siew 13. V13. 


CHAPTER XXII 


SCALES OF NOTATION 


205. General statement. The ordinary numbers with which 
we are acquainted are expressed in the decimal notation by 
means of powers of 10. Thus 


263 = 2-107+6-10-+ 38. 


This is the common scale of notation, and 10 is called the 
radix of the scale. 

In a similar manner, a number might be expressed in any 
scale with any radix other than 10. If we take 6 as the radix, 
we shall have in this scale, for instance, 

207 = 5-6?+4-64+3 = 543, 
while in radix 10 207=2-10?+0-10+7. 


In this scale we need only 0 and five digits to express every 
positive integer. 

The fact that the decimal notation has been adopted gen- 
erally by civilized peoples may depend indirectly on the fact 
that we have ten fingers and ten toes, thus affording in pre- 
historic times a convenient unit in terms of which to count. 

Every number whose last digit is zero expressed in the 
decimal notation is divisible by each of the two factors 2 and 
5 which are contained in the radix. If it were possible to 
establish a system from a fresh start, it is a fair question 
whether a system with the radix 12 would not be more con- 
venient. At any rate each number expressed with the radix 
12 whose last digit is zero would be divisible by 2, by 3, by 4, 
and by 6. This would reduce by about half the percentage 


of numbers that would require the fractional notation. 
290 
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In general, if r is the radix of a scale of notation, any posi- 
tive integer N will be denoted in this scale as follows: 

N = dor™ + ayr"—! + agr®—? + +--+ Gy, (1) 
where the a’s are integers less than r. 

One observes that the symbol 10 indicates the radix in any 
system. In this general scale we need a 0 and r — 1 digits to 
express every possible number. 

206. Change of scale. If we have a number in the scale of 
radix 7, we may find the expression for that number in the 
common scale by writing the number in form (1), section 205, 
and carrying out the indicated operations. 


EXAMPLE 


Convert 3721, where r = 4, into the ordinary scale. 
Solution. 3721=3:-42+7-474+2-4+1 
=3-64+7-164+841 
= 313. 


If we have a number in the common scale, we may express 
it in the scale with radix r as follows: 
If the number is N, we have to determine the integers 
do, 01, Q2,°***, Gn in the expression 
N = Gor” + ar” 1+ ---+ ap. (1) 
Divide (1) by r. We have 
= aor"! Get Woes ate + mri += Vs 
that is, the remainder a, of this division is the last digit in 
the expression desired. 
Divide N’ by r and we obtain 


id 

~ Sgt Wil ie ae ; 
that is, the remainder from this division is the next to the 
last digit in the desired expression. Proceeding in this way 


we obtain all the digits dn, Gn_1,--+*, Qi, Mo. 
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EXAMPLE 
Express 25,395 in the scale with radix 8. 


Solution. 
remainder 3 
remainder 6 
remainder 4 
remainder 1 
remainder 6 


The number in scale r = 8 is 61,463. 


To change a number from any scale r; to any other scale re, 
we may first change the number to the scale of 10, and then, 
by the process just given, change from the scale of 10 to the 
scale re. 


EXAMPLE 


Change 59,043 from scale r = 4 to one in which r = 6. 
Solution. 59,048 =5-444+9-43+0-47+4-4+38 

= 1875 in scale of 10. 
Changing from the scale of 10 to the scale of 6, 


6[1875 


for) 
oo 


2 remainder 3 
[52 remainder 0 
6|8 remainder 4 
6,1 remainder 2 

0 remainder 1 


Thus 59,048 in a scale of 4 becomes 12,403 in a scale of 6. 


207. Fundamental operations. In the four fundamental op- 
erations in the common scale we carry and borrow 10 in 
computing. In computing in a scale of radix 6, for instance, 
we should carry and borrow 6. If the radix were r, we should 
carry and borrow r. 

Thusletr=5. Then 8+3=2-5+1=21. Similarly, 2-6=2-5+2=22. 
This is precisely analogous to our computation in the common scale, 


where, for instance, we should have 7+5=1-10+2=12, or 3-6 
= 10 = 3 = 185, 
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EXERCISES 
Perform the following operations: 


1. 5443 + 2053 + 1452; r= 6. 


Solution. 5443 

2053 

1452 

184382 
In this process, since 3 + 3 + 2 = 8 and is 2 more than the radix, we 
write down 2 and carry 1. In the next column, 4+5+5+1=2-6+43 
and we therefore write down 3 and carry 2. The next column gives 
4+0+4+2=1-6-+4, so we write 4 and carry 1. The last column is 

6+2+1+1=1-6+3, and we write 13. 


220402 — 5421 > 7 = 7. 
Solution. 6402 


5421 
651 


In the first column 1 from 2 is, of course, 1. In the next column the 
zero represents the radix 7, provided we borrow 1 from the adjacent 4. 
Thus 2 from the radix 7 leaves 5. In the next column we must take 4 
from the 3 left after the last subtraction. This we can do only by borrow- 
ing 1 from the 6 in the last column. We must then subtract 4 from 7 + 3, 
which leaves 6. 


Seba 20S cei 0% 
Solution. 7462 
, 253 
26626 
45772 
17144 
2423146 


In multiplying by 3 we have nothing to carry until we multiply 6 by 3. 
Then we get 2-8 +2, so we write 2 and carry 2. The addition of the 
partial products is carried out as in Exercise 1. 


AMA om OLE is 
Solution. 82 |224332|3401 
201, 
233 
233 
32 
32 
00 
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In estimating the first place in the quotient we divide 22 by 3, taking 
care to remember that 22 =2-5+2. Thus 8 is contained in 12 exactly 
4 times ; but since the complete divisor is 32, we are compelled to use 3 as 
the first figure of the quotient. The multiplications and subtractions are 
performed as shown in previous exercises. 


5. 7563 + 5621+ 4371;r=8. 9. 756,321 — 647,842; r=8. 


6. 64,523 — 35,426; r= 7. 10. 64,531 - 2054; r= 7. 
7. 4182 - 13842; r=5. 11. 231,423 - 13383; r=5. 
8. 2,471,606 + 287; r=9. 12. 6,548,764 - 23,548; r=9. 


18. 21,083 + 32,111 + 20,021 +3,102,012; r=4. 
14. 34,052 + 1032 + 35,202 + 55,441; r= 6. 
15. 40,043,432 + 442; r=5. 


208. Fractions. In the ordinary notation we express frac- 
tional numbers by digits following the decimal point. This 
notation may also be used in a scale with any radix. 

Thus the expression .3264 stands for 

3 2 6 4 
10 * 10? 108 t io! 
in the common scale. 

In the scale with radix r it stands for 


3S ae Oeee 
oe ee 


The process of changing the scale for fractions is performed 
in accordance with the same principles as are employed in 
the change of scale for integers. The following examples 
suffice to illustrate it. 


EXAMPLES 


1. Express .3264 in the scale of 7 as a decimal fraction. 


Solution. 
SB 6 4 
£3264 Se Seas 
Tt ata a 
= 82 2 EG Pa eLearn eee 


C 2401 
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2. Express .549 as a fraction for radix 7. 


Solution. Agee ee ea ee, 
ution 7 tqst tae . 
: b Cc d 

Multiply by 7: 3.843 = Ca ie Coa rege LA Tyo on 
ultiply by Ca ga 


Os Me d 
Th = 8, and .848 =—-+—+—+--., 
us a an 7tatmat 


Multiply by 7: 6.901 =b+E+ 54... 


Thue § =6; and 901 = 4 2s... 
us an Tt 


Multiply by 7: 6.8307 =c + ! a 20s 


Thus c = 6, and 307 =2+- oon 
Multiply by 7: 2.149 =d+-::-. 
Thus d = 2. 

The fraction in radix 7 is .8562--~>. 


EXERCISES 
Express the following as decimal fractions: 
TDS eta Oe See olen e——sOe 
2a A463 — ie 40004) = 6: 


5. Express the decimal fraction .386 as a radix fraction for r= 9. 
6. Express the decimal fraction .30214 as a radix fraction for 
a— 2s 
7. Express the decimal fraction .33333 as a radix fraction for 
ae 4. 
8. Express the decimal fraction .79054 as a radix fraction for 
tale 
9. In what scale is 72 expressed as 2200? 
Solution. We seek r so that 
Qe a tele 
By synthetic division, 2+2+ 0—72|2 
4+4+12+424 
2+6+12—48 
242+ 0-723 


+6 + 24+ 72 
2+8+424 
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Thus 3 is the value sought. 

Check. 2-33 +2-32=654+4+18=72. 

10. In what scale is 125 denoted by 236? 

11. In what scale is 1225 denoted by 1,200,101? 

12. In what scale is 3247 denoted by 100,442? 

13. Show that 2197 is a perfect cube. 

Hint. In what scale is this number represented by 1000? 


209. Duodecimals. We may apply some of the foregoing 
processes to mensuration. If we take one foot as a unit and 
the radix as 12, we may express distances in the so-called 
duodecimal notation. Thus 2 feet 6 inches is represented in 
the duodecimal scale by 2.6. Since in the scale of radix r we 
need r— 1 symbols, we will let 10=¢ and 1l=e. Thus 
21 feet 10 inches would be expressed in duodecimal notation 
as 19.t. We may now find areas and volumes in this notation 
much more readily than by the usual method of converting 
all distances to inches. 


EXAMPLE 


Multiply 5 ft. 7 in. by 8 ft. 4 in. 
Solution. We multiply 5.7 by 8.4 in the duodecimal scale. 
5.7 
8.4 
1t4 
388 
3t.64 
To convert the result to square feet and square inches we must keep in 


mind that 31.64=3-12+10+ 4% +44 z=46 square feet 76 square inches, 
since 144 square inches equal one square foot. 


This example leads to the following method of multiplying 
distances : 


Rule. Hapress the distances in duodecimal notation with the 
foot as a unit. ; 
Multiply in the scale for which r = 12. 
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In the product change the part on the left of the point from 
duodecimal to decimal scale. 

Multiply the digit following the point by 12, and add to the 
last figure to obtain the square inches in the result. 


EXERCISES 


Multiply the following: 


bY iat 11 in: by 87 ft. 10 in. 
Solution. 10.e 
73.t 
192 
329 
765 


TD oOo FP —F DW 


7t6.62 = 1134 sq. ft. 74 sq. in. 


. 10 ft. 4in. by 18 ft. 8 in. 

eG ites in. by 15. Tt) 2 in. 

Mion Dy 2o1b-..04n, 

Po 1G.) 7 in. by 24 {t. 9 in. 

. What is the area of a room 22 ft. 6 in. by 15 ft. 8 in? 
. What is the area of a window 5 ft. 6 in. by 3 ft. 4 in.? 
8. 


What is the area of a triangular park whose side is 150 feet 


4 inches long and whose altitude on that side is 80 feet 6 inches? 


Hint. Area = 4 ab. 


INDEX 


Abscissa, 55 

Addition, 1; associative law of, 7; 
commutative law of, 7; of complex 
numbers, 179; of fractions, 5, 35; 
of imaginary numbers, 176; of 
polynomials, 9; of radicals, 76; of 
zero, 3 

Antilogarithms, 102 

Applications of variation, 43 

Approximation, of irrational numbers, 
72; of irrational roots, 216 

Arithmetic means, 164 

Arithmetic progression, 163; nth term 
of, 163; sum of, 164 

Associative law, of addition, 7; of 
multiplication, 8 

Axis of graph, 55 


Binomial, square of a, 14 
Binomial theorem, 157 
Binomials, 26 

Briggs logarithms, 94 


Change of scale of notation, 291 

Change of sign, 204 

Characteristic of logarithms, 94 

Circular permutations, 229 

Coefficients and roots, 195 

Columns and rows, identical, 247; 
interchange of, 246 

Combinations, 222, 226 

Common difference, 163 

Common factor, highest, 27 

Common logarithms, 94 

Common multiple, least, 30 

Commutative law, of addition, 7; of 
multiplication, 8 

Completing the square, 116 

Complex numbers, 175, 178; addition 
and subtraction of, 179; conjugate, 
181; division of, 181; equality of, 
179; graphical representation of, 
178, 180; multiplication of, 181 
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Compound interest, 106 

Condition, equations of, 46 

Conie sections, 142 

Conjugate complex numbers, 181 

Constant, multiplication of determi- 
nant by, 245; multiplication of 
roots by, 200 

Continuation of sign, 204 

Continued fractions, 277; convergents 
of, 279; expressing a surd, 284; 
infinite, 277; recurring, 281; termi- 
nating, 277 

Continuity of graph, 210 

Convergents, 279; properties of, 286 

Coordinates, 56 


Degeneration of quadratic equations, 
135 

Dependent equations and systems, 58 

Descartes’ rule of signs, 204; proof of, 
205 

Determinants, 236; development of, 
237, 242; evaluating, 254; multi- 
plication by a constant, 245; num- 
ber of terms of, 245; sum of, 253; 
vanishing of, 253 

Development of the determinant, 237, 
242; by minors, 249; proof of, 251 

Development of partial fractions, 266, 
271 

Diagonal, principal, 237 

Difference, 2; common, 163; of roots, 
129 

Difference of squares, 22; reduction 
to, 23 

Diminishing roots, 212; 
interpretation of, 214 

Direct variation, 41 

Discriminant, 127 

Distributive law, 8 

Division, 4; of complex numbers, 
181; of fractions, 5, 35; of imagi- 
naries, 177; of monomials, 15; 


graphical 
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of polynomials, 16; of radicals, 77; 
synthetic, 186; by zero, 6 
Duodecimal scale, 296 


Elements of determinant, 237 

Ellipse, 141 

Equality of complex numbers, 179 

Equations, 46; degeneration of, 135; 
dependent, 58; diminishing roots 
of, 212; exponential, 106; forma- 
tion of, 197; graph of, 131, 188; 
homogeneous, 147, 152, 262; in- 
compatible, 60; involving radicals, 
81; linear, 47, 236, 257; of mth 
degree, 184; quadratic, 115, 125; 
roots of, 190; simultaneous, 58, 
138; solution of, 46; theory of, 184 

Equivalent equations, 58 

Equivalent fractions, 33 

Error, limit of, 289 

Evaluating determinants, 254 

Exponential equations, 106 

Exponents, negative, 84; fractional, 
84 

Expressions, integral and rational, 8 

Extraneous solutions, 81 


Factor, rationalizing, 79 

Factoring, 19; of binomials, 26; by 
grouping terms, 21; solution of 
equations by, 115 

Factors, 19; highest common, 27; 
monomial, 20 

Form, quadratic, 119 

Form of graph of quadratic equations, 
133 

Formation of equations, 197 

Formula, solution by, 118 

Formulas, 41, 43, 105, 106, 110, 118 

Fractional exponents, 84 

Fractional numbers, 6 

Fractions, 32; addition of, 35; con- 
tinued, 277; division of, 35; equiv- 
alent, 33; fundamental operations 
on, 5; multiplication of, 35; re- 
duction of, 32; subtraction of, 35; 
with various scales of notation, 294 

Function, notation for, 184 

Fundamental operations, 1, 6; with 
different scales of notation, 292; on 
fractions, 5 
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Generalized powers, 89 

Geometric means, 169 

Geometric progression, 168; nth term 
of, 169; sum of, 169 

Graphical interpretation, of diminish- 
ing roots, 214; of roots, 192, 194 

Graphical solution, 55, 57 

Graphs, of complex numbers, 178; 
continuity of, 210; of equations, 
125, 181, 182, 183, 140, 142, 188; of 
homogeneous equations, 152 

Grouping terms, factoring by, 21 


Highest common factor, 27 
Homogeneous equations, 147, 152, 262 
Horner’s method, 216 

Hyperbola, 142 


Identical rows and columns, 247 

Identities, 46 

Imaginary numbers, 175; addition 
and subtraction of, 176; multipli-. 
cation and division of, 177 

Imaginary roots, 193, 194 

Incompatible equations, 60 

Independent equations, 58 

Index of radical, 74 

Indices, theory of, 84 

Induction, mathematical, 154 

Infinite continued fractions, 277 

Infinite series, 172; sum of, 173 

Integers, 1 

Integral expressions, 8 

Integral numbers, 6 

Integral roots, 207 

Interchange of rows and columns, 
246 

Interest, compound, 106 

Interpolation, 100, 101 

Inverse variation, 41 

Inversion, 242 

Irrational numbers, 68, 74; approxi- 
mation of, 72; notation for, 73: 
operations on, 72 

Irrational roots, 209; approximation 
of, 216 


Joint variation, 42 


Law, associative, of addition, 7; associ- 
ative, of multiplication, §; commu- 


INDEX 


tative, of addition, 7; commutative, 
of multiplication, 8; distributive, 8 

Laws of operation, 7 

Least common multiple, 30, 33 

Limit of error, 289 

Linear equations, 47, 55, 66, 236, 257; 
homogeneous, 262 

Location principle, 210 

Logarithms, 89,90; Briggssystem, 94; 
characteristic of, 94; mantissa of, 94; 
operations on, 92; tables of, 98, 99; 
of trigonometric functions, 111, 112 


Mantissa, 94 

Mathematical induction, 154 

Maxima, 134 

Mean proportion, 40 

Means, arithmetic, 164; geometric, 169 

Minima, 134 

Minors, development by, 249; proof 
of, 251 

Minuend, 2 

Monomial, division of, 15; multipli- 
eation of, 12 

Monomial factors, 20 

Multiple, least common, 30 

Multiplication, 4; of complex num- 
bers, 181; of determinants by a 
constant, 245; of fractions, 5, 35; 
of imaginaries, 177; of monomials, 
12; of polynomials, 13; of radicals, 
77; of roots by a constant, 200; 
types of, 14 


Nature of roots of quadratic equations, 
WATS 

Negative exponents, 84 

Negative numbers, 6 

Negative roots, 206 

Notation, for irrational numbers, 73; 
scales of, 290 

Number of roots of equations, 126 

Number of solutions, 144 

Numbers, complex, 175, 178; fractional, 
6; integral, 6; irrational, 68; nega- 
tive, 6; rational, 6; square root of, 70 


Operation, laws of, 7 

Operations, fundamental, 1; on poly- 
nomials, 8 

Ordinate, 55 
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Pair of equations, solution of, 57 

Parentheses, 10 

Partial fractions, 266; development 
of, 266, 271, 273; general case, 274 

Permutations, 222, 224; circular, 229; 
involving duplicates, 230 

Plotting quadratic equations, 140 

Polynomials, addition of, 9; division 
of, 16; highest common factor of, 
27; multiplication of, 13; opera- 
tions on, 8; radical, 88; square 
root of, 69; subtraction of, 9 

Powers, generalized, 89 

Prime factors, 19 

Principal diagonal, 237 

Principal roots, 71, 85 - 

Probability, 222, 232; of successive 
choices, 234 

Problems, involving quadratics, 121; 
solution of, 51, 68, 121 

Product of roots, 129 

Progression, arithmetic, 
metric, 168 

Proof of development by minors, 251 

Properties, of convergents, 286; of 
quadratic equations, 125 

Proportion, 39 

Pure quadratic, 115 


168; geo- 


Quadratic equations, 115; degenera- 
tion: of, 1355) graph of, 13)/133° 
133, 142; number of roots of, 126; 
problems involving, 121;  prop- 
erties and graphs of, 125; simul- 
taneous, 138, 142 

Quadratic form, 119 

Quadratic trinomial, 24; factors of, 24 


Radical polynomials, 88 

Radicals, 68; addition and subtrac- 
tion of, 76; equations involving, 
81; index of, 74; multiplication 
and division of, 77; reduction of, to 
simplest form, 75 

Radix, 290 

Ratio, 39; of geometric progression, 
168 

Rational expressions, 8 

Rational numbers, 6 

Rational roots, 207, 208 

Rationalization, 79 
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Rationalizing factor, 79 

Reciprocal, 35 

Recurring continued fractions, 281 

Reduction, of fractions, 32; of radi- 
cals, 75 

Remainder theorem, 185 

Root, square, 69, 70; principal, 71, 
85 

Roots, approximation of, 216; and 
coefficients, 195; diminishing, 212, 
214; of equations, 126, 127, 129, 
190; extraneous, 81; graphical 
interpretation of, 192; imaginary, 
193; integral, 207; irrational, 209; 
multiplication of, by constant, 200; 
negative, 206; rational, 207, 208 

Rows and columns, interchange of, 
246; identical, 247 

Rule of signs, Descartes’s, 204 


Seales of notation, 290; change of, 
291; duodecimal, 296; fractions 
with various, 294; fundamental 


operations with various, 292 

Sequences expressing irrational num- 
bers, 72 

Series, arithmetic, 
168; infinite, 172 

Sign, change of, 204; continuation of, 
204 

Signs, Descartes’s rule of, 204 

Simultaneous equations, 58, 59, 66, 
138, 236 

Solution, by completing the square, 
116; by determinants, 236, 257; 
of equations, 46, 66; by factoring, 
115; by formula, 118; graphical, 
55, 59; of problems, 51, 63; by 
substitution, 188; by trial, 196 

Solutions, extraneous, 81; number of, 
144 

Square, of a binomial, 14; completing 
the, 116; perfect, 23 


163; geometric, 
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Square root, of polynomials, 69; of 
numbers, 70 

Squares, difference of, 22, 23 

Substitution, solution by, 138 

Subtraction, 1; of complex numbers, 
179; of fractions, 5, 35; of imagi- 
nary numbers, 176; of polynomials, 
9; of radicals, 76; of zero, 3 

Subtrahend, 2 

Sum, 1; of determinants, 253; of 
infinite series, 173; of roots, 129; 
of series, 164, 169 

Surd as a continued fraction, 284 

Synthetic division, 186 

Systems, dependent, 58; 
terminants are zero, 259 


whose de- 


Tables, of logarithms, 98, 99; of 
values, 189 

Tabular difference, 101 

Terminating continued fractions, 277 

Terms of determinant, 245 

Theorem, binomial, 157; remainder, 
185 

Theory of equations, 184 

Trial, solution by, 196 

Trigonometric functions, 111, 112 

Trigonometry, 110 

Trinomial, quadratic, 24 

Trinomial squares, 23 

Two unknowns, equations in, 55 

Types of multiplication, 14 


Unknown, 47 


Values, table of, 189 

Vanishing of determinant, 253 

Variable, 47 

Variation, 39; applications, 43; di- 
rect, 41; inverse, 41; joint, 42 


Zero, 3; division by, 6 
Zero determinant, 259 
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